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Abstract. Infinity is possibly one of the most complicated conceptions confronting mathematics and 
philosophy. People could always conceive it via intuition, but find it hard to describe in the logical 
realm. In the 19th century, German mathematician Cantor proposed the set theory, for the first time, 
people could use mathematical tools to explain the nature of infinity. However, such an explanation 
still lies on the axiomatic foundation, which does not directly fit our intuition about infinity. Therefore, 
this study will attempt to establish a 'bridge' between the infinity that fits intuition and the infinity that 
is described by set theory, hence arguing why the set theory could describe infinity universally in the 
senses of metaphysics and ontology. 
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1. Introduction 

Metaphysical Infinity and Set Theory Infinity are both concepts that inspire modern science to 
work with a more applicable sense of the sum of entities. To start with where the foundation of the 
modern concept of infinity lies, It should begin with a clarification of the distinction between the 
infinity that fits people's intuition (Metaphysical Infinity) and the infinity that is described by set 
theory (Set Theory Infinity) as well as introduce the conceptions that will involve my argument in the 
next part. Therefore, It will present two groups of definitions. The first group will be about the 
definitions of infinity that people's intuition could easily fit for. The second group will be about 
definitions and notions that explain the set theory and its description of infinity. Hence explain why 
there is a distinction. 

By doing so, this research will set terminology with both the definitions and characteristic 
descriptions for the two senses of infinity. With an interpretation scope by applying the metaphysical 
way of understanding infinity, this article argues that with three key characteristics, periodic, and 
continuity, it is possible to build a coherent structure to explain the infinity concept from the set theory 
with the descriptions of metaphysics and ontology.   

2. Metaphysical Infinity 

To begin with, the definitions for metaphysical infinity, suppose It will consider the conception of 
infinity simply based on its terminology, it means something analytically without finite, and finite 
only applies to something that can be quantified or abstractly quantified [1, 2]. For example, people 
could not say the U.S. is finite because there are no things that people specifically refer to as the 
subject of finite, the U.S. is not a valid subject because it can not be quantified or abstractly quantified. 
When someone says the U.S. is finite, typically, one might be implying something finite, such as the 
number of states, the population, the land size, etc., these things are valid subjects of finite because 
they can be somehow quantified. Some things can be abstractly quantified, for instance, people might 
say Superman’s power is finite because Superman’s 'power' can be abstractly quantified by 
comparing it with something that has higher 'power', like God. 

Therefore, when people discuss infinity, is also important that it has a valid subject, infinity can 
not be used to describe the U.S. too, except people are implying something else that is related to the 
U.S. and can be used as a valid subject. Hence, a valid subject for either infinity or finite must can be 
quantified or abstractly quantified, then when people discuss something that can be quantified or 
abstractly quantified, there must be at least one object that indicates the subject can be quantified or 
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abstractly quantified. For example, the state of New York can be an object that indicates the federal 
state of the U.S. is a valid subject. Superman’s power can be an object that indicates the subject of 
abstract quantification of power in the comparison with God. Hence, the language termed these 
objects that indicate a valid subject as the ‘index object’. 

Moving to the metaphysical forms of infinity, based on the concept of the index object, there are 
two typical forms of infinity that one could use the index object to categorize: Expansion Infinity and 
Divisional Infinity. An infinity that consists of an index object and operates ‘expanding / 
enlargement ’based on the index object is an expansion infinity. For instance, the assertion ‘the 
possible worlds is infinity ’is an expansion of infinity, because any possible worlds must be based on 
differences compared to our world and our world is the index object in this infinity. To assert the 
possibility of existing differences is an 'expanding' operation based on our world. An infinity that 
consists of an index object and operates ‘division ’based on the index object is divisional. For 
instance, if people say time is infinity even within one second, it would be a divisional infinity because 
the one second is the index object, and by dividing the one-second people could get the infinite units 
of time. These two forms of infinity essentially cover all possible instances of infinity that one could 
intuitively understand or conceive. There seems to be, intuitively, no infinity that metaphysical 
conceivable and fits intuition can not be categorized into one of these two typical forms or both [3, 
4]. But why does our intuition only possess these two ways to construct or categorized infinity? My 
answer is that the intuition of ourselves is bounded by the characteristics of infinity, and the 
characteristics of infinity only allow these two intuitive ways to construct or categorised infinity. 

Moving to the characteristics of metaphysical infinity, it is worthwhile to devise suitable 
descriptions for this approach. There are three necessary characteristics for an object or group of 
objects that can be termed as an infinity while it can be metaphysical conceivable and fits intuition. 
These three characteristics are (1) Periodic, (2) Continuity, and (3) Unidentifiable. 

Periodic is applied for any infinity to be metaphysical conceivable and fits intuition, if and only if 
it possessed a certain means. If there is a new object, the new object could link with the original object 
via such means. Continuity is applied for any infinity to be metaphysical conceivable and fits intuition, 
if and only if it always exists a new object. Unidentifiable can be understood as for any infinity to be 
metaphysical conceivable and fits intuition, if and only if those objects except the index object, are 
possible unidentifiable. For possible unidentifiable, suppose people ask for the 30000th number of π 
after the period, it is theoretically identifiable, however, until People calculated the 30000th number 
of π, it will remain unidentifiable. Extending to infinity, the calculation for xth will always be 
possible unidentifiable due to the uncertainty of x. The possibility of being unable to identify a 
specific object except the index object is what it means by the possible unidentifiable. However, the 
set of natural numbers is an exception with this characteristic because its cardinality and ordinal 
constitute a bijection, such exception is caused by the apriority of counting numbers [1,5]. Therefore, 
any members of the natural number are always identifiable.   

These three characteristics will constitute the main definition of metaphysical infinity. This will 
not deny it is a complex definition, but it is because when people attempt to use just a couple of 
sentences to define metaphysical infinity, there will be the unavoidable problem of self-referencing 
[6]. For instance, ‘An infinity is a group of infinity objects’. Hence, the characteristics would be a 
better tool for clear understanding and effective usage in the following parts of my essay. 

3. Set Theory Infinity 

There are some mathematical notions for the understanding of set theory infinity. This chapter will 
introduce a clear explanation. Begin with the set theory, which is the mathematical theory concerning 
the notion of a Set (an object that consisting a group of objects), including the study of the set, 
members (or elements), and the relationship between members. Under the contemporary discussion 
about formulations of mathematics, most of the discussions are using set theory to describe various 
mathematical objects. Hence, the set theory has also been seen as one of the foundations of 
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mathematics. Around the notion of set, a series of mathematical notions were proposed. A subset, a 
subset is a partial set for a set, a set A is a subset of B if and only if, all members of A, are also 
members of B. Proper subset, a proper subset is a partial but not identical set of a set, a set A is a 
proper subset of B if and only if A is a subset of B while A is not identical to B. Powerset, a powerset 
φሺAሻ is a set including all subsets of a set [6].  

Concerning the numbers involving the notion of set, there are three notions. Firstly, the cardinal 
number, for any set, the amount of how many members in the set is the cardinal number of the set, 
and, for a finite set, its cardinal number would be a natural number. For instance, the cardinal number 
of a set ሼ2,4,6ሽ is 3. In an infinite set (i.e. for the transfinite cardinal numbers), the cardinal number 
will be denoted as ℵ followed by a subscript, describing the sizes of infinite sets. Secondly, the 
cardinality, the abstraction of the cardinal number is cardinality. It can be viewed as an abstract 
description of the number of members of a set. For any set, all the members of the such set would 
constitute a cardinality that can be analyzed via functional relationship. For instance, consider two 
sets A and B, when A and B are equinumerous (A ∼ B, equal cardinality) if and only if there is a 
bijection f: A → B between A and B. i.e. For all members of A, there is a one-to-one correspondence 
via a function to all member of B. Thirdly, the ordinal, ordinal is a number defined concerning how 
a set is counted. Unlike the cardinal number which has been used to describe the size of a set. The 
ordinal number is used to describe the ‘position ’of the members within a set (i.e., how a set arranges 
its members). An ordinal is defined starting with 0, labeling the first member that counted, and the 
following ordinal is defined by all ordinals that precede it. For instance, a set ሼx, y, zሽ where the 
ordinal for x is 1, y is 2 and z is 3. The ordinal for a finite set is always a natural number, however, 
there can be a transfinite form like the cardinal number, usually will be denoted as ω and ω ൅ n, 
where the ω means the first ordinal that beyond natural numbers and n means the positions of the 
following ordinals [6]. 

For how the set theory defines infinity. In modern mathematics, the majority of mathematicians 
merely admit the existence of infinity and define it via set theory. The most widely accepted 
contemporary axiom system of set theory is the ZFC (Zermelo–Fraenkel and Axiom of Choice) set 
theory. Note that set theory only provides valid methods to construct sets and simply admits the 
validity of sets with infinite members, without specifically clarifying the nature of infinity. Take the 
set of natural numbers ℕ as an example, ZFC allows a way to construct the set of natural numbers 
by, firstly admitting the existence of the empty set ∅ and using it as 0, then accessing any natural 
number n by recognizing it as the set {…{∅}…} with n braces, and finally stating that there exists a 
set of all these natural numbers. In this sense, most mathematicians avoid dealing with the existence 
of infinity and understand it in a metaphysical sense but merely use it with some well-defined entities 
such as the set of natural numbers.  

However, mathematicians indeed tried to define the properties of infinity they encountered in 
mathematics without knowing its nature. A well-known example might be the concept of Dedekind 
Infinity. It says if a set is equinumerous to its proper subset, People.e., if each member of a set 
constitutes a bijection to each number of its proper subset, then the set is Dedekind Infinity. Intuitively, 
if a set has only finite members, then its cardinality must be larger than any of its proper subsets, so 
the concept of Dedekind Infinity must at least in some sense capture some nature of infinity. 

In summary, the main distinction between metaphysical infinity and set theory infinity is the 
different foundation, the former is based on the very intuition and conceivability of mankind, while 
the latter is based on the axiom system that serves a functional purpose for mathematics [7]. 

4. Metaphysical Interpretation for Set Theory Infinity 

In this part, It will argue that the axiom foundation of set theory infinity is not necessary in the 
sense that philosophers introduce set theory infinity to describe metaphysical infinity, there could be 
a proper metaphysical interpretation for set theory infinity, justifying it is identical to the metaphysical 
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infinity. To do so, It will explain how the three characteristics of metaphysical infinity can be 
interpreted from set theory infinity. 

For periodic, it seems to be also an analytical characteristic for set theory infinity, which means 
when people grasp a set theory infinity, it must be periodic. For instance, the natural numbers, 
metaphysically, the ‘means ’that link each member of natural numbers is the intuitive way of 
counting, when people denote something as 1, 2, and 3, etc., there must be a reason (mean) that they 
denote these things together, and in the case of natural numbers, what am People denoting is the 
numbers, People denote a number as 1, and another number as 2, etc. However, some might ask, how 
could simply denoting create some 'means', although People have the reason to denote 1, 2, and 3 
because they are all numbers. But, there is no reason to distinguish one number from another one. So, 
what is the metaphysical reason that makes me distinct numbers? People think the reason is time, 
time is prior knowledge which means when People think, there must be time involved. Consider a 
circumstance, people think about Kant yesterday, and People think about Kant now. Thinking about 
Kant is the thing that they think of and it does not change due to time passage, however, the time 
passage provides me with a reason to distinguish think about Kant [1, 8], the first time People think 
about Kant and the second time they think about Kant. This is the same metaphysical reason why 
they could denote natural numbers, i.e., the intuitive way of counting. The axiom foundation that 
provides periodic for set theory infinity is the successor function, it states, for any natural number m 
and its successor natural number n, m ൅ Sሺnሻ ൌ Sሺm ൅ nሻ. The axiom foundation does account for 
time passage, but it is metaphysically identical to the intuitive way of counting, hence, periodic is 
also an analytical characteristic for set theory infinity. At last, there might be some cases of set theory 
infinity that do not present clear periodic as the natural numbers, for instance, π (irrational number). 
The 'means' for these cases is the way of calculation, for instance, the calculation method of π is the 
means that link up every object. 

For continuity. Consider the set of ℝ Real Numbers, it has two line segments A:= (-2, 2) and B:= 
(-4, 4) as its subsets. A is the proper subset of B,  fሺxሻ ൌ 2x is the bijection between A and B. 
Because there is a bijection, A and B are equinumerous, i.e., B is a Dedekind Infinity. Noted that B 
in the metaphysical sense is a divisional infinity, which means there are infinite real numbers within 
the segment (-4, 4). Now, consider two finite scatter plot sets, Aୱ: ൌ ሼെ2, െ1,0,1,2ሽ and Bୱ: ൌ
ሼെ4, െ3, െ2, െ1,0,1,2,3,4ሽ. If people apply the function fሺxሻ ൌ 2x to the finite sets Aୱ and Bୱ, 
there is not an equinumerous between Aୱ and Bୱ, i.e., Bୱ would not be a Dedekind Infinity. So, 
why fሺxሻ ൌ 2x make two subsets A and Aୱ produce different relationships with their main set B 
and Bୱ, in which the former is equinumerous and the latter is not? When they use fሺxሻ ൌ 2x to 
stretch a finite set, it will make its points sparse, but stretching an infinite set will not change the set’s 
density on the line segment. The density of a Dedekind Infinity is unchangeable, and this can be 
interpreted by continuity because there are always new members, hence, stretching will not impact 
the density of the set on the line segment. 

For unidentifiable. The set theory infinity does not claim any of its members is possible 
unidentifiable, while in some cases such as the set of real numbers, it will claim some of its members 
are uncountable but can be identified via a method such as Cantor's diagonal argument, hence the 
interpretation about the unidentifiable of set theory infinity is not as clear as previous two 
characteristics. Therefore, if people want to ask the reader to reconsider the previous two 
characteristics, typically, when confronting a finite set with periodic and partial continuity (the 
continuity before one counting to the set's end), there could be another metaphysical characteristic. 
And this characteristic indicates a partial structure of the set is identical to the entire structure of the 
set, which they want to term structurality. For instance, a set ሼ2,4,6,8, … ,24ሽ, if they take a subset 
that presents periodic and continuity, such as ሼ2,4,6ሽ, this subset indicates the structurality of ‘adding 
2 natural numbers to the former member will get the later member’. Hence, the partial structure is 
identical to the entire structure because the rest member of this set is still following such structurality 
[2]. 
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Now, let it assume the structure still works with Dedekind Infinity. Suppose People have two sets, 
the even numbers, and odd numbers, if People use the structurality to compare the size of two sets, 
the even numbers will always be bigger than the odd numbers by their cardinality. Because the 
structurality of natural numbers indicates that for any odd number, there will be an even number 
following it [9]. However, Dedekind Infinity or set theory infinity explanation for the size of even 
numbers and odd numbers is they are equal. Because they are both proper subsets that are 
equinumerous to the natural numbers. Therefore, the equinumerous is the key part 1 establishes the 
metaphysical interpretation of unidentifiable. Consider why there is an equinumerous between the set 
of natural numbers and its proper subset, by definition, the proper subset is the subset that does not 
identical to the set, and equinumerous means for each member of set A, there is a bijection to each 
member of set B. For a finite set, its proper subset cannot achieve bijection to the set due to they are 
not identical by definition, but for a Dedekind Infinity, because there is not a finite (clear) boundary 
that limited the bijection, its proper subset can achieve bijection with the set [10]. Let me translate 
into the metaphysical language, the structurality only works under a known entire structure, and there 
is not a certain entire structure for an infinity. Therefore, one could not assert infinity possesses 
structurality. Back to the set theory Infinity, the equinumerous also indicates that set theory infinity 
does not have a known entire structure, hence the equinumerous can be achieved. The reason for an 
unknown entire structure for infinity is the possible unidentifiable because there are always objects 
except the index object is possible unidentifiable, hence, the entire structure of infinity lies on 
uncertainty, which cannot be known [10]. 

5. Conclusion 

In conclusion, This article defined the metaphysical infinity with three characteristics, periodic, 
continuity, and unidentifiable. All infinity can be described by set theory, as the set theory infinity 
can be interpreted by metaphysical infinity via its three characteristics. Although the set theory 
infinity is based on the axiom foundation, it is also possible to use it to describe the infinity that is 
metaphysically conceivable and fits our intuition without axiom as the foundation. It is argued that 
the infinity described by set theory can be introduced into the metaphysical understanding of the 
nature of infinity.  
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