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Abstract. In knowledge of the prominence of Markowitz model in modern portfolio theory, and the
following controversy on the appropriate choices of input parameters, this study examines the
practical performance of Jorion's estimator as one of the estimation strategies to reduce the
estimation error inherent in traditional input parameter. A comprehensive dataset of real stock market
returns, encompassing 7 assets and 2 industries, is employed. Jorion's estimator entails the
adjustment of the mean of sample return towards the mean of minimum variance portfolio. The
results are then integrated into the optimization phase of Markowitz model. To evaluate the
effectiveness of Jorion’s estimator, realized returns and return volatility of Markowitz model adapted
by Jorion’s estimator are compared against the traditional model. The findings provide insights into
the practicability of Jorion's estimator for portfolio management in contemporary capital market. After
comparisons, all 3 measures of realized returns from Jorion’s estimator outperforms the counterpart
from traditional parameter. This study affirms that the classic sample mean is inadequate as an
estimator for future performance, and sophisticated techniques, such as Jorion’s estimator should
be employed in real-world investment strategies.
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1. Introduction

The process of portfolio design often entails dividing the entire portfolio into risk-free and risky
assets, as well as determining the composition of the risky portion [1]. One of the fundamental
assertions in modern financial literature posits that investors exhibit risk aversion and are inclined to
assume more significant risks only when a commensurate return increase is expected [2]. The
assumption as mentioned earlier has underscored the importance of optimizing portfolios, as it is
required to increase returns and decrease risks simultaneously. Following the second assumption,
which posits that investment decisions are influenced solely by returns and risks, investment returns
should be evaluated through the percentage change in portfolio value over a given holding period
(Holding-Period Returns), and that risk measured by the standard deviation (o) of the return rate.
Therefore, the remaining problem for an optimised portfolio is to ascertain the composition of the
portfolio that yields the Highest Holding-Period Returns and minimized standard deviation (o).

The mean-variance model, initially introduced by Harry Markowitz in 1952, was contrived to solve
this problem. The calculation of Markowitz's formula necessitates knowledge of estimated returns
(1;), standard deviation (o;) for each asset i, and the correlation coefficient (p;;) between assets (i, j)
[3]. Consequently, the optimised portfolio weight of each asset is determined when the expected
utility E(U), whose function should be hypothesized in the first place, is maximised [4].

Despite the pivotal role of the Markowitz model in the domain of asset management, its practical
efficacy has long been controversial. The prevalent approach in Markowitz model practice is to
substitute the estimated returns (u;) of the asset (i) with the mean value of return rates (g1;) during the
sample period without considering its inherent uncertainty. According to [5] and [6], the estimation
error in expected returns is the most influential in rendering extreme portfolio weights. Due to the
accumulated estimation error, the solution of portfolio weights often gives “an unbalanced asset
allocation and a lack of diversification” [7]. Therefore, many scholars have advocated for using more
suitable estimators that are less subject to estimation error [8].
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As “one of the most prominent extensions of MV (mean-variance model)” [3] Jorion (1985)
derived the shrinkage estimator in an attempt to reduce estimation error in historical means [9]. It is
argued that shrinking the historical mean of individual asset return towards a standard value can
mitigate the impact of estimation error and leading to better performance in ex-post periods. The
efficacy of such an estimator in determining a consistent and improved portfolio was evident in
Jorion’s simulation study and the following capital market study.

This article draws on the conclusion of Jorion and attempts to investigate the efficacy of Jorion’s
estimator in the capital market during the 2010s. The rest of the paper is organised as follows. In
Section 2, the mathematical framework of Markowitz Mean-Variance Model and Jorion’s estimator
will be revisited and explained in depth. In Section 3, the selected data will be described, and the
process of model construction will be explained. In Section 4, the result of the capital market study
will be presented. Finally, this article will be concluded in Section 5.

2. MYV model and jorion’s estimator

The original Markowitz model considers the market with N risky assets, and the optimisation
problem concerns the capital allocation among risky assets. Based on the assumption that investors
have a quadratic utility function and that returns are normally distributed, the optimisation problem
is simplified to the maximisation of certainty equivalent ¢, where:

p=a'n—() 0%, st Zw,—1=0 (1)

In this equation, w=(w;,w,,...wy)" isan Nx1 vector representing weights of each risky asset in
the portfolio, p is an Nx1 vector representing the expected return of each asset, £ is an NxN
variance-covariance matrix, i is the Nx1 vector of 1 and A is the risk aversion coefficient. Using
the Lagrangian function, the maximisation of ¢ is transformed to:

L=wp- (%) Wi+ 0(wi—-1) ()
Where 6 denotes the Lagrange multipliers. The first-order condition of L is:
n—AZw+0i=0 3)
After appropriate substitution,
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If similar steps are conducted, except for changing the maximisation problem to the minimisation
of portfolio variance, the weights for global minimum variance portfolio (GMV) can be derived,
where

Y
WMy = % (5)
It immediately follows that the optimal portfolio weights in terms of expected utility are a
combination of the GMV weights and another factor depending on the covariance and return
estimators. In the classic MV model, the sample mean fi and the variance-covariance matrix using
sample mean as calculation input are used to replace and X in the formulas mentioned earlier,
respectively. However, [10] proved that @gpmy IS an unbiased estimator of wgyy and the difference
between the estimated weight of each asset and actual weight follows a scaled t-distribution. On the
contrary, @ in the utility maximisation equation is a biased estimator. Therefore, in order to derive
portfolio weights for utility maximisation with more reliability, it is sensible that more importance
should be placed on the GMV portfolio.
In addition, the simple practice of replacing p with sample mean has long been subject to
criticism. According to [6], even with a strong constraint of all weights being positive, minor
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variations in return estimators can result in a shake-up of portfolio weights, leading to poor reliability
of results. Specifically, the estimation error of means is 21 times as damaging as covariance and 11
times as destructive as variance. These findings empirically proved the conclusion of [11] that the
historical mean is an inadmissible estimator for a portfolio with the number of assets greater than 2.

Jorion’s shrinkage estimator was conceived to mitigate the uncertainty in return rates and the
vulnerability of portfolio weights. Drawing on James and Stein’s suggestion that the appropriate
return estimator should be the weighted average of the sample mean and a standard value, Jorion
proposed that the standard value should be the return of the GMV portfolio. The weight for
computation should be an equation decided by the difference between sample means of assets and
return of GMV portfolio, number of assets, and observations in the sample periods (denoted by T).
Specifically:

Hy=a- peuy + (1 - )i ©
N-2 1
Where a = T—N+2 (ﬁ_uGMV)If_l(ﬁ_uGMV) [9]

For the subsequent computation of the utility maximization portfolio, w; and T are used as input
parameters.

3. Data description

The primary objective of this study is to evaluate the efficacy of Jorion's estimator. Consequently,
it is imperative to compare the outcomes obtained from both the conventional MV model and the MV
model that has been modified using Jorion's methodology. An ex-post study is undertaken to evaluate
the usefulness of Jorion's estimator, which is known for its ability to improve the consistency of
portfolio weights and enhance performance in future periods. Initially, the optimized portfolio
weights for both approaches are computed throughout the specified sample periods. Furthermore, in
practical investing scenarios, investors rely on past data to inform their decision-making processes,
despite the fact that portfolio gains are only realized in subsequent periods. To replicate this particular
situation, the out-of-sample returns are computed by employing the optimal portfolio weights
obtained in the initial phase, and the returns observed one period subsequent to the sample period. To
provide precise details, the initial sample period T is defined as the first month through the 36 month
of the entire time under consideration. Hence, the ex-post returns computation employs the returns
seen in the 37th period, along with the portfolio weights calculated from the sample period T. For the
purpose of this study, a dataset consisting of price data from seven stocks has been chosen. These
stocks are Adobe Inc. (coded as ADBE), International Business Machines Corporation (IBM), SAP
SE (SAP), Bank of America Corporation (BAC), Citigroup Inc. (C), Wells Fargo & Company (WFC),
and The Travelers Company Inc. (TRV). These companies are engaged in operations within the
technology and financial service industries. The total returns data, which has been adjusted for
dividend payouts and stock splits, for the seven chosen assets from December 31, 2004, to December
31, 2014, has been collected from Yahoo! Finance. To mitigate the non-Gaussian distortions inherent
in daily data, return rates are computed on a monthly basis, a practice commonly accepted as
conforming to a normal distribution [10]. As a result, there exist a total of 120 monthly return rates
throughout a span of 10 years.

The maximizing problem and the construction of the GMV portfolio are performed utilizing Excel,
specifically employing the Visual Basics Editor for calculating the shrinkage weight and the Solver
Add-ins for determining the ideal portfolio weights. No additional constraints were imposed, other
than YN, w, — 1 = 0, in the configuration of Solver. The risk aversion coefficient is assigned a value

of 2, whose actual value is estimated to be slightly larger than 1 [12]. Hence, the task of maximizing
the certainty equivalent is subsequently transformed into maximizing the difference between expected
return and expected portfolio variance.
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4. Results

The ex-post analysis was performed on the aforementioned dataset using both the traditional MV
model and the MV model adapted by Jorion's estimator. The findings of this analysis are provided in
Table 1.

Table 1. Realised return based on a 36-month sample

Realized returns based on 36-month samples
mean Standard deviation Sharpe Ratio
Traditional MV 4.201% 44.161% 9.513%
Jorion’s Estimator 5.257% 18.355% 28.639

Based on a dataset of 120 observations for each asset spanning from January 31, 2005, to
December 31, 2014, a total of 84 pairs of outcomes have been computed. The initial 36-month period
serves as the primary sample period for determining the first set of optimal weights of the portfolio.
84 pairs of realized returns are computed based on the return rates of seven assets, spanning from
January 31, 2008, to December 31, 2014. Table 1 presents statistical measures pertaining to the values
of realized returns. Specifically, it includes the mean, standard deviation, and the Sharpe ratio, which
is determined as the ratio of the mean to the standard deviation. The inclusion of the Sharpe ratio in
the analysis was motivated by its widely recognized status as a suitable metric for evaluating portfolio
performance. The data presented in the table demonstrates that Jorion's Estimator has superior
performance compared to the standard MV methodology across all dimensions. Despite the mean
return rates exhibit a marginal distinction of around 1%, the cumulative effect over the whole seven-
year duration results in an additional return of 89%. The observed disparity in standard deviation, a
commonly used metric for assessing risk, was notable. Specifically, the traditional mean-variance
(MV) model yielded a standard deviation that was 2.4 times greater than that of the portfolios adapted
using shrinkage techniques. The substantial disparity in standard deviations results in a
disadvantageous evaluation of the Sharpe ratio in the traditional mean-variance model. The Sharpe
ratio of the classic mean-variance (MV) model is just one-third of the Sharpe ratio obtained by
Jorion's estimator. In a straightforward interpretation, it can be observed that the optimal portfolio
weights derived from sample means failed to effectively account for the trade-off between increased
risks and better returns. Conversely, portfolios that were modified towards the Global Minimum
Variance (GMV) portfolios demonstrated the ability to maintain risk within a tolerable range.

The efficacy of Jorion's estimator can be elucidated by the scale of the shrinkage weights. The
mean of the 84 estimated shrinkage weights is 0.74, with a maximum value of 0.94, a minimum value
of 0.44, and the majority of weights (70.23%) exceeding 0.7. According to Jorion's findings [9], when
the magnitude of the shrinkage weights grows, the efficient frontier will become progressively more
horizontal, resulting in a reduction of the gap between the efficient frontier and the horizontal line
indicating pgmy. Consequently, the portfolio weights that yield the highest level of efficiency will
gradually converge towards wgyy . Furthermore, as demonstrated in Section 2, it has been
established that wgpy 1S solely governed by the sample variance-covariance matrix. Hence, it can
be inferred that the imposition of constraints by the GMV portfolio aims to mitigate the occurrence
of extreme values or significant fluctuations in the optimal portfolio weights across different time
periods.

This proposition is supported by the data presented in Figure 1 and Figure 2. These figures depict
the weights of two prominent assets, IBM and Citigroup, throughout 84 time points in portfolios. It
is evident that the weights assigned to both assets in Jorion's technique exhibit a gradual smoothing
pattern over time, with occasional oscillations observed during the initial and final periods. On the
contrary, the weights assigned to both assets as calculated by traditional mean-variance (MV) models
displayed unpredictable fluctuations. Using IBM as an example, the initial weights of the company
can be observed to commence at approximately 70%. Over a period of six months, these weights
might increase significantly, reaching a peak of 340%. However, it is noteworthy that these weights
can subsequently decline to a minimum value of -660%. The considerable fluctuations in the
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composition of the portfolio may perhaps account for the limited predictive accuracy observed in the
ex-post analysis.
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Figure 1. IBM weights in optimal portfolio
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Figure 2. Citigroup weights in optimal portfolio

5. Conclusion

The present study examined the out-of-sample comparative performance of the traditional mean-
variance (MV) model, which employs the sample mean as an estimate, and the modified model that
incorporates Jorion's estimator. This study utilizes real stock data from seven firms, spanning the time
period from January 31, 2005 to December 31, 2014, for computational analysis. The optimization
issue is formulated as the maximization of certainty equivalents for a quadratic utility function, where
the risk aversion coefficient is set to 2. The findings from the ex-post analysis demonstrate that the
portfolios identified using Jorion's estimator are characterized by lower levels of risk, as evidenced
by the reduced volatility observed in the subsequent returns, in compared to the portfolios generated
by the traditional mean-variance (MV) model. The estimation of GMV portfolio weights holds
significant importance in Jorion's estimator, as it contributes to enhanced consistency in portfolio
weights across time. Hence, it can be inferred that Jorion's estimator demonstrates effectiveness in
the 2010s in terms of minimizing estimation error in utility maximization portfolios.

Nevertheless, it is important to acknowledge that this study is not without its limits. One primary
limitation of this study is the subjective selection of the 7 assets that comprise the complete dataset.
The selecting method does not employ any random sampling techniques. Hence, the capacity to
reproduce the findings of this study is hindered. Additional research that incorporates a broader range
of resources could be conducted in order to improve the overall applicability of the findings.
Furthermore, it should be noted that the scope of this study is predominantly constrained. According
to Bessler et al., there exist many approaches to determine the optimal portfolio, apart from the
expected utility maximization. These alternative methods encompass the maximum Sharpe ratio
portfolio and the tangency portfolio. Additional research should be undertaken to analyze the relative
performance of Jorion's estimator in portfolios that incorporate risk-free assets, specifically in the
context of tangency portfolios.
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In general, this study confirms that the utilization of the sample mean as an estimator for future

returns is inadequate. As a result, it is recommended that professionals in the industry employ more
advanced techniques, such as Jorion's estimator, while applying the Markowitz MV model.
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