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Abstract. This paper studies the leader-following fixed-time consensus problem for a class of first-
order nonlinear multi-agent systems via event-triggered impulsive control where the communication 
topologies are general undirected. For each agent, the controller is updated only when some state-
dependent errors exceed a tolerable bound, and the impulsive control time sequence is produced 
by the event triggered mechanism. This original control protocol can substantially improve the 
convergence speed, obtain the lower energy consumption and reduce the update times of the 
controller. Also, it is shown that continuous communication of neighboring agents can be avoided 
and there is no Zeno-behavior. The results are verified by a numerical simulation. 
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1. Introduction (Heading 1) 

Over the past several years, the consensus of multi-agent systems (MASs) has drawn widely 
attention due to their important applications, such as formation control [1], flocking[2] [3], 
rendezvous[4] and data fusion[5]. Owing to the basic issue about this topic, the cooperative control 
has attracted particular attention, how to design a control protocol to achieve consensus become an 
important problem. 

Consensus problem is an extensively investigated topic of cooperative control during the past few 
decades, which aims to make all the agents achieve an agreement [6]–[10] with relative local 
information. Usually, consensus problem is composed of several aspects: dynamics, controller design, 
and communication topology [10]. A significant index of convergence performance is the 
convergence rate. As shown in [8] and [9], undirected network topology and strongly connected 
topologies are important factor for considering convergence rate. Although under there constraints 
the MASs can achieve consensus, it can’t be applied in practical issues. Then the finite-time 
consensus problems have been investigated. However, the default of finite-time consensus is the 
guaranteed convergence speed usually rely on the initial states, which are unknown in reality. 
Actually, a lot of real tasks need to be completed in a predefined time, such as gathering at a certain 
place, intercepting a target. So the fixed-time consensus was discussed. 

For fixed-time consensus problem, the settling time has an upper bound which only relies on the 
parameters of the system and can be calculated previously. Then, many control strategies were 
designed to achieve fixed-time consensus[11] [12] [13] [14] [15] [16]. in [11](among followers), [13], 
and [14], the communication topology was assumed undirected. Ning et al. [15] considered the fixed-
time tracking problem under directed communication topologies. However, the topology was required 
to be detailed balanced. There results can’t be expended to the general directed communication 
topologies. In [12], the fixed-time coordinated tracking problem with bounded input uncertainties 
was studied. Reference [16] provides another research aspect for fixed-time consensus: specified-
time consensus. In [16], motion planning method was introduced to make a group of linear MASs to 
reach consensus at a specific time with directed communication topology.  

Thereafter, the distributed event-triggered control strategies have been proposed in [17]-[19]. In 
[17], a threshold function has been presented which the controller is updated only when the 
measurement error exceed the predefined function. Moreover, in [18] and [19], an agent’s 
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measurement error depends on the neighboring agents’ state between current and last event triggered 
time, and the threshold function depends on state of the agent’s neighbor at last event triggered time. 

Reference [20] studies the distributed consensus tracking problem of networked Lure system based 
on event triggered information interaction under fixed directed topology in most existing research 
results, the triggered event of each agent is related not only to its own trigger time, but also to the 
triggered time of the agent's neighbors. In order to further save communication resources, Reference 
[21] proposed an event trigger controller with joint measurement literature. From another point of 
view, on the basis of static event triggering control, document [22] introduces internal dynamic 
variables and proposes a dynamic event triggered mechanism, which can further reduce the triggered 
frequency In order to save the communication resources and improve the convergence time of the 
system, the finite time consensus based on event triggered is developed. 

In order to further raise the convergence rate, Jiang et al. [23] studied the multi-agent systems with 
directed switching graph, mainly from the perspective of impulse control theory, constructed the 
impulse protocol by using Dirac function, and constructed the corresponding consensus sufficient 
conditions. In the research of Guan et al.[24], the protocol with impulsive control is used to improve 
the uniform convergence speed of multi-agent system compared with the traditional protocol. At the 
same time, the consensus problem under external interference is also studied. Wang et al [25] further 
simplified the impulsive protocol algorithm. While ensuring the consensus, the information exchange 
of second-order multi-agent can achieve the consistency only by relying on the displacement 
information, which reduces the difficulty of control, and gives the sufficient condition for the 
consistency of time-delay system. 

Motivated by the aforementioned discussion, this paper presents the event-triggered impulsive 
control algorithm for the fixed-time consensus problem of MASs. The impulsive control is exerted 
when the trigger condition is satisfied. Compared with existing results, our control strategy can not 
only guarantee that the MASs achieve the consensus within fixed time, but also has the advantages 
of high convergence rate, small communication consumption and low frequency of the controller 
updates.  

2. Preparation and problem description 

2.1 Graph theory 

Consider an undirected graph   consisting of N agents, which can be expressed as ( , , )A=  , 
and the N agents can be modeled as N nodes.  =1,2,…,N is the set of nodes, and  Í ´   is the 
set of edges. If Î（j,i） , agent i and agent j can obtain information from each other, so they called 

neighbors. Let adjacency matrix ( )ij N N
A a

´
= , an undirected graph means that ij jia a= . If ija >0, so 

Î（j,i） , if not, ija =0. The degree matrix 1 2{ , ,..., }ND diag d d d= , in which 
1,

N

i ij
j j i

d a
= ¹

= å . 

Define the Laplacian matrix ijL lé ù= ê úë û , and L=D-A. Moreover, if there exists a path between any two 

agents, that is called the graph is connected. For a directed graph with a leader, this paper assumes 

that the leader is labeled as vertex 0. The directed graph 


with N+1 agents. 


  is described by the 

weight matrix L L B


= + , B= [ ]10 20 0, ,..., Ndiag a a a . If the agent I can obtain the information from 

the leader, 0ia >0, otherwise, 0ia =0. 

2.2 Fixed-time stability theory of impulsive dynamic system 

For a given impulsive sequence of agent i: { },i
kt k N = Î , if there is a positive function V(X(t),t) 

satisfying: 
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Then the system is globally fixed-time stable, the bound of settling time T satisfying: 
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(1 ) ( 1)

T when
p q


 

= + =
- -  

Where 1 20,0 1, 0, 0, 0,d d c > < £ > > >  

1 20,0 1, 1,p q and  > < < > are the upper and lower bounds of impulsive interval, respectively. 

2.3 Problem description 

Consider a multi-agent system as follows: 

( ) ( )( )

( ) ( ) ( )( )

.

0 0

.

,

, , 1,...,i i i

x t f x t t

x t u t f x t t i N

=

= + =
                       (1) 

The MASs contain N followers that are labeled as agent 0 to N, and the leader is marked as agent 
0, with 1 2 1 2( ) [ ( ), ( ),..., ( )] , ( ) [ ( ), ( ),..., ( )] . ( )T N T N

N N iX t x t x t x t R u t u t u t u t R x t= Î = Î is the state of agent i, ( )iu t  is the control 

input. In this paper, as the leader-following consensus, the agent 0 is leader. Conversely, the leaderless 
consensus, there is no agent 0. 

Definition 1: The problem of leader-following fixed time consensus will be solved under the 
distributed fixed-time consensus protocol ( )iu t  for each agent, there exists a settling time T such 

that 0lim || || 0i
t T

x x


- =  and 0( ) ( )ix t x t= when t>T. 

Remark 1: For the finite-time consensus, if the initial states are large enough, the bound of settling 
time will be very large. Therefore, the original fixed-time consensus algorithms via event-triggered 
impulsive control are proposed in this paper. 

3. Leader-following distributed event-triggered fixed-time consensus tracking 
algorithms via sign function 

Assumption 1 : The undirected graph   is connected, and there exists at least one follower can 
receive information from leader, which means 0 0ia > . 

In order to study leader-following fixed time consensus, we propose the following control input 
for system (1): 

( ) ( )( )

( ) ( )( )

( ) ( )( )

( ) ( ) ( )( )

1
0

2
0

0

0

3

( )
N

i j
i ij i k j k

j

N
r i j

ij i k j k
j

N
i j

ij i k j k
j

N
i i j
k ij i k j k

j

u t c sign a x t x t

c sig a x t x t

c a x t x t

t t m a x t x t

¢
=

¢
=

¢
=

¢
=

é ù
ê ú=- -ê ú
ë û
é ù
ê ú- -ê ú
ë û

é ù
ê ú- -ê ú
ë û

é ù
ê ú- - -ê ú
ë û

å

å

å

å

                        (2) 
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Assumption 2: There is a known and positive constant  satisfying: 

( )( ) ( )( ) ( ) ( ), ,i j i jf x t t f x t t x t x t- £ -                   (3) 

Remark 2: Note that Assumption 1 in the literatures, which is the common assumption of 
undirected graph. In assumption 2 the control input is designed as bounded, which is inspired by the 
[26] . 

Remark 3: In this paper, presume the followers cannot send messages to leader, the leader's 
dynamic can be designed in advance. The impulsive signal cannot affect the leader's state too. In a 
word, the leader's behavior is independent of followers. ( )t represents the Dirac impulsive function, 

which means when t=0, ( )t =1, when t≠0, ( )t =0. C1, C2 are positive constants, m denotes the 

impulsive strength and r>1. Some particular agents can receive the leader's information, and the other 

followers' states are only influenced by the states of its neighbors. For each 1,i i
k kt t t +

é ùÎ ê úë û  is the latest 

triggered time of agent j, in this paper, the agent i is updated both at its own and neighbors event 

instant. On account of the leader does not have the event instant when j = 0, ( ) ( )0
0 0kx t x t¢ = . So the 

agent i will not update its state at this moment. 

3.1 Proof 

Define ( ) ( ) ( )( )
0

N

i ij i j
j

y t a x t x t
=

= -å , 

Hence, one has  

( ) ( ) ( ) ( ) ( )1 2, ,...,   
T N

Ny t y t y t y t L X t R
 

é ù= = Îë û . Define 

( ) ( ) ( )i
i i k ie t x t x t= -                               (4) 

And 
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0

0
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j

N

ij i i j j
j

t a x t x t
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=

=
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å

å
                     (5) 

So the ( )iu t  can be rewritten as: 

( )( ) ( )( ) ( )

( ) ( ) ( )
1 2 3

( )

r
i i i

i i
k i i

c sign y t c sig y t c y t
u t

t t my t t 

æ ö+ + ÷ç ÷ç ÷=-ç ÷ç ÷+ - +ç ÷è ø
                  (6) 

Here, ( )i t  denotes the measurement error, it can be expressed as: 

( ) ( ) ( ) ( )
( )( ) ( )( ) ( ) ( ) ( )

1 2 3

1 2 3

( ) ( ) ( ) ( )r i
i i i i k i

r i
i i i k i
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From (2) and (5), the derivative of ( )ix t


 can be obtained: 

( )( ) ( )( )
( )( ) ( )( ) ( ) ( ) ( ) ( )( )

( )( ) ( )( )

.

0

0

1 2 3

0

( ) ( ) ( )

( ) , ,

, ,

i i

i i

r i
i i i k i i

i

x t x t x t

u t f x t t f x t t
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f x t t f x t t

 

 ⋅ ⋅

= -
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           (8) 
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Equation (7) is written in a compact form, becomes 

( ) ( ) ( )

( ) ( ) ( ) ( )

.

1 2

3

    

     ,

r

i
k

X t c sign L X t c sig L X t

c L X t t t m L X t F X t t





    
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               (9) 

For the reason of reducing communication budget among agents and decreasing the updates of 
controller, the event-triggered mechanism is introduced. Consider the MASs (1) which is composed 
of the controller (2), the distributed event-triggered function for each agent has the following form: 

 ( ) ( ) ( )2| | | |r
i i if t t c y t m  = - -                         (10) 

From the event-triggered function, we can see that every agent has its own triggered function. At 
the kth event instant of agent i, the agent i will sample its state, furthermore the agent i will use the 
newly state to update its controller and send the state to its neighbors. Then the neighbors will update 
the controllers with the received state, but the neighbors will not sample their states at this instant 
unless their triggered function exceeds zero. 

Theorem 1: Suppose that Assumption 1 and Assumption 2 hold. Let 
1
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satisfied, the leader-following fixed-time consensus can be achieved under the control input (2). The 

bound of settling time is 
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Proof. Define the Lypunov candidate function 
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From Lemma 1, the MASs discussed above can achieve fixed-time consensus. Furthermore, if k  
has an upper bound  , when 0<  < 1 is satisfied, the MASs achieve consensus within  
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- -
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proof is completed.     

3.2 The proof of avoiding Zeno-behavior 

With regard to the multi-agent systems (1), there is no Zeno-behavior with the control protocols 
(2). 
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Thanks to ( ) 0i
i kt = , it follows 
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The next event of agent i will not be triggered until ( )if t =0, from (10), we can get 
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Then,  
( ) ( )1 1 2 2 3/ ( 0 )i i

k kt t m m    + - ³ + ++                         (17) 

3.3 Simulations 

 
Figure 1. the topology of MASs 

 
In this section, a numerical simulations are presented to demonstrate the effectiveness of the 

theoretical results. In Figure 1, the leader is labeled as 0. 
It is assumed that the MASs contain of four followers and one virtual leader. The relationship of 

all agents is represented by the communication graph, which is shown in Figure 1. Suppose that the 
state dimension of all agents is 2. According to the undirected graph, we can get the adjacency matrix 
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A and the diagonal matrix B as: 

0 1 0 0

1 0 1 1

0 1 0 1

0 1 1 0

A

é ù
ê ú
ê ú
ê ú= ê ú
ê ú
ê ú
ë û

, { }1 0 0 0B diag= .Set the parameters 

1 2 33.5, 0.2, 1.4, 0.3, 2c c c r= = = = = . From the condition of Theorem 1, the impulsive strength 
must satisfy m < 0.0164 , in this paper we choose m= 0.0145. The nonlinear function is given as 

( ) ( ) ( )0.2sin 10 ,0.3cos 10, ( 10)f x x tx t é ù= - + + + -ë û . Give the initial state as [8,12;10,3; - 8, - 7; - 9, 

- 7]. From the parameters, the   can be calculated  = 0.9992. And the fixed-time T = 2.0201s. 
The simulation results are shown in Figures 1-3. 

 
Figure 2. State trajectories of agent along, A-aixs, B-aixs 

 
Figure 3. The fluttering of the measurement error of agent along, A-aixs, B-aixs 

  
Figure 4. Event intervals of 4 followers under the first event-triggered control strategy 

 
From figure 2, we can see in about 1.5-2 seconds the states of Example 1 can achieve consensus. 

Compared with [32], the convergence time in this paper is fixed and limited, which can be predicted 
by the preset parameters. It is 1.6-2 seconds faster than that of [32] and the measurement error 
converges to zero in 1.8s. From which it can be found that the lower bound for the event interval time 
is 0.02s, Based on above analysis, it is concluded that the convergence speed is faster and the energy 
is less than previous result, the MASs under fixed-time event-triggered impulsive control protocols 
have quicker convergence speed than those under normal fixed-time control protocol. 

4. Conclusion 

This article proposes an original fixed-time consensus tracking algorithms via event-triggered 
impulsive control. Some sufficient conditions are derived to achieve the LFFTC for MASs, novel 
control protocols can substantially reduce energy consumption and the frequency of controller 
updates. The impulsive event-triggered mechanism, as the combination of impulsive control and ETC, 
has the superiority of both two control mechanisms. By the Lyapunov stability and fixed-time 
impulsive theory, numerical simulations is employed to illustrate the feasibility of the deduction. 
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Considering the MASs may have different dynamics, the fixed-time consensus problem for the 
heterogeneous MASs with impulsive control and event-triggered control will be studied in the future. 
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