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Abstract. The accelerated failure time (AFT) model is commonly used for the analysis of survival 
data in the presence of right censored due to the interpretability. In some practical cases, especially 
when some covariates are time-related, it is not realistic to assume the linear predictors in the AFT 
model. We propose a varying-coefficient partially linear AFT model for right censored data, allowing 
the nonlinear effects of covariates. To tackle challenges in estimation, we propose a penalized profile 
likelihood approach which utilizes a group minimax concave penalty to determine the nonlinear 
effects of covariates. Under the suitable conditions, we show that the proposed method can correctly 
select linear components and nonlinear components with high probability. Simulation results 
demonstrate the satisfactory performance of the proposed method in finite sample cases. 

Keywords: AFT model; B-spline; group MCP. 

1. Introduction 

Let 𝑇௜ be logarithm of the failure time for individual i, 𝑢௜ is a one-dimensional covariate and 
𝑋௜ ൌ ሺ𝑥௜ଵ, 𝑥௜ଶ, . . . , 𝑥௜௣ሻis a p-dimensional covariate vector. Consider the varying-coefficient partially 
linear AFT model: 

𝑇௜ ൌ 𝜇 ൅ ൛∑ 𝛽଴௝𝑥௜௝௝∈ௌభ
൅ ∑ 𝛽ଵ௝𝑢௜𝑥௜௝௝∈ௌమ

൅ ∑ 𝑔௝ሺ𝑢௜ሻ𝑥௜௝௝∈ௌయ
ൟ ൅ 𝜀௜, 1 ൑ 𝑖 ൑ 𝑛       (1) 

where 𝜇  is the intercept, 𝑆ଵ ,𝑆ଶ and 𝑆ଷ are mutually exclusive and complementary subsets of 
ሼ1, . . . , pሽ, ൛𝛽଴௝: 𝑗 ∈ 𝑆ଵൟare constant regression coefficients of the covariates with indices in 𝑆ଵ , 
൛𝛽ଵ௝: 𝑗 ∈ 𝑆ଶൟ  are linear regression coefficients of the covariates with indices in 𝑆ଶ , and 
൛𝑔௝ሺ𝑢ሻ: 𝑗 ∈ 𝑆ଷൟ are unknown functions. In this model, the mean response is linearly related to the 
covariates in 𝑆ଵand 𝑆ଶ, while its relation with the remaining covariates is not specified up to any 
finite number of parameters. The model combines the flexibility of varying-coefficient regression and 
the parsimony of linear regression. When the relationship between 𝑇௜  and ൛𝑥௜௝: 𝑗 ∈ 𝑆ଵൟ  or 
൛𝑥௜௝𝑢௜: 𝑗 ∈ 𝑆ଶൟ is of main interest and can be approximated by a linear function, it offers more 
interpretability than a purely varying-coefficient model. When 𝑇௜ is subject to right censoring, the 
observed data is ሺ𝑌௜, 𝛿௜, 𝑋௜ሻ, i = 1, 2, . . . n, where 𝑌௜ ൌ 𝑚𝑖𝑛ሼ𝑇௜, 𝐶௜ሽ, C୧ is logarithm of the censoring 
time, and 𝛿௜ ൌ 1ሼ்೔ஸ஼೔ሽ is the censoring indicator. 

The AFT model was first proposed by Pieruschka[10] in 1961, which specifies the effect of a fixed 
covariate is to act multiplicatively on the failure time. The AFT model has received considerable at- 
tention in the statistical literature over the past decade or so. Buckley and James(1979)[1] proposed 
the Buckley-James estimator which adjusts censored observations using the Kaplan-Meier estimator. 
Ying(1993)[17] proposed the rank based estimator motivated by the score function of the partial 
likelihood function. Zhou(1992)[19] and Stute(1993)[13] calculated censored data with Kaplan-
Meier weights and obtained the weighted least squares loss function. 

Many punishment methods have been used to calculate the least squares loss function of the AFT 
model, within which the most commonly used punishment method is LASSO. Gui and Li(2005)[3], 
Ma and Huang(2007)[8] and Wang(2008)[14] introduced LASSO into the survival analysis to analyse 
gene expression under survival data. Huang and Ma(2010)[4] used the bridge penalization for 
regularized estimation and gene selection. Park and Ha(2019)[9] used h-likelihood penalty for 
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variable selection in the AFT models. Most of the existing studies considered the AFT model with 
fixed coefficients, which unable to fully explain the relationship between covariates and response 
variables when the dynamic feature presents. To incorporate the dynamical pattern and the nonlinear 
effects of the covariates, the varying-coefficient partially linear AFT model is utilized. 

The varying-coefficient partially linear model not only has the advantage of the interpretability of 
the parametric model, but also has the flexibility of the nonparametric model. It has been widely used 
in many fields. Lam and Fan(2008)[6] proposed the accelerated profilekernel algorithm for 
computing profile likelihood estimates under the generalized varying coefficient partially linear 
model. For the di-verging number of parameters in a varying coefficient partially linear model, Li et 
al. (2012) [7] adopted a bias-corrected empirical likelihood (BCEL) to avoid such strong structure 
assumptions on the model and inconvenience of estimation implementation. Wei et al.(2015)[15] 
constructed an efficient estimator for the parametric component of the varying coefficient partially 
linear model by applying the weighted profile least-squares approach, without the exploration of 
variable selection. Recently, many scholars have proposed variable selection methods that use penalty 
functions in non-parametric or semiparametric settings. Huang et al. (2012) [5] proposed a 
semiparametric regression tracking method to identify covariates with linear effects by using group 
MCP penalties in semiparametric partial linear models. Yang et al.(2017)[16] proposed a profle 
approach to identify the covariates with linear effect or nonlinear effect by using a group MCP in a 
varying-coefcient partially linear models model. 

In this article, we consider the varying-coefficient partially linear AFT model and screen out linear 
components and nonlinear components. We approximate the nonparametric components by spline 
functions and determine the covariates that has linear/nonlinear effects via the penalty method. We 
derive a group coordinate descent algorithm for calculating the group MCP estimators. It is proved 
that it can correctly determine linear components and nonlinear components with high probability. 

This article is organized as follows. In Section 2, we describe the process of selecting and 
estimating based on the basis expansion for the varying-coefficient partially linear AFT model using 
a group MCP. Section 3 presents the results on the selection consistency of the group MCP. Section 
4 provides a simulation study to illustrate the proposed methods. Concluding remarks are contained 
in section 5.  

2. Method 

The varying-coefficient partially linear AFT model (1.1) can be embedded into the varying- 
coefficient model, 

 𝑇௜ ൌ 𝜇 ൅ 𝛼ଵሺ𝑢௜ሻ𝑥௜ଵ൅. . . ൅𝛼௣ሺ𝑢௜ሻ𝑥௜௣ ൅ 𝜀௜ (2) 

where 𝛼௝ሺ𝑢௜ሻ, are functions of 𝑢௜. Suppose that 𝑢ଵ, . . . , 𝑢௡are from a distribution with support [a, 
b], where a<b are finite constants. If some of the 𝛼௝ሺ𝑢ሻ's are linear, then (2.1) becomes the varying- 
coefficient partially linear AFT model (1.1). The problem is that of determining which 𝛼௝ሺ𝑢ሻ's  have 
a linear forms and which do not.For this purpose, we write 𝛼௝ሺ𝑢ሻ as 

 𝛼௝ሺ𝑢ሻ ൌ 𝛽଴௝ ൅ 𝛽ଵ௝𝑢 ൅ 𝑔௝ሺ𝑢ሻ (3) 

Consider a truncated series expansion for approximating 𝑔௝ሺ𝑢ሻ, 
𝑔௡௝ሺ𝑢ሻ ൌ ∑ 𝜃௝௞𝜓௞ሺ𝑢ሻ௠೙

௞ୀଵ , 1 ൑ 𝑗 ൑ 𝑝                                          (4) 
where 𝜓ଵሺ𝑢ሻ, . . . , 𝜓௠೙

ሺ𝑢ሻ are basis functions, 𝑚௡ is allowed to increase with n and here we can 
take the B-spline basis functions. According to the classical book of Schumaker (1981)[11], the basis 
satisfies (i) 𝜓௞ሺ𝑢ሻ ൒ 0, 𝑘 ൌ 1, . . . , 𝑚௡, (ii) ∑ 𝜓௞ሺ𝑢ሻ௠೙

௞ୀଵ ≡ 1. The varying-coefficient partially linear 
AFT model (1.1) can be written as  

𝑇௜ ൌ 𝜇 ൅ ൛∑ 𝛽଴௝𝑥௜௝௝∈ௌభ
൅ ∑ 𝛽ଵ௝𝑢௜𝑥௜௝௝∈ௌమ

൅ ∑ ∑ 𝜃௝௞𝜓௞
௠೙
௞ୀଵ௝∈ௌయ

ሺ𝑢௜ሻ𝑥௜௝ൟ ൅ 𝜀௜       (5) 
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furthermore, there doesn’t exist identification problem when the nonparametric function is 
expanded by using B-splines. If 𝜃௝௞ ൌ 0, 1 ൑ 𝑘 ൑ 𝑚௡, then 𝛼௝ሺ𝑢ሻ’s is linear structure. Therefore, 
with this formulation, the problem is to determine which groups ൛𝜃௝௞;  1 ൑ 𝑘 ൑ 𝑚௡ൟ, 𝑗 ∈ 𝑆ଷ are 
zero. 

We calculated the censored data with Kaplan-Meier weights 𝑤௜s, which are computed as 𝑤ଵ ൌ
ఋሺభሻ

௡
, 𝑤௜ ൌ

ఋሺ೔ሻ

௡ି௜ାଵ
∏ ሺ ௡ି௝

௡ି௝ାଵ
ሻఋሺ೔ሻ௜ିଵ

௝ୀଵ , 1 ൑ 𝑖 ൑ 𝑛 . Here 𝑌ሺଵሻ ൑, . . . , ൑ 𝑌ሺ௡ሻ are the order statistics of  𝑌௜ ’s, 

𝛿ሺଵሻ, . . . , 𝛿ሺ௡ሻ  are the associated censoring indicators, and 𝑋ሺଵሻ , . . . , 𝑋ሺ௡ሻ are the associated 
covariates. The loss function is 
 

ଵ

ଶ
∑ 𝑤௜

௡
௜ୀଵ ൛𝑌ሺ௜ሻ െ 𝜇 െ ∑ 𝛽଴௝𝑥ሺ௜ሻ௝௝∈ௌభ

െ ∑ 𝛽ଵ௝𝑢ሺ௜ሻ𝑥ሺ௜ሻ௝௝∈ௌమ
െ ∑ ∑ 𝜃௝௞𝜓௞

௠೙
௞ୀଵ௝∈ௌయ

ሺ𝑢ሺ௜ሻሻ𝑥ሺ௜ሻ௝ൟ
ଶ
   (6) 

We center the responses and covariates. Let 𝑌ത ൌ
∑ ௪೔௒ሺ೔ሻ

೙
೔సభ

∑ ௪೔
೙
೔సభ

, 𝑥ఫഥ ൌ
∑ ௪೔௫ሺ೔ሻೕ

೙
೔సభ

∑ ௪೔
೙
೔సభ

, 𝑢𝑥ఫതതതത ൌ

∑ ௪೔௨ሺ೔ሻ௫ሺ೔ሻೕ
೙
೔సభ

∑ ௪೔
೙
೔సభ

, 𝜓ఫ௞തതതതത ൌ
∑ ௪೔టೖሺ௨ሺ೔ሻሻ௫ሺ೔ሻೕ

೙
೔సభ

∑ ௪೔
೙
೔సభ

, and  Yሺ୧ሻ
∗ ൌ 𝑌ሺ௜ሻ െ 𝑌ത, 𝑥ሺ௜ሻ௝

∗ ൌ 𝑥ሺ௜ሻ௝ െ 𝑥ఫഥ , 𝑢ሺ௜ሻ𝑥ሺ௜ሻ௝
∗ ൌ 𝑢௜𝑥ሺ௜ሻ௝ െ

𝑢𝑥ఫതതതത, 𝜓௝௞ሺ𝑢ሺ௜ሻሻ𝑥ሺ௜ሻ௝
∗ ൌ 𝜓௞ሺ𝑢ሺ௜ሻሻ𝑥ሺ௜ሻ௝ െ 𝜓ఫ௞തതതതത, 1 ൑ 𝑖 ൑ 𝑛, 1 ൑ 𝑗 ൑ 𝑝, 1 ൑ 𝑘 ൑ 𝑚௡.  

For simplicity, let 

𝑥௝
∗ ൌ

⎝

⎜
⎛

ඥ𝑤ଵ𝑥ሺଵሻ௝
∗

ඥ𝑤ଶ𝑥ሺଶሻ௝
∗

⋮
ඥ𝑤௡𝑥ሺ௡ሻ௝

∗
⎠

⎟
⎞

, 𝑢𝑥௝
∗ ൌ

⎝

⎜
⎛

ඥ𝑤ଵ𝑢ሺଵሻ𝑥ሺଵሻ௝
∗

ඥ𝑤ଶ𝑢ሺଶሻ𝑥ሺଶሻ௝
∗

⋮
ඥ𝑤௡𝑢ሺ௡ሻ𝑥ሺ௡ሻ௝

∗
⎠

⎟
⎞

, X∗ ൌ ൫𝑥ଵ
∗, . . . , 𝑥௣

∗, 𝑢𝑥ଵ
∗, . . . , 𝑢𝑥௣

∗൯ 

Y∗ ൌ

⎝

⎜
⎛

ඥ𝑤ଵ𝑌ሺଵሻ
∗

ඥ𝑤ଶ𝑌ሺଶሻ
∗

⋮
ඥ𝑤௡𝑌ሺ௡ሻ

∗
⎠

⎟
⎞

, 𝑧௜௝
∗ ൌ ඥ𝑤௜

⎝

⎜
⎛

𝜓௝ଵሺ𝑢ሺ௜ሻሻ𝑥ሺ௜ሻ௝
∗

𝜓௝ଶሺ𝑢ሺ௜ሻሻ𝑥ሺ௜ሻ௝
∗

⋮
𝜓௝௠೙

ሺ𝑢ሺ௜ሻሻ𝑥ሺ௜ሻ௝
∗
⎠

⎟
⎞

, 𝑧௝
∗ ൌ

⎝

⎜
⎛

𝑧ଵ௝
∗

𝑧ଶ௝
∗

⋮
𝑧௡௝

∗
⎠

⎟
⎞

, 𝑍∗ ൌ ൫𝑧ଵ
∗, . . . , 𝑧௣

∗൯ 

𝛽଴ ൌ ൮

𝛽଴ଵ
𝛽଴ଶ

⋮
𝛽଴௣

൲ , 𝛽ଵ ൌ ൮

𝛽ଵଵ
𝛽ଵଶ

⋮
𝛽ଵ௣

൲ , 𝛽 ൌ ሺ𝛽଴
், 𝛽଴

்ሻ், 𝜃௝ ൌ

⎝

⎛

𝜃௝ଵ

𝜃௝ଶ

⋮
𝜃௝௠೙⎠

⎞ , 𝜃 ൌ ൫𝜃ଵ
், . . . , 𝜃௣

்൯
்

 

we can write the loss function as  

 𝐿ሺ𝛽, 𝜃; 𝜆, 𝛾ሻ ൌ ଵ

ଶ
‖𝑌∗ െ 𝑋∗𝛽 െ 𝑍∗𝜃‖ଶ (7) 

Define the penalized least squares loss function 

 𝐿ሺ𝛽, 𝜃; 𝜆, 𝛾ሻ ൌ ଵ

ଶ
‖𝑌∗ െ 𝑋∗𝛽 െ 𝑍∗𝜃‖ଶ ൅ ∑ 𝜌 ൬ฮ𝜃௝ฮ

஺ೕ
; ඥ𝑚௡𝜆, 𝛾൰௣

௝ୀଵ  (8) 

Where 𝜌ሺ∙;∙,∙ሻis a penalty function depending on the penalty parameter λ ൒ 0and a regularization 

parameter γ. The norm ฮ𝜃௝ฮ
஺ೕ

ൌ ൫𝜃௝
்𝐴௝𝜃௝൯

ଵ
ଶൗ
 for a given positive definite matrix 𝐴௝. In theory, 

any positive definite matrix can be used as 𝐴௝, since ฮ𝜃௝ฮ
஺ೕ

ൌ 0 if and only if 𝜃௝ ൌ 0. However, it 

is important to choose a suitable 𝐴௝to make the amount of penalization comparable across the groups 
and to facilitate the computation. We use the minimax concave penalty (MCP) and detail discussions 
on the MCP can be found in Zhang (2010)[18]. 

The penalty in (2.7) is a composite of the penalty function 𝜌ሺ∙; 𝜆, 𝛾ሻ and a weighted 𝑙ଶ-norm of 
𝜃௝. The 𝜌ሺ∙; 𝜆, 𝛾ሻ is a penalty for individual variable selection. When applied to a norm of 𝜃௝, it 
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selects the coefficients in 𝜃௝  as a group. This is desirable, since the nonlinear components are 
represented by the coefficients in the 𝜃௝’s as groups. Based on (2.7), it is natural to call it the group 
minimax concave penalty (gMCP). 

For a givenሺ 𝜆 , 𝛾 ሻ, the penalized least squares solution is 
 

൫𝛽መ௡, 𝜃෠௡൯ ൌ 𝑎𝑟𝑔 min
ఉ,ఏ

𝐿ሺ𝛽, 𝜃; 𝜆, 𝛾ሻ 

To compute ൫𝛽መ௡, 𝜃෠௡൯, we can use a penalized profile least squares approach. For any given 𝜃௡, 
the 𝛽መ௡that minimizes L necessarily satisfies 

𝑋∗்ሺ𝑌∗ െ 𝑋∗𝛽 െ 𝑍∗𝜃௡ሻ ൌ 0 

Thus 𝛽መ௡ ൌ ሺ𝑋∗்𝑋∗ሻ𝑋∗்ሺ𝑌∗ െ 𝑍∗𝜃௡ . Let 𝑄 ൌ 𝐼 െ 𝑃௑∗ ,where 𝑃௑∗ ൌ 𝑋∗ሺ𝑋∗்𝑋∗ሻିଵ𝑋∗் is the 
projection matrix onto the column space of 𝑋∗. The penalized objective function of 𝜃௡ is 

         𝐿ሺ𝜃௡; 𝜆, 𝛾ሻ ൌ ଵ

ଶ
‖𝑄ሺ𝑌∗ െ 𝑍∗𝜃௡ሻ‖ଶ ൅ ∑ 𝜌 ൬ฮ𝜃௡௝ฮ

஺ೕ
; ඥ𝑚௡𝜆, 𝛾൰௣

௝ୀଵ             (9) 

As noted above, any positive definite matrix can be used for 𝐴௝. Like Yang et al.(2017)[16], we 
use 𝐴௝ ൌ 𝑛ିଵ𝑈௝

்𝑄𝑈௝, where Q is an orthonormal matrix. Detailed discussion can be found in that 
article. 

Here, we will follow Huang (2012)[5]. The set of indices of the covariates that are estimated to 

have the linear structure in the regression model (1.1) is Sଵ ∪ Sଶ෣ ≡ ቄj: ฮθ෠୬୨ฮଶ
ൌ 0ቅ. Thus, 𝑔ො௡௝ሺ𝑢ሻ ൌ

0, 𝑗 ∈ 𝑆ଵ ∪ 𝑆ଶ෣ , 𝑔ො௡௝ሺ𝑢ሻ ൌ ∑ 𝜃෠௝௞𝜓௝௞ሺ𝑢ሻ௠೙
௞ୀଵ , 𝑗 ∉ 𝑆ଵ ∪ 𝑆ଶ෣ .Let  𝑋෠ሺଵሻ

∗ ൌ ቀ൫𝑥௝
∗, 𝑢𝑥௝

∗൯, 𝑗 ∈ 𝑆ଵ ∪ 𝑆ଶ෣ ቁ , 𝑍መሺଶሻ
∗ ൌ

൫𝑍௝
∗, 𝑗 ∉ 𝑆ଵ ∪ 𝑆ଶ෣ ൯, 𝜃෠௡ሺଶሻ ൌ ቀθ෢୬୨

୘
, j ∉ Sଵ ∪ Sଶ෣ ቁ

୘
,we have 𝛽መ௡ ൌ ሺ𝑋∗்𝑋∗ሻ𝑋∗்ሺ𝑌∗ െ 𝑍መሺଶሻ

∗ 𝜃෠௡ሺଶሻሻ .The 

estimator of the coefficients of the linear components is 𝛽መ௡ଵ ൌ ൫𝛽መ௝: 𝑗 ∈ 𝑆ଵ ∪ 𝑆ଶ෣ ൯
்
. Let 

𝛼ො௡௝ሺ𝑢ሻ ൌ ሺ1, 𝑢ሻ𝛽መ௝ ൅ 𝑔ො௝ሺ𝑢ሻ, 𝑗 ∉ 𝑆ଵ ∪ 𝑆ଶ෣  

Where 𝛽መ௝  corresponds to the coefficients of the linear components. Let us write 𝛼ො௡ሺ𝑢ሻ ൌ

൫𝛼ො௡ଵሺ𝑢ሻ, . . . , 𝛼ො௡௣ሺ𝑢ሻ൯
்
. Then the estimator of the coefficient vector of the linear components can also 

be written as 

𝛽መ௡ଵ ൌ ൫𝑋෠ሺଵሻ
∗் 𝑋෠ሺଵሻ

∗ ൯
ିଵ

𝑋෠ሺଵሻ
∗் ቌ𝑌∗ െ ෍ 𝛼ො௡௝ሺ𝑢ሻ𝑥௝

∗

௝∉ௌభ∪ௌమ෣

ቍ 

3. Theoretical properties 

In this section, we established the model consistency and large sample properties of the proposed 
profile estimator of varying-coefficient partially linear AFT models. In particular, our model 
consistency result shows that the proposed method can correctly determine the linear and nonlinear 
components in the varying-coefficient partially linear AFT models with high probability. 

Denote the underlying regression components by 𝛼଴௝ሺ𝑢ሻ and write 

𝛼଴௝ሺ𝑢ሻ ൌ 𝛽଴௝ ൅ 𝛽ଵ௝𝑢 ൅ 𝑔଴௝ሺ𝑢ሻ 

Suppose the series expansion for approximating 𝑔଴௝ሺ𝑢ሻ is 

𝑔଴௝ሺ𝑢ሻ ൌ ෍ 𝜃଴௝௞𝜓௞ሺ𝑢ሻ

௠೙

௞ୀଵ

, 1 ൑ 𝑗 ൑ 𝑝 
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Let 𝜃଴௝௡ ൌ ൫𝜃଴௝ଵ, . . , 𝜃଴௝௠೙
൯

்
, and let ‖𝑔‖ଶ ൌ ሾ𝐸𝑔ଶሺ𝑢ሻሿଵ ଶ⁄  for any square integrable function 𝑔 

on [a, b]. We have 𝑆ଵ ∪ 𝑆ଶ ൌ ቄ𝑗: ฮ𝑔଴௝ሺ𝑢ሻฮ
ଶ

ൌ 0ቅ and ฮ 𝜃଴௡௝ฮ
ଶ

ൌ 0 for 𝑗 ∈ 𝑆ଵ ∪ 𝑆ଶ. Let  𝜃଴௡ ൌ

൫𝜃଴௡ଵ
் , . . , 𝜃଴௡௣

் ൯
்
. 

Let  𝑞 ൌ |𝑆ଵ ∪ 𝑆ଶ|  be the cardinality of 𝑆ଵ ∪ 𝑆ଶ  , the number of linear components in the 
regression model. Take 

 θ
෪

୬
ൌ arg min

θ
ቄଵ

ଶ
‖QሺY∗ െ Z∗θ୬ሻ‖ଶ:  θ

୬୨
ൌ 0, j ∈ Sଵ ∪ Sଶቅ (10) 

This is the oracle estimator of θ 0n that takes the identity of the linear components as known. 
Analogous to the estimates defined at the end of Section 2, write the oracle estimators as 

𝑔෤௡௝ሺ𝑢ሻ ൌ 0, 𝑗 ∈ 𝑆ଵ ∪ 𝑆ଶ, 𝑔෤௡௝ሺ𝑢ሻ ൌ ෍ 𝜃෨௝௞𝜓௝௞ሺ𝑢ሻ

௠೙

௞ୀଵ

, 𝑗 ∉ 𝑆ଵ ∪ 𝑆ଶ 

Let 𝑋ሺଵሻ
∗  ൌ ቀ൫𝑥௝

∗, 𝑢𝑥௝
∗൯, 𝑗 ∈ 𝑆ଵ ∪ 𝑆ଶቁ , 𝑍ሺଶሻ

∗ ൌ ൫𝑍௝
∗, 𝑗 ∈ 𝑆ଷ൯, 𝜃෨௡ሺଶሻ ൌ ൫𝜃෨௡௝

் , 𝑗 ∈ 𝑆ଷ൯
்
, and 

𝛼෤௡௝ሺ𝑢ሻ ൌ 𝛽෨଴௝ ൅ 𝛽෨଴௝𝑢 ൅ 𝑔෤௡௝ሺ𝑢ሻ, 𝑗 ∈ 𝑆ଷ . The oracle estimator of the coefficients of the linear 
components is 

 𝛽෨௡ଵ ൌ ൫𝑋ሺଵሻ
∗் 𝑋ሺଵሻ

∗ ൯
ିଵ

𝑋ሺଵሻ
∗் ቌ𝑌∗ െ ෍ 𝛼෤௡௝ሺ𝑢ሻሻ𝑥௝

∗

௝∉ௌభ∪ௌమ

ቍ 

Without loss of generality, suppose that 𝑆ଵ ∪ 𝑆ଶ ൌ ሼ1, . . . , 𝑞ሽ. Write𝜃෨௡ ൌ ൫0௤௠೙
் , 𝜃෨௡ሺଶሻ

் ൯
்
 , where  

0௤௠೙is a (𝑞𝑚௡ )-dimensional vector of zeros and 

 θ෨୬ሺଶሻ ൌ ൫Zሺଶሻ
∗୘ QZሺଶሻ

∗ ൯
ିଵ

Zሺଶሻ
∗୘ QY∗ (11) 

whereZሺଶሻ
∗  is the design matrix related to 𝜃௡ሺଶሻ. Let 𝜃∗ ൌ 𝑚𝑖𝑛

௝∈ௌభ∪ௌమ
ฮ 𝜃଴௡௝ฮ, the smallest norm of the 

coefficients in the spline expansions of the nonlinear components. 
Let k be a non-negative integer, and let 𝛼 ∈ ሺ0,1ሿ be such that 𝑑 ൌ 𝑘 ൅ 𝛼 ൐ 0.5. Let G be the 

class of functions 𝑔 on [0, 1] whose kth derivative g(k) exists and satisfies a Lipschitz condition of 
order 𝛼: 

ห𝑔ሺ௞ሻሺ𝑠ሻ െ 𝑔ሺ௞ሻሺ𝑡ሻห ൑ 𝐶|𝑠 െ 𝑡|ఈ   𝑠, 𝑡 ∈ ሾ𝑎, 𝑏ሿ 

Then there exists a positive constant 𝐶ଵ such that 

ฮ𝑔଴௝ሺ𝑢ሻ െ 𝑔଴௡ሺ𝑢ሻฮ ൌ 𝑂ሺ𝑚௡
ିଶ௥ିଶఈሻ 

We make the following assumptions. 
(A1) The errors ( 𝜀ଵ, . . . , 𝜀௡ሻ  are independent of the Kaplan-Meier weights 

ሺ𝑤ଵ, . . . , 𝑤௡ሻ and  𝜀ଵ, . . . , 𝜀௡  are independent and identically distributed with 𝐸ሺ𝜀௜ሻ ൌ 0  and 
𝑉𝑎𝑟ሺ𝜀௜ሻ ൌ 𝜎ଶ . Furthermore, 𝑝ሺ|𝜀௜| ൐ 𝑥ሻ ൑ 𝐾𝑒𝑥𝑝ሺെ𝐶𝑥ଶሻ, i = 1, . . . , n, for all 𝑥 ൒ 0 for some 
constants C and K. 

(A2) p and q are fixed and the covariate vector u has a continuous density and there exist constants 
𝐶ଵ and 𝐶ଶ such that the density function𝛼௝ሺ∙ሻ of u satisfies 0 ൏ 𝐶ଵ ൑ 𝛼௝ሺ𝑢ሻ ൑ 𝐶ଶ ൏ ∞, on [a, b] 
for every 1 ൑ 𝑗 ൑ 𝑝. 

(A3) The observations ሺ𝑌௜, 𝑋௜, 𝛿௜ሻ, 1 ൑ 𝑖 ൑ 𝑛  are independent and identically distributed and 
there exists a positive constant M such that ห𝑥௜௝ห ൑ 𝑀, 1 ൑ 𝑖 ൑ 𝑛, 1 ൑ 𝑗 ൑ 𝑝. 

Theorem 3.1. Suppose that𝑚௡ ൌ 𝑂ሺ𝑛ଵ ሺଶௗାଵሻ⁄ ሻ, 1 ඥ𝑚௡𝛾⁄  is less than the smallest eigenvalue of 
𝑍∗ᇱ𝑄𝑍∗ 𝑛⁄ , and 
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ଵ

୫౤
ሺమౚషభሻ మ⁄ ሺ஘∗ି஛ஓሻ

൅ ଵ

஛√୬
→ 0  (12) 

Then unnder (A1)—(A3), 𝑃ሺ𝜃෠௡ ് 𝜃෨௡ሻ → 0. Consequently,𝑃ሺ𝑆ଵ ∪ 𝑆ଶ෣ ൌ 𝑆ଵ ∪ 𝑆ଶሻ → 1, and 

𝑃ሺ𝛽መ௡ଵ ൌ  𝛽෨௡ଵሻ → 1, and 𝑃ሺฮ𝛼ො௡௝ሺ𝑢ሻ െ 𝛼෤௡௝ሺ𝑢ሻฮ
ଶ

ൌ 0, 𝑗 ∈ 𝑆ଷሻ → 1. 
Therefore, under the conditions of Theorem 3.1, the proposed estimator can correctly distinguish 

linear and nonlinear components with high probability. Furthermore, the proposed estimator has the 
oracle property in the sense that it is the same as the oracle estimator assuming the identity of the 
linear and nonlinear components were known, except on an event with probability tending to zero. 

The main extra condition here is (3.3), which requires both 𝜃∗ ൐ 𝜆𝛾 ൅ 𝑎௡𝑚௡
ିሺଶௗିଵሻ ଶ⁄  and 𝜆 ൌ

𝑜ሺ𝑛ିଵ ଶ⁄ ሻ for some 𝑎௡ → ∞. The first part of this requirement ensures that the bias resulting from 
the penalty is so small that it does not interfere with selection, and the second part requires that the 
smallest norm θ∗of the coefficients in the spline expansions of the (nonzero) nonlinear components 
be larger than the penalty level plus a term due to the spline approximation error. 

Theorem 3.2. Under (A1)—(A3) hold, we have 

෍ฮ𝛼ො௡௝ሺ𝑢ሻ െ 𝛼଴௝ሺ𝑢ሻฮ
ଶ

ଶ
൑ 𝑂௉ሺ𝑚௡ 𝑛⁄ ሻ ൅ 𝑂ሺ1 𝑚௡

ଶௗ⁄ ሻ ൅ 𝑂ሺ𝑚௡𝜆ଶሻ

௣

௝ୀଵ

 

This theorem gives rate of convergence of the proposed estimator of nonparametric regression co- 
efficient under the the varying-coefficient partially linear AFT model (1.1). In particular, if we assume 
that each nonparametric function component in (1.1) is second-order differentiable (d = 2) and take 

 𝑚௡ ൌ 𝑂ሺ𝑛ଵ ହ⁄ ሻ and 𝜆 ൌ 𝑛ିଵ ଶ⁄ ାఋ for a small𝛿 ൐ 0, then ∑ ฮ𝛼ො௡௝ሺ𝑢ሻ െ 𝛼଴௝ሺ𝑢ሻฮ
ଶ

ଶ
൑ 𝑂௉ሺ𝑛ିସ ହ⁄ ሻ௣

௝ୀଵ  , 

which is the optimal rate of convergence in nonparametric function. 
We now consider the asymptotic distribution of 𝛽መ௡ଵ. According to section 3.3 of Fan and Huang 

(2005)[2], we can obtain Theorem 3 as follows. 
Theorem 3.3. If the conditions (A1)—(A3) are satisfied, and Theorems 1 and 2 also hold, then 

√𝑛ሺ𝛽መ௡ଵ െ 𝛽ሺଵሻሻ
ௗ
→ 𝑁ሺ0, 𝛴ሻ  

where Σ ൌ ቀEሺXሺଵሻ
∗ Xሺଵሻ

∗୘ ሻ െ EሾEሺXሺଵሻ
∗ Zሺଶሻ

∗୘ ሻ൛EሺZሺଶሻ
∗ Zሺଶሻ

∗୘ ሻൟ
ିଵ

EሺZሺଶሻ
∗ Xሺଵሻ

∗୘ ሻሿቁ
ିଵ

σଶ  and 𝛽ሺଵሻ ൌ

ሺ𝛽௝: 𝑗 ∈ 𝑆ଵ ∪ 𝑆ଶሻ். The limit distribution of Theorem 3.3 is the same as that of the oracle estimator 
𝛽෨௡ଵ. 

4. Numerical studies 

We conduct extensive simulation studies to evaluate the finite-sample performance of the proposed 
methods. Suppose the failure time T follows the varying-coefficient partial linear model: 

𝑇௜ ൌ 𝜇 ൅ ቐ෍ 𝛽଴௝𝑥௜௝

௝∈ௌభ

൅ ෍ 𝛽ଵ௝𝑢௜𝑥௜௝

௝∈ௌమ

൅ ෍ 𝑔௝ሺ𝑢௜ሻ𝑥௜௝

௝∈ௌయ

ቑ ൅ 𝜀௜, 1 ൑ 𝑖 ൑ 𝑛 

where 𝑢௜, 𝑥௜௝, 𝜀௜, 1 ൑ 𝑖 ൑ 𝑛, 1 ൑ 𝑗 ൑ 𝑝 , independent and subject to the standard normal 
distribution. The coefficient are 

𝜇 ൌ 0.5, 𝛼ଵሺ𝑢ሻ ൌ 2, 𝛼ଶሺ𝑢ሻ ൌ 1.5𝑢,  

𝛼ଷሺ𝑢ሻ ൌ 2ሺ2𝑢 െ 1ሻଶ, 𝛼ସሺ𝑢ሻ ൌ 3 𝑠𝑖𝑛 2𝜋𝑢,  

𝛼ହሺ𝑢ሻ ൌ 4 𝑐𝑜𝑠ሺ2𝜋𝑢ሻ ሺ2 െ 𝑢ሻଶ⁄ , 𝛼଺ሺ𝑢ሻ ൌ 4 𝑠𝑖𝑛ሺ2𝜋𝑢ሻ ሺ2 െ 𝑠𝑖𝑛ሺ2𝜋𝑢ሻሻ⁄  

Two scenarios were considered in the simulation. 
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Scenario 1. Let p = 4 and consider the model 

𝑇 ൌ 0.5 ൅ 2𝑥ଵ ൅ 1.5𝑢𝑥ଶ ൅ 𝛼ଷሺ𝑢ሻ𝑥ଷ ൅ 𝛼ସሺ𝑢ሻ𝑥ସ ൅ 𝜀௜ 

Here the first variable is constant effect, the second variable is linear effect and the last two have 
nonlinear effect. 

Scenario 2. Let p = 6 and consider the model 

𝑇 ൌ 0.5 ൅ 2𝑥ଵ ൅ 1.5𝑢𝑥ଶ ൅ 𝛼ଷሺ𝑢ሻ𝑥ଷ ൅ 𝛼ସሺ𝑢ሻ𝑥ସ ൅ 𝛼ହሺ𝑢ሻ𝑥ହ ൅ 𝛼଺ሺ𝑢ሻ𝑥଺ ൅ 𝜀௜ 

Here the first variable is the constant effect, the second variable is the linear effect and the last four 
have the nonlinear effect. 

In each scenario, two sample sizes (n=500,1000) and two censoring rates (censoring=20%,40%) 
were conducted. We use the cubic B-spline basis functions to approximate each 𝛼௝ and utilzied the 
group coordinate descent algorithm for computing the group MCP solutions. The group coordinate 
descent algorithm optimizes a target function with respect to a single group at a time, iteratively 
cycling through all groups until convergence is reached which is described in details in section 3 of 
Huang et al.(2012)[5]. 

In our application, we apply the bayesian information criterion (BIC) (Schwarz (1978))[12] to 
select (λ, γ) for the group MCP. The BIC is given by 

𝐵𝐼𝐶ሺ𝜆, 𝛾ሻ ൌ 𝑙𝑜𝑔ሺ𝑅𝑆𝑆ఒ,ఊሻ ൅ 𝑙𝑜𝑔௡
𝑚௡𝑑𝑓ఒ,ఊ

𝑛
 

where RSS is the residual sum of squares, 𝑑𝑓ఒ,ఊ is the number of the nonzero selected groups for 
a given (λ, γ). Recall that 𝑚௡ is the number of spline basis functions given in (2.3). We choose 

λ from a sequence of 100 values, starting from𝜆௠௔௫to 0.01𝜆௠௔௫. Here 𝜆௠௔௫ ൌ max
ଵஸ௝ஸ௣

ฮ𝑛ିଵ𝑍෨௝
்𝑌෨ฮ, 

which is the smallest value of λ that forces all the solutions to be zero. For the 𝛾, we consider a 
grid of equally spaced points in the interval ሾ𝛾௠௔௫, 𝛾௠௜௡ሿ ൌ ሾ8.0,1.1ሿwith grid size 0.1. 

The simulation results based on 100 replications are presented in Tables 1-4. The columns in 
Tables 1 and 2 are the average number of nonlinear components being selected (NL), and the 
percentage of occasions in which the correct nonlinear components were included in the selected 
model (IN%). Enclosed in parentheses are the corresponding standard errors. In Tables 3 and 4, we 
examine the performance of the proposed method for estimating the nonlinear components in the 
simulated models. 

Table 1. Simulation results for Examples 1. NL, the average number of the nonlinear components 
being selected; IN%, the percentage of occasions in which the correct nonlinear components are 
included in the selected model, averaged over 100 replications. Enclosed in parentheses are the 

corresponding standard errors. 

 

Table 1 and Table 2 compare the results of the two sample sizes when the censoring rate is 20% 
and 40%. It shows that the proposed method with the group MCP performed better than the proposed 
method with the group Lasso in terms of the NL and the IN% in the final model. For instance, in 
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Example 2 with n= 1000, censoring rate=20%, the percentage of correct selection NL was 4.41 with 
the group MCP and 1.96 with the group Lasso. From table 1 and table 2, we show that the group MCP 
was more accurate in distinguishing the nonlinear functions than the group Lasso. 

 

Table 2. Simulation results for Examples 2. The terms of NL and IN% are interpreted as shown in 
Table 1. Enclosed in parentheses are the corresponding standard errors. 

 

In Tables 3 and 4, we examine the performance of the proposed method for estimating the 
nonlinear components in the simulated models when the censoring rate is 20%. We show that the 
group MCP picked out the nonlinear part more times than the group Lasso in 100 replications.  For 
instance, in Example 2 with n= 1000, 𝛼ଷwas picked out 74 times with the group MCP and 39 with 
the group Lasso. Overall, the proposed method with the group MCP was effective in distinguishing 
the nonlinear ones in the simulation models. 

 

Table 3. Number of times each component was selected as a nonlinear component by the group 
Lasso and group MCP methods in the 100 replications when the censoring rate is 20%, in Example 1. 

 

Table 4. Number of times each component was selected as a nonlinear component by the group 
Lasso and group MCP methods in the 100 replications when the censoring rate is 20%, in Example 2. 

 

5. Conclusion 

In this article, we combine the variable-factor partial linear models with the AFT models. Censored 
data is processed with K-M weights to ensure full utilization of the data. We propose a method for 
distinguishing linear components and nonlinear components in varying-coefficient partial linear AFT 
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models based on group MCP. Compared to the standard varying-coefficient inference approach, the 
proposed method does not require a priori assumption that the covariates have linear and nonlinear 
effects. We proved the asymptotic oracle properties of the proposed estimator under the group MCP 
method, meaning that it is the same as the standard varying-coefcient partially linear regression esti- 
mator assuming the model structure is known. The asymptotic rates of the penalty parameters required 
for our theoretical results are derived. However, in this paper, we studied automatic structure of the 
nonlinear part, and did not consider to estimate the nonlinear part. This is an important and 
challenging problem that requires further investigation, but is beyond the scope of the current paper. 
Our simulation study indicates that the proposed method works well in finite sample situations. 
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