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Abstract. Frisbee is a kind of sports equipment in an airfoil shape that can glide in the air for throw
and catch. The Frisbee-like unmanned aerial vehicles have potential as the next generation aircratft.
This paper is the first one to investigate the touchdown dynamics of the Frisbee to the best of the
author’s knowledge. The numerical simulation of Frisbee is developed based on rigid body dynamics
and aerodynamic database from existing experiments. The moment of inertia of Frisbee is
determined using the three-wire pendulum method. The Frisbee is launched by a launcher and the
motion is recorded by two cameras. A frame-by-frame analysis of recorded flight video using the
software tracker provides the linear velocities, position, and other dynamic parameters before and
after touchdown. A comparison between experimental measurement and numerical simulation
results is done. The results demonstrate that the established model captures the influence of
aerodynamic forces and self-spinning of Frisbee during flight and rebound. The future directions that
this research might be extended and applied are discussed.
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1. Introduction

Generally speaking, Frisbee (also known as a flying disc) refers to a type of aircraft-like sports
equipment. It is aerodynamically designed and obtains stability by spinning during flight. When
throwing Frisbee toward the ground, sometimes, Frisbee will rebound and glide for some distances
before falling to the ground. Minor rebound could also be observed during Frisbee’s landing after a
flight.

The study of the Frisbee landing has certain potential application prospects. Frisbee gains stability
the way similar to many innovative types of aerial manned and unmanned vehicles. Method to study
the landing and rebound process of Frisbee can be applied to the landing of many similar self-stabilized
aircraft. As an example, a disc-wing aircraft prototype called the Avrocar is proposed in the 1950s.
The lift is generated through a giant torborotor located at its center, and the torborotor also provides
gyroscopic action to the aircraft[5]. Another example is the Turboplan, a radio-controlled toy sold in
the early 1980s. The Turboplan shares more similarities with Frisbee than Avrocar. The rotor at the
center provides lift and stability, and a rotating ring surrounding the rotor also provides a large portion
of the stability [5]. In addition, Frisbee-like unmanned aerial vehicle has advantages over the
conventional unmanned aerial vehicles. Frisbee’s low-aspect-ratio wing potentially have high
performance at low speed and a high attack angle [5]. Also, the symmetric shape and the elegant design
means that it is easier to carry compared with other complex UAV, which can suffer severe damage
during packaging [5]. These characteristics of Frisbee suggest the prospect that a novel unmanned
aerial vehicle could be designed based on the dynamics of Frisbee, and study over the landing process
can provide insights for the design.

G. D. Stilley and D. L. Carstens studied the application of Frisbee flight principle on special
deliveries [3]. The kinematic and aerodynamic parameters of Frisbee have been analyzed by
numerically solving dynamic differential equations simplified at different levels. One paper explained
the flight mechanics of Frisbee qualitatively including imposed aerodynamic forces and moments [1].
M. Hubbard and S. A. Hummel provided a model using the Euler angle to calculate the forces exerted
on Frisbee in 2000. The aerodynamic coefficients were provided as a simplified fitting function [10].
In 2005, V. R. Morrison provided a simplified 2-dimensional model of Frisbee flight. Equations for
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the aerodynamic forces in this study is based on hydromechanics [16]. In 2010, K. Baumback provided
an extension to the model suggested by V. R. Morrison and described Frisbee’s 3-dimensional motion
using program simulation [11]. In 2019, one research was conducted, focusing on explaining Frisbee’s
flight using Newton’s second law [14].

Several other studies focused on measuring the aerodynamic parameters of Frisbee using different
methods. Using a MEMS triaxial gyroscope, Y. Weizman measured the angular velocity, the
aerodynamic torque, and the decay of spin rate of Frisbee during flight [18]. A new method of
identifying Frisbee’s aerodynamic coefficients by real flight data was suggested by S. A. Hummel and
M. Hubbard. This new method could be used as an alternative to wind tunnel tests [9]. Frisbee
aerodynamic coefficients are obtained in wind tunnel tests by J. R. Potts and W. J. Crowther. [4]. In
1999, K. Yasuda recorded the trajectory of Frisbee during free flight using two sets of cameras. By
analyzing the videos, the frequency of occurrence of different initial parameters when Frisbee is
thrown by hand is determined [12]. A comprehensive study over aerodynamic characteristics of flying
dynamic of golf disc with different thickness, cavity, and edge shapes was reported using wind tunnel
experiments [13]. Additionally, a Frisbee launching robot was built according to the flying principle
of Frisbee. The robot can automatically control the initial parameters such as velocity and pitch angle
of Frisbee [17].

The landing process of Frisbee is quite similar to the process of stone skipping, involve the process
of a spinning object impact with a certain surface and rebound. There are two highly renowned research
papers that investigated the dynamic of stone skipping, and determined a “magic angle” of impact to
maximize the numbers of times of skipping both theoretically [7] and experimentally [8]. By mimic
the process of stone skipping, the British army successfully designed a bouncing bomb during World
War 11 to take down damps. [5].

This work established a theoretical model used to calculate the rebound process. The model takes
friction, the impulse from the ground, and different aerodynamic forces into consideration. A damping
harmonic motion model is used to describe the impact. MATLAB simulation is performed based on
the dynamic differential equation derived. Several sets of experiments were conducted with different
initial launching parameters. The experimental data is compared with the simulation result to verify
the proposed theoretical model.

2. Theoretical Model of Frisbee Flight

2.1. Forces during flight

Complete wind tunnel experiment was conducted to determine the three aerodynamic parameter,
lift coefficient, drag coefficient, and pitching moment coefficient, of standard Frisbee in 2002 [4], and
the data of the conducted experiment is presented in three figures in another research paper crafted by
the same authors in 2007 [15, Figure 3].

2.1.1 Lift force

Lift force results from Frisbee’s wing shaped cross section. The lift force could be calculated using
equation (1).

1
Fy :EPVZSCL (1)

In the equation, S is the area of the surface of the airfoil. In this case, is the area of Frisbee, which
is 0.05726m?. C, is the lift coefficient of Frisbee, p is the density of air and v is the instantaneous
linear velocity.

The variation of lift coefficient as a function of attack angle is presented in Figure 1. The original
data is extrapolated from the range of -0.2rad to 0.6rad to the range of -1rad to 1rad.
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Figure 1. data of lift coefficient, extrapolated from the range of -0.2rad to 0.6rad to the range of
-1rad to 1lrad.

2.1.2 Drag Force

The drag force of Frisbee could be calculated using equation (2):

Fp = 3pv*SCp @
Experiment data of drag coefficient, which also varies as a function of the attack angle, is presented
in Figure 2. The original data is extrapolated from the range of -0.2rad to 0.6rad to the range of -

lrad to lrad.
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Figure 2. data of drag coefficient, extrapolated from the range of -0.2rad to 0.6rad to the range
of -1rad to lrad.
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2.2. Moment

2.2.1 Pitching moment

With the action point of the lift force moving forward, a torque is exerted on Frisbee. The pitching
moment could be calculated using equation 3.

T, = 2 pv2SdCy 3)

In the equation, T, is the pitching torque action on the Frisbee, andd is the diameter of Frishee,
Cym s the pitching moment coefficient.

Experiment data of the pitching moment coefficient as a function of the attack angle from past
research [4] is presented in Figure 3. The original data is extrapolated from the range of -0.2rad to
0.6rad to the range of -1rad to 1rad.
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Figure 3. data of pitching moment coefficient, extrapolated from the range of -0.2rad to 0.6rad
to the range of -1rad to lrad.

2.3. Frame conversion of forces and moments

Four frames will be used to calculate motion, the inertial frame, Frisbee’s embedded reference
frame, the sideslip frame, and the velocity vector frame. This system of convert and unify vectors is
first proposed by W. J. Crowther and J. R. Potts [15]. Definition for the frames are presented below.

2.3.1 Definition of four frames

The inertial frame has x and y axis lying on the surface of ground and z axis perpendicular to
ground, assuming that the ground is perfectly horizontal. The embedded reference frame has the origin
set at the center of mass of Frisbee, x" and y’ axis lying horizontally on the plane formed by the
Frisbee’s upper surface, and z' perpendicular to the surface of Frisbee. Originally, the x axis point
toward the direction of motion, as the Frisbee rotates, the embedded frame rotate along with Frisbee
around z' axis.

The sideslip frame x"'y"’z"" is obtained by rotating the embedded frame with respect to the z’
axis so that the x'* axis align with the direction of the projection of velocity on the x'y’ plane. The
velocity vector frame x"'y""’z""" is then obtained by rotating sideslip frame along y"’ axis so that the
x""" axis align with the velocity vector. The angle which distinct the embedded frame from sideslip
frame is the sideslip angle «; the angle distinct the sideslip frame from velocity vector frame is the
attack angle . Sketch of the four frames are presented in Figure 4.
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Figure 4. lllustration of the four frames and the relationship between them. (a): Inertial frame; (b):
Embedded frame; (c): Sideslip frame; (d): Velocity vector frame.
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2.3.2 Euler angles

The rotation sequence used in this research is the zyx sequence, breaking the orientation down
into rotation around z, y and x axis in succession. The Euler angles in this convention are
commonly known as the yaw, pitch and row angle, labeled ¢, 8 and i respectively. In order to
describe the attitude of Frisbee relative to the ground, a rotational matrix in terms of Euler angles is
defined to transform inertial frame into the embedded frame.

1 0 0
T,,=|0 cos¢p sing
0 —sing cos¢

[cose 0 —sin@”cosw siny 0]

0 1 0 —siny cosy O (4)

sin@ 0 cos@ 0 0 1

The Euler angles are time dependent variables, and their derivatives are related to the angular
velocity of Frisbee in the embedded frame, which has components p, q, and r, by equation (5) [2].

¢ . [cos 6 singsind cos¢psing 1p
| [t
r

ol= 0 cos¢pcosf —singcosb
j 0 sin ¢ cos ¢

)

cos 6

2.3.3 Converting forces into inertial frame

Based on the definition, the lift force points toward the negative z"’
perpendicular to the direction of speed and the y""" axis, while drag force points toward negative x
axis in velocity vector frame. The pitching moment points toward positive y'"’ axis in velocity vector
frame. The aerodynamic forces and moment could all be transformed into the inertial frame by
multiplying several rotational matrices. The rotational matrix transforming embedded frame to sideslip
frame is presented by equation (6), and the rotational matrix for transforming sideslip frame to velocity
vector frame is presented in equation (7).

!

axis in velocity vector frame,

i

[ cosa sina 0]
Tezs = |—sina cosa 0 (6)
[ 0 0 1)
rcosff 0 sinp
Tsyy = 0 1 0 (7)
|l—sinff 0 cospl
Cosine and sine of the two angles could be calculated by following equation (8), (9), (10) and (11).
V.1
cosa = = 8
v, +v?, ®
x' Ty
v
sinag = —= 9
U2[+V2, ( )
\I x' Ty
cosf = = (10)
U;II+UZII
sinf = ~2!

— (11)
/V;H‘H]ZZH

The property of rotational matrix indicates that a reverse transformation is described by the
transpose of the original rotational matrix. Therefore, the reverse rotational matrix from velocity vector

1
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frame to sideslip frame and from sideslip frame to embedded frame is obtained as equation (12) and
(13).

Ts2e = TeTZS (12)
Tys = ngv (13)
2.4. Newton’s second law

The linear motion of Frisbee is calculated by the differential form of Newton’s second law in inertial
frame:

‘ljx FX
m|vy| = |5 (14)
v |E

2.5. Angular Momentum Theorem
The angular momentum of an object can be calculated as follows:

TH

Torque can be related with angular acceleration @ by the following equation:

- = dL
T=Ilw= p (16)
From equation of Coriolis [20], we have:
T, = ‘Zi Y, xL (17)
Substitute L with equation (15), and arrange the equation in matrix form, we have:
Tyt I, 0 -r g L,
[Tyll =10 gl+|r O —p‘ Ly (18)
Ty 0 -q p 0 L,
Therefore, the derivative of angular velocity in embedded frame w, is:
T
X
[ ] I T I
y
T
zZ
I, 0O - -r q L,
—10 1, 0 [r 0 —p] Ly (19)
0 0 I, -q p OIfL,
2.6. Dynamic Differential Equation
2.6.1 Position
The position could be calculated using dynamic differential equation in matrix form:
X Ux
[5/ = vy] (20)
Z Uz
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2.6.2 Linear velocity
Define an aerodynamic coefficient matrix in velocity vector frame:

—Cp
Ca:[ 0 ] 21)
_CL

which gives us the magnitude and direction of the aerodynamic forces. The aerodynamic forces
could therefore be determined in velocity vector frame as:
Foa = 5PV°SC, (22)
Transform the forces into the inertial frame by multiplying the transformation matrix:
Fig = TJZETJZST.SZUFUQ (23)
By adding gravity to the aerodynamic force in inertial frame, the total force exerted on Frisbee
during flight is determined:

0
0
myg

Fif = Fia + (24)

Substitute equation (24) into Newton’s second law in equation (14) to calculate the acceleration,
and expand the equation, we get the dynamic differential equation for the components of linear velocity
in inertial frame:

muv, = %(SCDp(cos B (sina (cos ¢ siny — cos sin ¢ sin ) — cos P cos a cos ) — sin B (sin ¢ sinyp +

cos ¢ cosPsin0))(vZ + v + UZZ)) - % (SCLp(sin,B (sina (cos ¢ siny — cospsin ¢ sin ) — cos 1 cos a cos §) +
cos B (sin g siny + cos ¢ cos P sin0)) (v2 + vZ + vzz)) (25)

mu, = — % ((SCDp(cos B (sin a (cos ¢ cosy + sin ¢ siny sin @) + cos a cos 8 siny) — sin B (cos Y sinp —

cos ¢ sinysin0))(vZ + v2 + vzz)) - ; (SCLp(sinﬁ (sina (cos ¢ cos + sin ¢ sin sin ) + cos @ cos G sinh) +
cos B (cosy sin ¢ — cos ¢ sin P sin ) ) (vZ + v + UZZ)) (26)

mv, = (mg +%(SCDp(cos,6’ (cos asin @ — cos 6 sin ¢ sin a) — cos ¢ sin 8 cos 9)(17,? + vy + vZZ)) -
%(SCDp(sinﬁ (cosasin§ — cos @ sin ¢ sin &) + cos B cos ¢ cos 0) (vZ + vi + vZZ))) (27)

2.6.3 Angular velocity

Similar to the aerodynamic forces Frisbee experiences, a moment coefficient matrix is also defined
in velocity vector frame as:

0
Crnoment = [CM] (28)
0

which gives the magnitude and direction of the aerodynamic moment. The moment could then be
determined in velocity vector frame:

1
Tya = EPUZSdeoment (29)

The aerodynamic torque could then be transformed into the embedded frame by multiplying the
transformation matrix.

Tea = TeTZsTstVTva (30)
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Substitute equation (30) into equation (28) to calculate the angular acceleration, and we get the
dynamic differential equation for the component of angular velocity in embedded frame:

Lp=-— (Izqr — Lqr + % (p(v2 + vZ + v2)SdCy sin a)) (31)
I,q = I,pr — Lpr + % (p(vZ + v2 + v2)SdCy cos a) (32)
I;7 = Lipq —L,pqg =0 (33)

3. Theoretical Model of Frisbee Rebound

3.1. Basic model of ground

The ground is treated as a damping spring in this model. The position as a function of time [19]
during damping harmonic motion is determined as follows in this specific case:

—-bt
z=Agezmsinw’t (34)
The phase angle 6 in the original equation is approximated to be —% in this scenario. Take the
first derivative of the position function to obtain velocity function:

bt s_p
v =—Ayezm (E sinw't — w' cos a)’t) (35)
When time t = 0, we have:
170 == Aow, (36)

Assuming that during rebound, Frisbee is in contact with the ground for t; seconds. Attime t =
t;, we then have:
bty
v1 = _A()(l),e 2m (37)
Define a coefficient of restitution y as the initial rebound speed over the ultimate falling speed:
| -btq

X=|z—1=6’2m (38)

0

The damping coefficient b is obtained as:

2mlny

b = (39)
ty
The following equation is used to calculate the angular frequency ' [19]:
' b_\?
@ = Wo 1= (meo) (40)
Substitute w, into equation (53), and square both side of the equation, we have:
2 _k({_m(b)")_k_Inx
W= m(l k (Zm) ) T m t? (41)
Attime t = t;, we have the relationship between the angular frequency as follows:
w == (42)
ty
We therefore obtained the following equation to calculate the spring constant:
. 71'_2 In? y
k=m (5 +7) (43)
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3.2. Determine Frisbee’s initial attitude during rebound

3.2.1 Determine the angle between Frisbee and ground

The angle between Frisbee and ground is the same as the angle between the z' axis and z axis.
Define a unit vector z’ pointing at positive z’ direction in embedded frame first. Representing this
unit vector in inertial frame z!:

!

Zix sin ¢ siny + cos ¢ cos Y sin b
ZA{ = Z{y = Cl-TZeZ’ = |cos ¢ siny sin 8 — cos P sin ¢ (44)
7! cos ¢ cos 6

iz
Define another unit vector Z pointing at positive z axis in inertial frame. By multiplying this
vector with unit vector z/, we have:

2z = coso = cos ¢ cos @ (45)

In the equation, o is the angle between Z and z/, and is also the angle between Frisbee surface
and the ground.

3.2.2 Locating the point of impact with ground

The point of impact with the ground is the lowest point on the edge of Frisbee. With its location
determined, we can calculate the torque on Frisbee exerted by the ground. To locate the point of contact
with ground, a displacement vector 7, is defined to be the position of the point of impact relative to
the center of Frisbee. The location of the point of impact could then be determined by adding the
displacement of Frisbee’s center in space relative to origin with this vector 7,;. The magnitude of this

vector is the radius of Frisbee, %- The projection of this vector on the xy surface is:
Ty = %cos o (46)

This projection is the magnitude of the vector formed by the x and y component of 7,c. This
component vector is in the opposite direction as the vector formed by the x and y component of z!.

Normalize this formed vector of z/, and multiply the normalized vector with the magnitude of the
component vector, the component vector could be expressed as:

!/
Tocx _ Txy Zix
Moc - 12,12 Z-’ (47)
pcy zig+ziy [“iy

—

This is the x and y component of the displacement vector 7,.. Because we have the angle

between this vector and the ground, therefore, the z component of 7,c could easily be calculated as:
Toez =§sina=%\/1—cosza (48)

Expand the equation for the x and y component, the displacement vector 7, is therefore
arranged in its components as:

__cos ¢ cos 6(sin ¢ sinY+cos ¢ cosyP sin 6)

Tocx v1-cos? o
Tyey| = =| cos ¢ cos 6(sin ¢ cos w;cos ¢ siny sin 0) (49)
rpcz V1-cos“o

V1 —cos?co

The location of the point of contact in the inertial frame is thus:

Tyi X+ Tpex
[ryi] =1y + rpcy (50)
rzi Z + TpCZ
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In this equation, 7,.; represents the component of the displacement vector of the point of contact
with respect to the origin. The velocity of this point of contact in space could then be determined by

taking the derivative of 7,;:
‘f‘xi Uy + iﬂpcx
Vpci = Tpei = |Tyi| = |Vy T Toey (51)
Tzi Uy + Tpcz
The equation for the derivative of the component of r,; is obtained by direct calculation and used
in the program.

3.3. Condition for touch down

This part gives the conditions under which Frisbee is considered landed and left the ground. The
conditions will be used in program simulation to determine the status of rebound Frisbee. The ground
is set at level in the inertial Frame. That means y = 0 and x = 0. The height, which is the z
component of the position of the lowest point on Frisbee is provided in equation (50). When Frisbee
landed, the lowest point on Frisbee becomes lower then the ground level. The height is less or equal
to 0. The vertical velocity is positive. Therefore, when the condition is as shown in equation (52), the
Frisbee is considered landed.

{Z+ V1——cos?20<0

52
v, >0 (52)

Similarly, when Frisbee leaves the ground, the lowest point on Frisbee becomes higher then the
ground level, and the vertical velocity is negative. The height is larger or equal to 0. Therefore, when
the condition is as shown in equation (53), the Frisbee is considered left the ground.

{z+ V1 —cos?2a >0

53
v, <0 (53)

3.4. Forces during impact

3.4.1 Normal force

The normal force could be calculated using the differential equation for damper harmonic
oscillation:

in = —b?"él - krzi (54)
In this equaion, F,; isthe z component of the Force exerted by the ground in inertial Frame.

3.4.2 Friction
The Friction from the ground is of a determined value, and could be calculated by multiplying the
normal force F,; with the friction coefficient of the ground:

In this equation, u is the friction coefficient. The friction force points at a certain direction opposite
to the velocity of the point of contact relative to the ground. This relative velocity lies on the xy
surface, and could be obtained by adding the x and y component of the velocity of the point of
contact in space wv,.; With the tangential velocity at the point of contact due to the rotation. The
magnitude of the tangential velocity is:

d
lve| = Ly (56)
In this equation, v, is the tangential velocity, and r is the z' component of Frisbee’s angular

velocity in the embedded frame, which is the rotational speed of Frisbee. This tangential velocity
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vector is perpendicular to 7., the position of the point of impact relative to the center of Frisbee,
which indicates that the tangential velocity is also perpendicular to the vector z;. The direction of this
tangential velocity is linked with the direction of rotation and could be calculated by Equation (57).
The the tangential velocity is perpendicular to the displacement vector 7.

7!
v = sign(r)%ﬁ[ ; ] (57)
ZitZiy —Ziyx
In the equation, sign(r) is a function of the sign of rotational speed r defined as follows:
1 r>0
sign(r) =0 r =0 (58)
-1 r<o0
Combining all the equations, the relative velocity of the point of contact is determined as follows:
_ 7;'xi
Uret = Vt + T (59)
yi
The friction could thus be calculated as:
F,
_|"rx] _ - “Vrel
R (60)

With the forces determined, the total force exerted by ground on Frisbee could be written in its
component form as:
Fry
Fi
3.5. Moment during impact

The moment exerted on Frisbee by ground during impact could be calculated by taking the cross
product of the force arm, which is the displacement vector 7,., and the force exerted by the ground,

F;g4, as in equation (62). The moment could then be transformed into the embedded reference frame by
multiply the moment in inertial frame with the transformation matrix T;,, as in equation (63).
rpcx fo
Tig = [rpcy X ny (62)
rpCZ Fi
Teg = Ti2eTig (63)

In the equation, 7;, is the moment from the ground, while 7., is the moment from the ground
after being transformed into the embedded frame.

3.6. Dynamic differential equation for rebound

The dynamic differential equation for the rebound process could be determined using the same
process as for flight. By adding the aerodynamic force and the impact force together, we can get the
equation for the total force, and therefore could determine the differential equation for linear velocity;
by adding the aerodynamic moment and the impact moment together, we can get the equation for the
total moment and therefore determine the differential equation for angular velocity. Equation (64) and
equation (65) describes the total force and moment respectively. The total force is represented as F;,
while the total moment is represented as ..

Fi=Fy+Fy (64)
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Te = Teq T Teyg (65)

The differential equation for the model considered friction is found to be too complicated. Therefore,
a simplified model is used, in which the friction is neglected. The differential equations for the linear
velocity at x and y direction as well as for angular velocity r are the same as that in flight. The
new differential equation for v,, p and q is presented as equation (66), (67), and (68):

1
mv, = —(k(z + (d(1 — cos p? cos 82)2 /2) — gm
1
+(b(2v,(1 — cos ¢p? cos 6%)2 + dp cos ¢ cos 6% sin ¢
1
+dq cos ¢ cos 0 sin 0))/(2(— cos ¢p? cos 82 + 1)2)
+(SCpp(cos ¢ sin B cos 8 — cos a cos ff sin 6 (66)

+cos B sin a cos 0 sin @) (vi + vy +v7))/2

+SC.p(cos  cos ¢ cos O + cos a sin f§ sin 0

—sin a sin B cos 0 sin ¢p)(vi + vj + v7))/2

I,p = (4l,qr — 41,,qr + bd?p cos ¢p*cos 6*
—bd?p cos ¢p* cos 8* + d*k cos ¢ cos 6? sin ¢
—d?k cos ¢ cos 6% sin ¢ + 41,qr cos $p*cos 6?
—41,qr cos ¢p? cos 6% + 25C),dpv? sin a
+28Cydpvy sin a + 25Cydpv? sin a (67)

1
+2bdv, cos ¢ cos 62 sin p(1 — cos ¢p? cos 8%)2

1
+2dkz cos ¢ cos 62 sin p(1 — cos ¢p? cos 6%)2
+bd?q cos ¢p? cos 03 sin ¢ sin 0
—28Cydp cos ¢ sin a cos 0% (vi + vy + v})
/(4 cos ¢p? cos 82 — 4)

L,g = ILpr — Lpr 4+ (SCydp cos a(vi + vj + v7))/2
—(d cos ¢ cos 8(cos ¢ cos P + sin ¢ siny sin 0)
(sin ¢ siny + cos ¢ cos P sin 0)

1
(dk + 2(bv, + kz)(1 — cos ¢? cos %)z — dk cos $p? cos 62
bdq cos ¢ cos 0 sin 8 + bdp cos ¢ cos 2 sin ¢))

1
/(4(—cos ¢? cos 82 + 1)2(sin ¢p? + sin 62

—sin ¢? sin 92)%) + (d cos ¢ cos O(cos ¢ siny (68)
—cos P sin ¢ sin 8)(cos P sin ¢ — cos ¢ sin P sin 9)
1

(dk + 2(bv, + kz)(1 — cos ¢? cos 6?)2
—dk cos ¢? cos 8% + bdq cos ¢ cos 0 sin 0

1
bdp cos ¢ cos 02 sin ¢))/(4(—cos ¢p? cos 62 + 1)2

1
(sin ¢p? + sin 82 — sin ¢p? sin 62)2)

4. Program Simulation

The dynamic differential equation derived in section 2 and 3 are solved using MATLAB ODE23s
numerical solver, and program is coded to transfer these numerical solution into graphs containing
dynamic variables such as linear velocity as a function of time. Flowcharts for the coding logic of
dynamic simulation program is presented below.
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4.1. Flowchart of the dynamic simulation program

Input initial parameters: velocity, Euler
angle, angular velocity and position

Calculate micro increments of twelve
parameters base on flight ODE

!

Obtain new value of the parameters

Use the new value as
new input parameters

Use the new value as
new input parameters

A

e
e ——

{_d___.-—-" Determine if Frishee
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{_,af"'—_ljclcrnjlnc if this {5
T the fisst landing_—
— No
l Yes
Calculate micro mcrement of twelve
O RE—
parameters base on rebound ODE

L'

Obtain new value of the parameters

Determine if Frishee bounced off

Use the new value as
new mput parameters

4.2. Simulation of typical Frisbee flight path including rebound

_______________________________________________________________________________

Stop the numerical
simulation

Use all the new
values obtained to
create graphs

Figure 5. Flowchart for the numerical simulation of Frisbee dynamics.

In 1999, Kunio Yasuda measured the range of initial parameters for free Frisbee flights using

camara sets. As indicated by analysis of the videos recorded, Yasuda determined that the most typical
initial velocity, angular velocity and attack angle of Frisbee flight. A typical initial velocity is
10—10.5m/s; a typical initial angular velocity is 350—450rpm, which is about 37—-47rad /s; a typical
attack angle is 10< which is about 0.175rad [12]. The initial launching height is arbitrarily set at 1m,
congruent with the height of human’s hand. A pitch angle of 0.275rad is set. This indicates a 0.1rad
angle make between the initial velocity and the ground, and can simulate the scenario that the Frisbee
is thrown up into the air. Therefore, from these initial parameters, setting an accuracy at 1.0E-5, the
following graphs are the results from simulation, with different initial parameter sets labeled in the
graph title. Eight initial parameter sets are presented. The spring constant and damping coefficient is
set using the experiment result in section 5.
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Figure 6. Position x, y, and x of Frisbee with different initial velocity, angular velocity

an(a):10m/s, 37rad/s, 0.175rad attack angle, 0.275rad pitch angle, 1m initial height;

(b):10m/s, —37rad /s, 0.175rad attack angle, 0.275rad pitch angle, 1m initial height;
(c):10m/s, 40rad /s, 0.2rad head-up position; (d):10m/s, —40rad /s, 0.2rad head-up position

4.3. Simulation of rebound pattern

Typically, to achieve the degree of rebound author observed when engaging in Frisbee class, the
Frisbee would have to be launched toward the ground. This way, the force exerted by the ground would
be enough to invert the vertical velocity of Frisbee and adjust Frisbee’s attitude, so that the lift
generated would be enough to continue climbing up high. Typically, Frisbee won’t fly up too high in
rebound. However, if a large force is applied to throw the Frisbee, giving the Frisbee a large initial
velocity, Frisbee could climb up high during rebound. By setting the initial parameters to be 13m/s, -
60rad /s, 0.1rad attack angle, -0.1rad pitch angle, and 0.1m from the ground, one typical rebound
process (Frisbee do not fly up high) is established. The change in position, velocity, angular velocity
and Euler angle for this high rebound is presented in Figure 7. Additionally, By setting the initial
parameters to be 15m/s, 60rad/s, 0.2rad attack angle, -0.1rad pitch angle, and 0.1m from the
ground, one rebound process involving Frisbee climbing up high is established. The change in position,
velocity, angular velocity and Euler angle for this high rebound is presented in Figure 8.
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Figure 8. Initial parameters: position (0, 0, -0.1), velocity (15 €0s(-0.3), 0, -15 sin(-0.3)), angular
velocity (0, 0, -60), Euler angle (0, -0.1, 0); (a): z position of Frisbee during rebound process; (b):x
and y position of Frisbee during rebound process; (c):velocity of Frisbee during rebound process;
(d): Euler angle of Frisbee during rebound process; (€): angular velocity of Frisbee during rebound
process

A clear pattern could be seeing in these five graphs, the rebound phenomenon on vertical direction
could be identified. The impact caused an intense change in Frisbee’s attitude, result in drastic
fluctuation of the two components of the angular velocity p and g. The vertical velocity has the
direction shifted in a sudden, signaling the impact, and the noticeable fluctuation of the vertical
velocity after rebound could be a result of the drastically fluctuating angular velocity.

5. Motion of Frisbee before and after touching down
5.1. Setup

In this section, an experiment is conducted using equipment to record the motion of Frisbee in air
and after touch down on a plastic pad. The Frisbee is launched with different linear velocity, angular
velocity and initial attitude by a specifically made Frisbee launcher. Frisbee’s initial spin rate and
pitch angle could be adjusted by the launcher.

To record the motion of the Frishee, two cameras were set. The first one recording Frisbee’s motion
along x and z direction was put on the side of the experiment set up, perpendicular to Frisbee’s
trajectory. The second one recording Frisbee’s motion along y direction was put in front of the
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experiment set up, parallel to Frisbee’s trajectory. In order to amplify the phenomenon of rebound, and
to create an experiment condition closer to the assumptions of the theoretical model, rubber plastic
pads were used for Frisbee to land on and rebound after touching down. The spring constant and
damping coefficient of the pads are determined by experiment to be 13774 and 32.676 respectively.

5.2. Experiment procedure

8 different set of initial parameters were be tested in the experiment. The pitching angle of the
launching plane is set using an electronic level, which can give the exact value of degree. Using the
level, the pitch of the plane could be set at the required experiment condition. After having the pads
placed properly, set the two cameras at their location. Turn on the Frisbee Launcher and start recording
videos, put the five identical Frisbee, which have rotational inertia around x y and z axis determined
using three wire pendulum to be 0.0012kg/m?, 0.0012kg/m?, and 0.0023kg/m? respectively, in the
launcher one by one and launch the Frisbee. Keep repeating the experiment until there are in total 3
trials each initial parameter that the Frisbee lands on the pad, since in some cases, due to influence of
uncontrollable factors such as wind, Frisbee lands on asphalt ground rather then on plastic pad.

5.3. Video analysis

The videos recorded for the experiment are imported in tracker for analysis. Manually track
Frisbee’s trajectory in the series of images by import a point in tracker and click to track the center of
Frisbee in each frame. In each set of experiment, 6 videos are recorded for the three trials. The position
of Frisbee in y direction is a bit more complicated. In more common cases, the camera is somewhat
slightly off the course of the Frisbee, and cause an angle between its vision and Frisbee’s initial
trajectory. This situation is in essence the same as if Frisbee is launched with an initial velocity along
y direction. Therefore, when analyzing the position along y direction, the velocity on y direction
is also obtained to supply the initial parameters.

The velocity and the angular velocity are then put in MATLAB source code to obtain the position
of Frisbee predicted by the theoretical calculation as a function of time. The accuracy for the simulation
is set to be 1.0E—-5. Data presented in the following sections, organized by initial parameter. The
negativity of y obtained in Tracker is opposite to previous definition because of Tracker’s default
setting. Therefore, the y position is invert in negativity when using MATLAB to create graphs.

5.3.1 Speed 1 (8m/s), 7 degree pitch, 52cm above ground

Speed 1 is determined by tracker analysis to be 8m/s. The x and z position as a function of time
is presented in Figure 9.

12.00 Velocity 1, 7 degree, side view, x displacement Velocity 1, 7 degree, side view, z displacement
1.20 = =
10:00; 7 g 1.00
8
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Figure 9. (a) x displacement and (b) z displacement. The initial condition for this set of
experiment and simulation has speed 8m/s, pitch angle of 7< and height of 52¢m above ground.
The solid line is obtained from simulation and the markers are three trials obtained from
experiments.
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The initial velocity along y direction is determined to be about 0.05m/s. The y position as a
function of time is presented in Figure 10.
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Figure 10. y displacement, y component of speed 0.05m/s

5.3.2 Speed 1 (8m/s), 14 degree pitch, 61cm above ground
The x and z position as a function of time is presented in Figure 11.
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Figure 11. (a) x displacement and (b) z displacement. The initial condition for this set of
experiment and simulation has speed 8m/s, pitch angle of 14< and height of 61cm above ground.
The solid line is obtained from simulation and the markers are three trials obtained from
experiments.

The initial velocity along y direction is determined to be about 0.1m/s. The y position as a
function of time is presented in Figure 12.
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Figure 12. y displacement, y component of speed 0.1m/s
5.3.3 Speed 2 (8.5m/s), 7 degree pitch, 52cm above ground

Speed 2 is determined to be 8.5m/s. The x and z position as a function of time is presented in
Figure 13.
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Figure 13. (a) x displacement and (b) z displacement. The initial condition for this set of
experiment and simulation has speed 8.5m/s, pitch angle of 7< and height of 52cm above ground.
The solid line is obtained from simulation and the markers are three trials obtained from
experiments.

The initial velocity along y direction is determined to be about -0.15m/s. The y position as a
function of time is presented in Figure 14.
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Figure 14. y displacement, y component of speed -0.15m/s

5.3.4 Speed 2 (8.5m/s), 14 degree pitch, 61cm above ground
The x and z position as a function of time is presented in Figure 15.
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Figure 15. (@) x displacement and (b) z displacement. The initial condition for this set of
experiment and simulation has speed 8.5m/s, pitch angle of 14< and height of 61cm above
ground. The solid line is obtained from simulation and the markers are three trials obtained from
experiments.
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The initial velocity along y direction is determined to be about -0.1m/s. The y position as a
function of time is presented in Figure 16.
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Figure 16. y displacement, y component of speed -0.1m/s
5.3.5 Speed 3 (9m/s), 7 degree pitch, 52cm above ground

Speed 3 is determined to be 9m/s. The x and z position as a function of time is presented in
Figure 17.
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Figure 17. (a) x displacement and (b) z displacement. The initial condition for this set of
experiment and simulation has speed 9m/s, pitch angle of 7< and height of 52cm above ground.
The solid line is obtained from simulation and the markers are three trials obtained from
experiments.

The initial velocity along y direction is determined to be about -0.3m/s. The y position as a
function of time is presented in Figure 18.
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Figure 18. y displacement, y component of speed -0.3m/s

5.3.6 Speed 3 (9m/s), 14 degree pitch, 61cm above ground
The x and z position as a function of time is presented in Figure 19.
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Figure 19. (a) x displacement and (b) z displacement. The initial condition for this set of
experiment and simulation has speed 9m/s, pitch angle of 14< and height of 61cm above ground.
The solid line is obtained from simulation and the markers are three trials obtained from
experiments.

The initial velocity along y direction is determined to be about -0.2m/s. The y position as a
function of time is presented in Figure 20.
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Figure 20. y displacement, y component of speed -0.2m/s

5.3.7 Speed 4 (9.5m/s), 7 degree pitch, 52cm above ground

Speed 4 is determined to be 9.5m/s. The x and z position as a function of time is presented in
Figure 21.
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Figure 21. (@) x displacement and (b) z displacement. The initial condition for this set of
experiment and simulation has speed 9.5m/s, pitch angle of 7< and height of 52cm above ground.
The solid line is obtained from simulation and the markers are three trials obtained from
experiments.

The initial velocity along y direction is determined to be -0.1m/s. The y position as a function
of time is presented in Figure 22.
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Figure 22. y displacement, y component of speed -0.1m/s

5.3.8 Speed 4 (9.5m/s), 14 degree pitch, 61cm above ground
The x and z position as a function of time is presented in Figure 23.
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Figure 23. (a) x displacement and (b) z displacement. The initial condition for this set of
experiment and simulation has speed 9.5m/s, pitch angle of 14< and height of 61cm above
ground. The solid line is obtained from simulation and the markers are three trials obtained from
experiments.

The initial velocity along y direction is determined to be about 0m/s. Additionally, Frisbee
launched in this group is observed to have a 1 degree row angle. The y position as a function of time
is presented in Figure 24.
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Figure 24. y displacement, y component of speed Om/s (Frisbees launched in this set of
experiment has an initial row angle of about 1 degree)
5.4. Data Analysis and Error analysis

Based on the Figures 9-24 in the previous part, the simulation result is consistent with the
experimental measurements of actual flight and rebound trajectory. In particular, the simulated x and
y position of Frisbee match the data obtained in experiments well. The measured y position changes
drastically during the rebound. However, this pattern is not seeing on the theoretical model. This is

33



Highlights in Science, Engineering and Technology TPCEE 2023
Volume 72 (2023)

because that the theoretical model used in this research has been simplified with friction force ignored.
Although the friction of rubber plastic pad is significantly smaller then asphalt pavement, and the
impact time is very short, because the instantaneous impulse is quite large, the normal force exerted
on Frisbee is significant during rebound, and so is the friction. The complete version of the theoretical
model suggested in section 3, which takes friction into account, should be able to recreate this special
pattern.

There is, however, visible discrepancy between the simulated z position of Frisbee and the
measured z position of Frisbee, especially seen clearly in Figure 9(b), Figure 13(b), Figure 17(b) and
Figure 19(b). This visible discrepancy is resulted under the influence of the wind. As recorded by an
anemometer, The wind speed during the experiment is about between 0-2m/s, blowing against the
direction of motion of Frisbee. The wind speed is not that high, however, because Frisbee’s motion
relies largely on the aerodynamic force, and that Frisbee does not fly at a high speed, going at a ground
speed of 10m/s plus wind speed of 2m/s will give an air speed of 12m/s. Therefore, the wind, no
matter how small, always has a significant effect on altering Frisbee’s motion in air. This is also
supported by the experiment data. With wind blowing against the motion of Frisbee, the drag will be
larger. This will result in Frisbee decelerating faster than as suggested in the theoretical model. The
larger deceleration could be seen in almost all the xvs.t graph. Additionally, with a higher air speed,
the lift force will also be larger, and could support the Frisbee to fly higher, consistent with the pattern
presented in the z-t graph.

To better avoid the influence of wind, Frisbee experiment will need to be conducted indoor. Yet,
despite of all the influence Frisbee experienced during experiment (wind, friction and such), the
simulated result matches the experiment data. The simulated vertical motion of Frisbee during and
after rebound is highly similar to the result obtained by experiment, indicating that the “damping spring”
model of rebound successfully describes Frisbee’s rebound phenomenon.

6. Conclusions and future work

6.1. Conclusion

This paper is the first one to investigate the touchdown dynamics of the Frisbee to the best of the
author’s knowledge. Dynamic differential equations of Frisbee flight have been established based on
previous works with improvements, where moments and forces are unified into the same reference
frame through vector transformation. Velocity of Frisbee is computed in the inertial Frame to provide
better clearance and to support the deduction of rebound model, which is developed based on rigid
body dynamics. The ground is modeled as a damping spring. Governing equations are then developed
to calculate the damping coefficient and spring constant of the ground using experiment data. Dynamic
differential equations of rebound are developed taking the friction and normal force into account, while
the final model presented here is simplified by neglecting the friction for brevity.

MATLAB simulation for the equations governing flight and the simplified equations governing
rebound is developed using ODE23s solver. The aerodynamic coefficients are based on database from
existing experiments. Comparison between simulation result of velocity in inertial frame and in
embedded frame illustrates the advantage of calculating velocity in inertial frame. Simulations for the
typical Frisbee flight trajectories are done with the same initial parameters as these in previous work.
Simulation results for two different rebound processes are also provided.

Experiments are conducted to validate the numerical simulation. The moment of inertia through
horizontal axis and vertical axis for a specific Frisbee with known basic parameter is determined using
the three wire pendulum method. Damping coefficient and spring constant of a rubber plastic pad is
determined by video analysis following equations deducted. Identical Frisbees are then launched by a
launcher for three times and the motion is recorded by a camera. Totally eight different initial
parameter sets are tested in the experiment. A frame by frame analysis of recorded flight videos is
done to get the position and velocity of Frisbee as a function of time. The comparison between
experimental measurements and numerical simulation results of respective initial parameters
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demonstrate that the model established captures the influence of aerodynamic forces, aerodynamic
torques and self spinning of Frisbee on its flight and rebound pattern.

6.2. Future works

This work opens up many promising future work direction, where primary direction is to simulate
the rebound of Frisbee base on the complete rebound theory by adding in the friction. Because of the
complexity of the equation, this will require better computational capacity. Simulation result of the
complete rebound theory should give a more precise rebound pattern by taking friction into account.
Another follow up work that could be carry on is to repeat the experiments indoor to avoid the
influence of wind. This should provide a better look at the original trajectory of Frisbee flight and
rebound. The influence of wind could also be added into the numerical simulation as a modification
term. This could give a more accurate result of Frisbee’s motion under windy condition, and could be
used in the development of a similar UAV.

Last but not the least, the launching strategy of Frisbee could be studied by run the MATLAB
program in cycle. As an example, combination of parameters lead to a smooth landing could be studied.
When Frisbee touchdown with perfect or near perfect horizontal attitude, the concaved bottom side of
Frisbee would create an air cushion that buffers the impact. With the air cushion lifting the Frisbee, it
normally would land smoothly without having any rebound.
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