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Abstract. This paper is concerned with 2D Poisson equation. A region-segmentation-based iteration
algorithm for the numerical solution of the Poisson equation is presented. The problem can be solved
in parallel, where numerical results test our method is effective.
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1. Introduction

Poisson equation is an elliptical partial differential equation, which is widely used in the fields of
physics, fluid dynamics and so on. Let Q be a simply rectangular domain, we consider the following
2D Poisson equation

T+_:g(x! y)v (X! y)GQ: (1)
(%, y) = p(x,y), (X, y) € Q.

We suppose that the solution ¢(x,y) and the function p(x,y) are smooth enough. For simplicity,
the domain is given as Q=[0,a]x[0,b] and the boundary

oQ={(x,y)|x=0,a,0<y<b;y=0,b,0<x<a}.

It is extremely important to study the numerical solution of the Poisson equation. Many scholars
have done a lot of work in this field. See the corresponding works. Mittal and Gahlaut[1] gave the
second order and fourth order difference formats for the solution of Poisson equation under polar
coordinates. Jie Wang et.[3] derived the compact fourth order numerical format. Yin Wang, Jun
Zhang[4] developed a sixth order finite difference scheme combined with many numerical techniques.
A fourth-order scheme with different grid sizes in different coordinate directions is proposed to solve
the 3D Poisson equation by Yongbin Ge[6].

These papers mostly focused on how to construct numerical schemes with high precision. By
comparison, higher order accurate discrete methods need more complex procedure. Thus, a big linear
system is often generated. It’s hard to be computed compared with the system obtained from the low
precision format. Therefore, we are interested in how to design the effective algorithm to solve the
Poisson equation easily using some high-precision format. Domain decomposition can divide the
solution region into serval sub-regions, and then in different sub regions, we can use different
numerical methods, so that a complex large-scale system can be decomposed into several small
systems to realize parallel computing. Applying the method, many scholars derived the effective
algorithms to solve the varies of the partial differential equations. The purpose of this paper is to solve
the numerical solution of Poisson equation via an iteration algorithm based on the non-overlapping
domain decomposition method. This algorithm only uses the classical five-point and nine-point
schemes, but we come true the problem can be computed explicitly while ensuring high accuracy.
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Further, the whole process can be implemented in parallel.

The structure of our paper is as follows. In section I, we discuss the difference schemes including
classical five-point scheme and nine-point scheme. In section Ill, we decompose the domain into
some subdomains, thus mesh points are divided into three types: boundary points, interface points
and interior points. For each type, we use different numerical schemes and then give the region-
segmentation-based iteration algorithm. Finally, in section IV, we give two numerical examples to
test our method.

2. Difference Schemes

We first specify the grids. Let the step size h,=a/N,in xdirection and h =b/N, in vy
direction, here N1 and N2 are interval numbers in x and y directions. For simplicity, we set
h.=h, =h. Then we can get the grid points

% =ih,i=0,---,N;;y; = jh, j=0,---,N,.

The notations ¢(x,y,).g,;.p,; €xpress the accurate values of ¢(x,y),g(x,y), p(x,y) at the mesh
point (x.y;)-

Making use of Taylor expansion, we have

32 +82) (%, Y, 2(6% o
O 2O _ i, y,)+ [ 22,20
h SAETIFYOMEY

j +0(h*), where
(%.¥5)

5x2(ﬂ(xi i) =060, Y) —20(%, V) + (% 1, Y;),s
55¢(Xi Y1) = 00X, Yi0) —20(%, Y;) + (X, Y 0)-

Denote ¢, isthe approximate solution, then we can get the classical five-point difference scheme

D _2(/’i,‘ t0 Pija _2¢i,' +0
J hzl J + J th J :gi,jv (2)
that is,
Pt 30+ Pt P 1= hzgi,j' (3)
4 4
Apparently, the accuracy of scheme (3) is second order. If we discrete the term Z—‘j,a—f, we can
X
get nine-point difference scheme with fourth order accuracy
Pisi ~20i TP Pin 20 TP L
1j hzl 1j Al 1 h21 j-1 _5[4%j _2(%71’1_
01t P TP ) T (P TP TPt P )] (4)
2
= gij +EAgi,j' (4)
In addition, we can get another five-point scheme
PajntPoajn =3P+ P11+ Pa 0 = 2h29i,j- (5)

This scheme has the same order with the scheme (3).

Moreover, some scholars introduced other high order difference schemes. Most of these schemes
are implicit including schemes (3) and (5). We can solve (1) by applying these numerical schemes
and they all result in a large linear equation system, but it's hard to compute, especially for the high
order schemes. So next we will give an iteration algorithm using the idea of non-overlapping domain
decomposition. This algorithm is constructed by combining the five-point scheme and the nine-point
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scheme. It's easy to compute and only if the initial values are set, the whole procedure can be solved
explicitly.

3. lteration Method

Now we begin to express the iterative algorithm. We divide the domain Q into some subdomains
and every subdomain has nine points. Fig. 1 depicts the meshgrid, where “*” points correspond to
boundary points, “0” points correspond to interface points and “x” points correspond to interior points.

When i=0 or i=N1, and j=0 or j=N2, points are defined as boundary points. We can also specify
interface points and interior points. It's convenient to introduce the collection of all grid points by

' ={(ih, jh):0<i<N,0< j<N,}.

AY

=N W s

Figure 1 The meshgrid sketch
For simplicity, we assume N1 and N2 are even. Denote by 1, the set of boundary points, T,the
set of interface points and T, the set of interior points.

[, ={(0, jh),(N;h, jh), j =0,---,N,;(ih,0), (ih, jN,),i =0,---, N},

O (L DYy RN VA
N N, -2
2i—1)h,2jh),i=1,---, -, j=1--,—2—"},
((2i-Dh,2jh),i 5] 5 }
1"3={((2i—1)h,(2j—1)h),i:1,...,%,1':1,,,.’%}_

The region-segmentation-based iteration algorithm can be formulated as follows. First, we give a
guessed value at interface points. Then we can calculate the new values at interior points explicitly
by using the nine-point scheme (4) in each subdomain. After that, we update the values at interface
points by using the five-point scheme (3) and (6). This iteration process can be repeated. For 4>4
mesh as an example, Figure 2 depicts the iteration procedure.

give the guessing value of the interface point  compute the value of the interior point

A

update the value of the interface point update the value of the interface point

Figure 2 The iteration procedure for 4>4 mesh
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Now, we give the iteration algorithm.

3.1. Algorithm:

Let m=0.
(1) For j=0,N,, ¢7=p0jh) , ¢ =pNhjh) , and for i=0,-N, , ¢ =p(ih0) ,
o = p(ih,N,h).
(2) Set
N, -2

q)émz¢0(i:]_,...’ ,i=1--,N, -1,
j:l,...,M)_

2
N,
"2 2

wé?l)l,zj = ¢0(| :1,...

(3) Compute the values of the interior mesh points ((2i—1)h,(2j-1h),i=1,--, ,j:1,---,%applying

the nine-point scheme (4),

h2. . h% m m m
(4+ ?)wéi—lgj—l =(1+ E)(@Z(F)Z,ijl + ¢2(i—)1,2j—2 + (oéi,%j—l + ¢2(i—)1.2j )

4

h2
_E((péim-)z‘zj-z +¢§?2j—2 +§0§?1-)2,2j +§0§?2j)_ hzgzi—l,zj—l _EAgzi—sz—l'

(4) Update the wvalues of the interface mesh point. For mesh points
2 . N, -2

(2ih,2jh),i:1,~~-,NlT_,J:1,-~-, 5 , we use the five-point scheme (5), i.e.

(m+1) _ (m) (m) (m) (m) 2
40557 = Paiviajn T Pairzjn + Poivnaj1 T Paingja — 2h zinj-

,M,jzl,---,%,and ((2i—1)h,2jh),i:1,-~,N?,j=1,-~,N22_2

For mesh points (2ih,(2j-1h),i=1,--

we use the five-point scheme (3), then we get

(m+1) _(m) (m) (m) (m) 2
4(02i,2j—1 =Qhi12ja T Poia2ja T Poinj T Poijo — h Qzi2jar

(m+l) _ _(m) (m) (m) (m) 2
40512 = Poia F Poion; + Poicizji + Poicizja -h CAEPIE

(5) Set m=m+1, return to (3).
Repeating the iteration, we can get ¢, m=1,2,3,---.

4. Numerical Examples

In section 111, we construct an iteration algorithm by the typical difference schemes. We divide the
whole linear equation system into subsystems which are solved in iterations. By using the five-point
schemes and the nine-point scheme rationally, our method can solve the Poisson equation explicitly.
And only if the initial values of the interface points are given, the whole system can be solved in
parallel. In this section, we will test our method is effective.

4.1. Example 1
We consider the following problem
Zi—f+(2;—(f= ¢ +y*)e?, (x,y)eQ=[0,1]x[0,1]. (6)

The exact solution of the problem (6) is u(x,y) =e”, and the boundary conditions can also be given
by it. Setting the maximum norm error

E= ogsrl\w%)g(jsm | Ui,j —u(x;, yi) E
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Let m denote the number of iterations. The iteration stopping criterionis  max [¢7 -7

In the implementation mentioned above, ¢=107°.

In Table I, we give the maximum norm error, the iteration number and the iteration time. Compared
with the MEGSOR iteration method in [8] for the same sample, we can see the error is 3.6935e-5

when N1=N2=128. Apparently, our results are superior to their's.
Table 1. Iteration RESULTS of example 1

0<i<M,0<j<N ]

Mesh size Error Iteration number Iteration time (Seconds)
N1=N>=10 4.1813e-4 117 0.038
N1=N,=20 9.7295e-5 429 0.149
N1=N,=40 2.3002e-5 1566 1.533
N1=N,=80 3.0110e-6 5663 11.411

Next, we regard two mesh sizes with H=2h. The maximum norm errors are denoted as E" and
E". We define the convergence order as r with the following form

__InE" /EM)
n2

In Table Il, we give the corresponding results.
Table 2. convergence order of example 1

Mesh size | Convergence order
1 1

=270'H =E 2.1
1 1

:E'H =% 2.1
1 1

=%,H ZE 29

The error results with different h are shown in Fig. 3, where ™ is the numerical solution, ¢"is

the exact solution. And taking N1 = 40, we get the images of exact and approximate solutions. They
are shown in Fig. 4.

x107

41

41N

asp \

]
o W
T

7
-

error log(||u™-u'||)

S
T T
4/ g
-

o

05

‘I‘ﬂw-n_”’

0 L L —
110 1420 1440 1/80

step size h

Figure 3. Convergence speed

Figure 4. The exact solution(left) and the approximation solution(right)
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4.2. Example 2

Next, we consider the problem

2 2
Ie ¢
x> oy?
form of  ¢(x,y) =sin(zx)cos(zy) . Since we use the same step size h =h , we set N1=4N2. As for

Example 1, we also give the maximum norm error, the iteration number, the iteration time and the
convergence order. Table 11l and Table 1V give the corresponding results.

Table 3. Iteration RESULTS of example 2

=27 sin(zx)cos(zy), (x,y)eQ=[0,4]x[0,1]. This problem has the exact solution with the

Mesh size Error Iteration number | Iteration time(Seconds)
N1=32,N2=8 | 7.7272¢-3 31 0.047
N1=64, N2=16 | 1.5358e-3 113 0.078
N1=128, N2=32 | 3.6495e-4 413 0.624
N1=256, N2=64 | 8.9695e-5 1500 7.363

Table 4. Convergence order of example 2

Mesh size | Convergence order
h=H=3 2.3
h-o H-x 2.1

e H—— 2.0

Taking N1=128, N2=32, we get the images of exact and approximate values. They are shown in
Fig.5.
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Figure 5. The exact solution(left) and the approximation solution(right)

5. Conclusion

In this paper, we give a new iteration algorithm to solve the Poisson equation only using classical
five point and nine point difference schemes. The new method doesn’t focus on how to construct high
accuracy but complex difference schemes and then how to solve a large algebra system. Our idea is
domain decomposition and then the large system becomes small systems that can be calculated in
parallel. We decompose Q into several non-overlapping sub-domains with nine points. Then all
mesh points are divided into three sorts: boundary points, interface points and interior points. For
different mesh points, we use different numerical schemes which including the five- point and the
nine-point schemes. Of course, we can also use other difference schemes in the corresponding sub-
domains. Then the whole system can be computed explicitly. From the numerical examples we can
see that our algorithm can get highly accurate solution. The method can be done for solving other
PDEs.
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