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Abstract. Function-type data can provide insights into the internal structure of the data and facilitate 
the extraction of data features from the perspective of interactive derivative functions. The paper 
proposes a nonparametric clustering method for function-based data that incorporates first-order 
and second-order derivative function information into the Marginal distance for clustering function-
based data. The method is based on the traditional K-means algorithm and is designed to cluster 
function-based data that contains rich shape information. The paper evaluated the performance of 
the algorithm of the text by comparing its purity and adjusted Rand coefficients against six other 
clustering algorithms on three different datasets. The results show that the algorithm of the text 
outperforms the other algorithms, demonstrating its outstanding performance, wide applicability, and 
practical significance in solving real-world problems. 
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1. Introduction 

In this age of information abundance, data no longer exist as fragmented and sparse pieces, but 
rather as continuous dynamic functions. For instance, in financial markets, stock transaction prices, 
electrocardiogram data, the growth curve of the human body, and real-time traffic flow in traffic 
control, all take values continuously within a certain space-time interval and exhibit a significant 
functional trend. This type of data is called functional data [1]. Along with functional data comes the 
emergence of functional data analysis methods. Functional data clustering analysis is an important 
research direction in the field of data mining and artificial intelligence. For instance, clustering stock 
trading prices to identify the trend characteristics of stocks, clustering weather data to identify the 
spatial and temporal characteristics of climate, and clustering macroeconomic indicator data to 
identify the economic characteristics among different countries. Especially in the field of biology, 
functional data clustering has wide and deep applications, which are significant for gene expression 
and function studies.[2] 

There are three main function-based clustering methods: two-stage clustering, model-based 
clustering, and nonparametric clustering. Two-stage clustering involves smoothing and reducing 
infinite-dimensional functional data to a finite coefficient space and then applying traditional 
clustering methods to the finite-dimensional coefficients. For instance, Giaocofcien[3] and other 
researchers used clustering based on wavelet basis function. Wu Qiran et al. applies K-Means 
clustering of principal component basis coefficients of air quality data to explore the characteristics 
of air quality changes in Zhejiang Province[4]. However, two-stage clustering depends heavily on the 
number and type of basis functions, and different basis functions can lead to contradictory results. 
Model-based clustering methods involve clustering based on probabilistic methods, and designing 
clustering methods based on the probability distribution of the base expansion coefficient vector. For 
instance, Gao minghui and other researchers concluded that the adaptive clustering method is suitable 
for data with missing problem and clustered the time-observed data of traditional Chinese medicine 
with the feature to mine population characteristics[5]. Faicel and other reaserchers present model-
based clustering approaches along with efficient algorithmic tools for clustering and classifying 
functional data[6]. However, the accuracy of probability density estimation may be affected due to 
insufficient samples in the group, reducing the efficiency of clustering. Non-parametric clustering 
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methods are clustering methods based on similarity measures between random functions. For example, 
Chiou [7] et al. proposed a clustering method for estimating class means and covariances by 
nonparametric methods. For more researches about non-parametric clustering methods, please refer 
to: [9][8]. 

Functional data allows the intrinsic features of the data to be mined from the perspective of the 
interacting derivative functions.  However, most functional clustering methods currently in use 
overlook the derivative information in data. Junpeng Guo[10] and other researchers have developed 
hierarchical clustering algorithms that incorporate both the actual function distance and the first-order 
derivative function distance to ensure that clustering results are not only close in terms of distance 
but also have similar morphological features. However, for data samples with similar function trends 
and consistent fluctuation ranges, the first-order derivative function is insufficient to recognize key 
features.  

This paper proposes using both first-order and second-order derivative function information in the 
clustering algorithm for function-based data. For data smoothing, functional principal component 
analysis is used to approximate discrete samples and reduce data noise. Specifically, the approach 
involves using functional principal component analysis to extract first-order and second-order 
derivative function information and form the derivative eigenvector. The Mahalanobis distance is 
then used to calculate similarity between different samples, and K-mean clustering algorithm is used 
to complete functional clustering. Actual data analysis shows that the proposed method outperforms 
most comparative methods. 

2. Theory and methodology 

2.1. Functional Principal Component Analysis 

Functional data refers to data that is represented in the form of a function, where the entire function 
is considered as a singular unit of data. However, in reality, the values obtained from observations 
are often discrete points, and there may be errors in the observations. Therefore, it is necessary to 
reconstruct the actual functions that are hidden behind the observation data.[11]  

Suppose that Xiሺtሻ (i=1,2,…n) is the object of function under study, yi1,yi2,…,yiTi
 are the 𝑇௜ 

observations of function Xiሺtሻ, 𝜀௜௝ሺ𝑗 ൌ 1,2, … 𝑇௜ሻ is the observation error of the 𝑗 െ 𝑡ℎ observation 
value of object ,which leads to quation(1): 

 𝑦௜௝ ൌ 𝑥௜൫𝑡௝൯ ൅ 𝜀௜௝                               (1) 

For the estimation of 𝑋௜ሺ𝑡ሻ , expand it over a set of basis functions Φሺ𝑡ሻ ൌ
ሼ𝜙ଵሺ𝑡ሻ, 𝜙ଶሺ𝑡ሻ, … , 𝜙௞ሺ𝑡ሻሽᇱ : 

 𝑋௜ሺ𝑡ሻ ൌ ∑ 𝜙௞ሺ𝑡ሻ𝑐௞
௜௄

௞ୀଵ                              (2) 

Let 𝒄௜ ൌ ሺ𝑐௜ଵ, 𝑐௜ଶ, … , 𝑐௜௞ሻᇱ, represent Eq.(2) in the matrix form:  

 𝑥௜ሺ𝑡ሻ ൌ Φሺ𝑡ሻᇱ𝒄௜                               (3) 

Substituting Eq.(2) into Eq. (1), the base expansion coefficients are estimated according to the 
least square rule: 

 𝒄௜ ൌ 𝑎𝑟𝑔𝑚𝑖𝑛 ∑ ൫𝑦௜௝ െ ∑ 𝜙௞ሺ𝑡ሻ𝑐௞
௜௄

௞ୀଵ ൯்೔
௝ୀଵ                      (4) 

Similarly, the first-order and second-order derivative of 𝑥௜ሺ𝑡ሻ are estimated: 

 𝑥௜
ᇱሺ𝑡ሻ ൌ Φሺ𝑡ሻᇱ𝒂௜                               (5) 

 𝑥௜
ᇱᇱሺ𝑡ሻ ൌ Φሺ𝑡ሻᇱ𝒃௜                              (6) 

Where the 𝒂௜ and 𝒃௜ are base-expanded coefficient vectors of 𝑥௜
ᇱሺ𝑡ሻ and 𝑥௜

ᇱᇱሺ𝑡ሻ respectively. 
After smoothing the functions by basis expansion, the paper extracts K-dimensional vectors to 
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represent the original samples. However, considering the text utilizing both first-order and second-
order derivative information in the clustering distance, 2k-dimension features are extracted for each 
sample[4] [11] [12][12] [13]. In order to improve computing efficiency and reduce data noise, the 
text applies functional principal component analysis to reconstruct the samples. To start with, let 𝑁 ൌ
𝑛 െ 1, the sample mean function and sample covariance function are used to estimate the mean 
function 𝜇ሺ𝑡ሻ and covariance function 𝑉ሺ𝑠, 𝑡ሻ:  

𝜇̂ሺ𝑡ሻ ൌ ଵ

ே
∑ 𝑥௜ሺ𝑡ሻ௡

௜ୀଵ                              (7)  

𝑉෠ሺ𝑠, 𝑡ሻ ൌ ଵ

ே
∑ ሺ௡

௜ୀଵ 𝑥௜ሺ𝑠ሻ െ 𝜇̂ሺ𝑠ሻሻሺ𝑥௜ሺ𝑡ሻ െ 𝜇̂ሺ𝑡ሻሻ                    (8) 

The covariance function is then spectrally analyzed to obtain the characteristic equation:  

׬ 𝑓௝ሺ𝑡ሻ்
଴ 𝑉ሺ𝑠, 𝑡ሻ𝑑𝑡 ൌ ∑ 𝜆௝𝑓௝ሺ𝑠ሻ   ௝ஹଵ                       (9) 

Where λ1≥λ2≥… ,and when j=j' ׬  fjሺtሻ
T

0
fj'

ሺtሻdt=1 ;when j≠j' ׬ , fjሺtሻ
T

0
fj'

ሺtሻdt=1. Besides, 

𝑓௝ሺ𝑡ሻ denotes eigenfunction and  𝜆௝ denotes eigenvalue. The basis function expansion of the 
characteristic function is given as fሺtሻ= ∑ ϕk

ሺtሻbk
K
k=1 i.e.  fሺtሻ=bΦሺtሻ' ,where b=ሺb1,b2,…,bkሻis the 

parameter to be estimated. Meanwhile, substituting Eq.（3）into Eq. (7）yields: 

𝑉෠ሺ𝑠, 𝑡ሻ ൌ 𝑁ିଵ𝑋ᇱ𝑋 ൌ 𝑁ିଵ𝛷ሺ𝑠ሻᇱ𝒄′𝒄𝛷ሺ𝑡ሻ                    (10) 

Replace Vሺs,tሻ by V෡ሺs,tሻ, and substitute the above two equations into the characteristic equation:  

׬ 𝑓௝ሺ𝑡ሻ்
଴ 𝑉෠ሺ𝑠, 𝑡ሻ𝑑𝑡=׬ 𝑁ିଵΦሺ𝑠ሻᇱ𝐜′𝒄Φሺ𝑡ሻΦሺ𝑡ሻᇱ𝒃𝑑𝑡=𝑁ିଵΦሺ𝑠ሻᇱ𝐜′𝒄W𝒃         (11) 

∑ 𝜆௝𝑓௝ሺ𝑠ሻ௝ஹଵ ൌ 𝝆𝒃Φሺ𝑠ሻᇱ                         (12) 

Where W ൌ ׬ Φሺ𝑡ሻΦሺ𝑡ሻᇱ 𝑑𝑡, 𝝆 ൌ ሺ𝜆ଵ, 𝜆ଶ, … ሻ. Organize the above equations and Eq.(11) can be 
simplified as: 

 𝑁ିଵ𝒄ᇱ𝒄𝑊𝒃 ൌ 𝝆𝒃                           (13) 

which satisfy ฮ𝑓௝ฮ ൌ 1, i.e. b'Wb=1. If ሼf1,f2,…,fLሽis a set of orthogonal basis functions, then 
by the 𝐾 െ 𝐿 Expansion Theorem, 𝑥௜ሺ𝑡ሻ can be expanded as: 

 𝑥௜ሺ𝑡ሻ ൎ 𝑥పෝ ሺ𝑡ሻ ൌ 𝜇ሺ𝑡ሻ ൅ ∑ 𝑎௜௠𝑓௠ሺ𝑡ሻ௅
௠ୀଵ , 𝐿 ൑ 𝐾              (14) 

where 𝑎௜௠ stands for the main component scores:  

 𝑎௜௠ ൌ ׬ 𝑥௜ሺ𝑠ሻ𝑓௠ሺ𝑠ሻ𝑑𝑠                        (15) 

The global approximation criterion is to minimize the following objective function:  

 𝑃𝐶𝐴𝑆𝑆𝐸 ൌ ∑ ‖𝑥௜ െ 𝑥ො௜‖ଶே
௜ୀଵ ൌ ׬ ሾ𝑥ሺ𝑡ሻ െ 𝑥ොሺ𝑡ሻሿଶ𝑑𝑡

்
଴             (16) 

Similarly, the principal component expansion of 𝑥௜′ሺ𝑡ሻ and 𝑥௜′′ሺ𝑡ሻ can be obtained as follows: 

 𝑥௜′ሺ𝑡ሻ ൎ 𝑥ప′෢ሺ𝑡ሻ ൌ 𝜇′ሺ𝑡ሻ ൅ ∑ 𝑎′௜௠𝑓′௠ሺ𝑡ሻ௅
௠ୀଵ , 𝐿 ൑ 𝐾                         (17) 

 𝑥௜′′ሺ𝑡ሻ ൎ 𝑥ప
ᇱᇱ෢ሺ𝑡ሻ ൌ 𝜇′′ሺ𝑡ሻ ൅ ∑ 𝑎′′௜௠𝑓′′௠ሺ𝑡ሻ௅

௠ୀଵ , 𝐿 ൑ 𝐾          (18) 

Their eigenvalues are respectively ρ'=(λ'1,λ'2,…), ρ''=(λ''1,λ''2,…) and their principal component 

score vectors are a'im=(a'
i1,a'

i2,…,a'
iL)' ; a''im=(a''i1,a''

i2,…,a''
iL)' .   So far, each sample is 

downscaled from 2K features to 2L. 
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2.2. K-means algorithm based on derivative information and mahalanobis distance 
(DMk_means) 

Based on the idea of simultaneously incorporating the first-order derivative function and second-
order derivative function information of function-type data into the distance for clustering, this paper 
uses the first-order derivative function and second-order derivative function principal component 
scores of function-type data to be put into the vector 𝒎𝒊. Meanwhile, the data is normalized by using 
the Mahalanobis distance. Represent the information of 𝑋௜ሺ𝑡ሻ by 𝒎𝒊 ൌ ൣ𝒂′௜௠

ᇱ, 𝒂′′௜௠
ᇱ൧. Denote that 

𝝀 ൌ[ 𝝆ᇱ, 𝝆′′]. Define the distance as:  

𝑑 ቀ𝑋௜ሺ𝑡ሻ, 𝑋௝ሺ𝑡ሻቁ ൌ ൬∑
ሺ௠೔

ೖି௠ೕ
ೖሻమ

ఒೖ

ଶ௅
௞ୀଵ ൰

భ
మ

                     (19) 

The text adopts the K-Means algorithm to perform clustering. [14]The core idea of K-Means 
clustering is: first, set the target number of classes k for clustering and randomly classify the sample 
points into k classes; then, calculate the centroid of each class and the distance from each sample 
point to the k centroids, and reclassify the sample points into the classes closest to the class centroids. 
Finally, the previous step is repeated until the class centroids converge (i.e., the movement of class 
centroids tends to be stationary). The specific steps are as follows: 

① Determine the number of clusters 𝑘, input 𝑛sample data mi, classify the samples into𝑘 
classes randomly, thus getting 𝑘 set of classes Kh, and let the number of iterations be s (s=0,1,2,…) 

② Compute class centroid XഥKh

S
=

1

Kh
mKh

 ,(h=1,2,…,k) . XഥKh

S
denotes the class centroid of 

class 𝐾௛ after the s െ th iteration. 
③ Calculate the distance of each sample to the center point of the class according to equation 

(7). The samples are included in the set, the centroid of which they have the smallest distance value 
with. 

④ Repeat step ②  and ③  until the class centroid converges (increasing the number of 
iterations by one per repetition), which means: for 𝜀 ∈ 𝑹, ∑ ฮ𝑿ഥ𝑲𝒉

𝑺 െ 𝑿ഥ𝑲𝒉
𝑺ି𝟏ฮ௞

௛ୀଵ ൑ 𝜀 , ሺ𝑠 ൒ 1ሻ.  At 

last, output the class center point 𝑿ഥ𝑲𝒉
𝑺 and the set of class Kh.  

3. Data analysis 

3.1. Experimental setup and data sources 

This paper focuses on the experiments done on two datasets from the UCR dataset and one dataset 
from R, namely ECG200 and BeetleFly datasets (http://www.timeseriesclassification.com) and 
MedFly dataset (https://fda.readthedocs.io/en/latest/modules/datasets.html). The text used R for the 
experiments. The ECG200 dataset records ECG data from 200 patients. It contains 96 discrete 
observations of the ECG curve and is divided into two groups: normal heartbeat and myocardial 
infarction. ECG data is used in the medical field to determine the health of the heart. Patients with 
acute myocardial infarction often show pathologic Q-waves, ST-segment elevation, and T-wave 
inversion in their ECG. However, heart diseases are complex, and ECG data is variable, which 
requires experienced doctors to give accurate diagnosis. To assist doctors in the initial diagnosis and 
improve medical efficiency, clustering algorithms can identify the significant differences between 
various cardiac states. The BeetleFly dataset (later referred to as the Fly dataset) records centrifugal 
data of 20 sets of insect contours that are specifically categorized into two groups: bees and flies. 
Each data set contains 513 discrete observations. The text tests the validity of the proposed method 
by examining whether it can recognize significant differences between different graphical data. The 
MedFly dataset records 534 samples of egg-laying data of Mediterranean medflies surviving more 
than 34 days. The dataset labels medflies into two categories of long-lived and short-lived according 
to the time they survive. Specifically, it set the threshold value as 40 days, when the medfly survives 
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more than 40 days, the medfly is judged as a long-lived medfly, and vice versa as a short-lived medfly. 
The dataset includes 534 samples, and each sample takes the first 31 observation time points as 
predictor variables. By clustering the MedFly dataset, this paper can explore the relationship between 
Drosophila egg-laying patterns and longevity. The dataset information is shown in Table1 and the 
samples are shown in Figure 1. 

Table 1. Dataset introduction 

Data set Information background Sample Dimension Class 

ECG200 
Electrocardiographic data of normal and 

myocardial infraction 
100 97 2 

Fly 
Centrifugal data of contour images of bees and 

flies 
20 513 2 

Medfly medflies surviving more than 34 days 534 31 2 
 

 
Figure 1. samples of the dataset 

To detect the algorithm effect, this paper chose to use the Adjustment Rand Index (ARI) and Purity 
(PURTIY). ARI is utilized to measure the similarity between the clustering results and the real 
categories. It considers the effect of random assignment, and its value ranges from -1 to 1, where a 
larger value indicates better clustering results. The formula for ARI is as follows: 

𝐴𝑅𝐼 ൌ
∑ ∑ ቀ

௡೔ೕ
ଶ

ቁೕ೔ ି
∑ ቀ

ೌ೔ೕ
మ

ቁ೔ ∗∑ ൬
್೔ೕ

మ
൰ೕ

೙/మ

∑ ቀ
ೌ೔ೕ

మ
ቁ೔ ష∑ ൬

್೔ೕ
మ

൰ೕ

మ
ି

∑ ቀ
ೌ೔ೕ

మ
ቁ೔ ∗∑ ൬

್೔ೕ
మ

൰ೕ

೙/మ

                        (20) 

Where, 𝑛௜௝ denotes the number of samples where the true label and the clustered label overlap (𝑖 
denotes the true label and 𝑗denoteshe clustered label); 𝑎௜௝ denotes the total number of samples under 
the 𝑖-th class of true labels that overlap with the clustered labels, and , 𝑏௜௝ denotes the total number 
of samples under the 𝑗-th class of clustered labels that overlap with the true labels. The purity index 
is used to measure the accuracy of the clustered labels compared to the original labels. 
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3.2. Comparative results  

In this paper, the ARI and PURITY indices obtained from this paper's algorithm are compared 
with their counterparts obtained from the waveclust[3], Itersubspace[7], distclust[15], funclust[16], 
funHDDC[17], and fscm[18] methods, respectively. The comparison results are shown in Table2: 

Table 2. Algorithm test results 

 ECG200 BeetleFly MedFly 
 ARI PURITY ARI PURITY ARI PURITY 

DMk_means 0.2833 0.77 0.3244 0.8 0.0780 0.5674 
distclust 0.0424 0.64 0.3304 0.8 0.0410 0.56 

Itersubspace 0.2125 0.74 0.3304 0.8 0.0339 0.64 
funclust -0.0111 0.56 -0.0111 0.6 0.0231 0.55 

funHDDC 0 0.64 -0.0398 0.55 0.0024 0.45 
fscm 0.1031 0.67 0.4422 0.65 0.0346 0.49 

waveclust 0 0.64 0.0526 0.65 0.1460 0.61 
 

For the dataset ECG200, this paper's algorithm showed better performance in terms of ARI and 
purity index than the other six algorithms, indicating precise clustering performance. For the 
BeetleFly dataset, this paper's algorithm achieved a purity index of 0.8, which is the same as and 
better than the other four algorithms, while distclust, fscm, and Itersubspace algorithms showed better 
ARI index. In the case of the MedFly dataset, this paper's algorithm scored an ARI index of 
0.07797999, which is lower than only waveclust, and a purity index of 0.5674157, which is lower 
than Itersubspace and waveclust methods. These results demonstrate that the algorithm presented in 
this paper is highly effective and has a wider range of applications. 

4. Conclusion 

This paper proposes a novel K-Means clustering method for function-type data that incorporates 
both the first-order and second-order derivative function information of the data, along with the 
function-type Mahalanobis distance. The aim is to cluster the data based on its intrinsic features. The 
effectiveness of this algorithm is demonstrated through experiments conducted on electrocardiogram 
data, insect contour centrifugal data and medflies data. The results indicate that the proposed method 
can effectively cluster the datasets and extract their intrinsic features. For the future, there is a lot of 
potential for development in the clustering method that uses information from the derivative function. 
First, the information of the derivative function can be directly used in two-stage clustering methods. 
The two-stage clustering method can maximize the retention of the derivative function information 
of the function-type data curves, and maximize the features of the sample based on the derivative 
function information.  
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