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Abstract. Complex analysis is a branch of mathematics that studies the properties and behaviors of
functions of complex variables, where a complex variable is a quantity that has both a real part and
an imaginary part. Complex analysis is important in many areas of science, including physics,
engineering, and computer science. The importance of complex analysis lies in its ability to solve
problems that are difficult or impossible to solve using only real variables alone. For example,
because of the complicated integrals involved, many problems in fluid mechanics, electromagnetism,
and quantum mechanics can be solved using complex analysis. This paper introduces an important
theorem in complex analysis, which is the residue theorem. By applying the residual theorem, the
trigonometric function integral and the polynomial integral exponential function integral are
calculated, which simplifies the complexity and difficulty. With the help of examples, the application
of the residue theorem is demonstrated. This paper contributes to extending the idea of integral
calculation and facilitates the efficient solution of integral calculations in practical problems.
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1. Introduction

In 1825, Cauchy’s paper about the limit of integration is a definite integral of an imaginary number
stated the case of calculating real integrals. He dealt with the complex integral problem and the
definition of residue. Regarding the definition, it is stated that if function f(z) is holomorphic at
D(a,r)/a,r > 0, then a is isolated singularity of f(z), and the residue of f(z) atpoint a is[1]

Res(f,a) = L f(z)dz,(0<p<r). (1)
21 jz—a=p

This definition given by Cauchy is still using today, and it spread to many other subjects like
differential equation and series theory. Residue theorem has become an important concept in those
subjects and made a huge influence to those subjects [2].

The definition of Cauchy residue theorem is the following. Suppose U is asimply connected open
subset on a complex plane, and ay,a,,...... , a4, , IS finite points on complex plane, f(z) is
holomorphic function defined in Ul|{a;,a,,...,a,}. If y is a rectifiable curve that surrounds
a;, a,,...,a,, but not pass any a,, and its starting point coincides with its ending point, then [3]

7( F(2)dz = 2mi Z 1, a)Res(f, ap) . )
4 k=1

If ¥ isJordan curve, then |(y,a;) = 1, hence,

(z)dz = 2mi ) Res(f,ay) (3)
f/fzz mel es(f, ax

In complex analysis, the residue theorem is a powerful tool for calculating the path integral of an
analytic function along a closed curve, and it can also be used to compute the integral of a real function.
In this essay the author first states the method to solve integrals by using residue theorem. Three types
of integrals will be introduced, together with some examples with clear process and some explanation
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to the processes. At the end, the author will organize all the key point and give out a summary to the
paper.

2. Basis Theorems

Theorem 1 (Residue theorem). If f is holomorphic at point a, then for any extendable closed
curve y in the domain a, there is f f(z)dz=0. If ais isolated singularity of f, then the integral
/4

will not always be zero, and the integral value only depend on f and a, but not y. Suppose the

expansion equation of f at neighborhood ofais f(z)= ZCn(z —a)", with the coefficient [4]

N=—0

£

Cn ijg T a)"+1 =0,+1,+2, ... (4)

Specially, when n = —1, there is C_l:ﬂfy f(£)d<.

Theorem 2 (Fundamental theorem). Suppose D is a bounded domain on complex plane, and
its boundary y consists of one or more simple closed curves, if f removes its isolated singularity

Z,,Z,,., Z,in D is holomorphic, and it is continuous without z,,z,,..., Z,in domain D, then [5]

(2)dz = 2mi ) Res|f;z]. (5)
ifzz m; eslf; zx

If £ in complex field is holomorphic without z,z,,...,Z,, then f has sum of residue equal to 0
at z,,2,,..,2Z, and z = .

3. Applications on Definite Integrals

3.1. Trigonometric Function-type Integral
The first integral in this type is [6]

TcosnB — cosnb sinn®
= Z=T (0 <6 <m). (6)
o Cosx—cosb sin 0
To begin with, it is found that I= —fznwd = ZRe fznwdz. Let z = e,
cosx—cos 0 2 0 cosx—cos©
then cosx == (z + —) ,dz = ,—. Therefore,
2 2 iz
[ = Re li 1 z™" — cosnO 4 Re 1i 1 z" — cosnd d @
= Re lim — = Re lim — - - .
g-0* | Cracy 22— 270050+ 1 - Cehori ci+c, @ —€e9)(z —elf) z

From the small circle lemma, it is found that [7]

] z™ — cosnb . zM—cosnb _sinnB
o L e T ®
and
) z" — cosnB . z"—cosnb ~sinn6
s‘ir5‘+fc @— e AT e T Mosme ©)
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n_ n_
By the residue theorem, it is [ 2 cosnd 4, fcﬁq%

—_——— = +
c1+C; (z—e19)(z—e-10) dz =0. Let £ > 0",
it is obtained that

lim f 27 —cosnd . _ Sinnd (10)
e~0% ) 4o, (2 —€9)(z — e719) sin©
Finally, it is calculated that
I = e—hm f z“.—cosne . ZZHM. (11)
i e-0* (z — ei®)(z — e719) sin 0
c1+Cy
The second integral is [8]
- TC m
f cos Mxcosnxdx ={2m-1 (?)’ (12)
° 0

where —m < n <m and m is even.
m
Consider f(z) = (z+§) . The Laurent series at z=0 is f(z) = Yp=_wanz™, in which the

coefficient a, = ﬁgﬁc Zfr(l?l dz. C is the forward closed path around x = 0. Namely,
m m
1 (Z + %) 1 (2" (e‘x + e}x) . 2m-1 2w
— — 1X — m
an—2—m£ ZanZ_ﬁﬁ) we dX_Tj;) cos™x cos nx dx. (13)

Expansion of the f(z) in the binomial form, it is observed that [9]

m 1 m m
m m m
=Y (M= (M= Y (w2 (14
n Z n
n=0 n=0 n=-m 2
m-—neven
Compare the two coefficients, it is found that when —m <n <m and m —n iseven, then
2T T m
f cos™xcosnxdx=——(m—n|. (15)
0 2m 1 >

. 2
Otherwise, fo " cos™x cos nxdx = 0.

3.2. [ f(x)dx-type integral
The first integral belongs to this type is [10]

P br)d 16
—fo 1+x2cos(ax 27‘[) x (16)
iaz b
where a > 0,—-1<b<1. Let f(z) =2 +ZZZ and 0 < arg z < 2m, Therefore, it is found that
. . elaz b e—a b_Tll. elaz b el 3b_71'i i
Res[f(2);i] = lm;% eyl and Res[f(2); —i] = lmslzn = 5e7 Using the
z—e z—e

path integral, it is found that

too glax b 2mi , _ w| cosh(a) sinh(a)
fo 1T 52 dx=mRes[f(z);l] + Res[f (2); —i] = 7|~ b +1i b (17)
COST SlTlT
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Hence,
I=cosb—n “x0cosax x+sm—f X0 sinax xzze‘“. (18)
2 ), 14x2 14+x2 2
The second integral that belongs to this type is [11]
I, = fl(l +x)m_1 dx _ J‘+°° xm-1 i (19)
4 1=x x2+1 ), x%2+1
and
TVl —«x2 oo x%
Izzf_lwdxzzfo Gt T+ D> (20)
If 0 <argz < 2m, then itis found that
L = f+°° i dx = 2mt -Res l - 'L'_ + Res l - '—il - (21)
o X241 1 — e2mm z24+1"| z2+1’ ZSln%’
and
vo 7 22
2 = Zfo Gr D@+ D T 1o Z Res G+ DG+ sl = (2= e @2)

3.3. fab f(x)dx-type integral

The representative integral is [12]

= f“ e )3 (23)

(1+x)3
By using the path integral if upper of the secant is argz = 0, arg(l — z) = 0, then the upper
integral is f1 -0 “x(l D dx and the lower integral is —i 51 -0 V(xl(j )’; dx. Because of

limzf(z) =0, SO 11m Je f(2)dz =0. Then, limf f(2)dz = =2milimzf (z) = 0 and
hmf f(2)dz = —thm(z - 1)f(z) =0. Accordlng to the residue theorem [13]

5-0
1-6 4 _ 3
-1 L —de + JC R+y0+y1f(z)dz — 2miRes[f (2); —1] (24)
in which
Res[f(2); —1] = E le d—zwlz(l —2z)3 = —12_%e%i. (25)
2 z—emi dz? 64

Let R » 00,8 — 0, itis clear to find that

jlf/xu —x)3 2mi ( 3 - %l.) 332
—_—— e

A+x3  1-i ~ 64 (26)

4. Conclusion

Residues play an essential role in the field of functions of complex variables. In this paper, the
problem of residues in the field of complex analysis has been discussed. This paper gives the basic
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knowledge and related concepts related to the residue theorem, and obtains the definition of the
Cauchy residue theorem. Further, the paper gives an application of the theory to several. In this essay,
the author states several methods to solve integrals by using residue theorem, and there are three types
of integrals for each type. The residue theorem is a fundamental concept in complex variable function
theory that provides a powerful tool for solving a wide range of improper integral problems involving
real variable integrands. The definite integral is calculated by using the residue number theorem. With
its help, integrals can be calculated in a clear and intuitive manner, the residue theorem offers a
valuable approach for solving complex problems that may be challenging to approach through other
methods. In conclusion, with the help of example problems, this paper is helpful for the method and
idea of improper integral calculation and promote the efficient solution of integral calculation in
practical problems.
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