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Abstract. As a matter of fact, the Stirling formula is a very important formula for estimating the size
of factorials, which effectively simplifies the calculation of factorials. Based on the convergency
theorem, it is very accurate when n is very small, for example, when n=6, the error is only 1.4%. This
formula was first discovered by Abraham de Moivre and Stirling, and mathematicians such as
provided much proof of it. In addition, there is a famous proof that only relies on ordinary calculus.
With this in mind, this paper attempts to independently solve this problem using simple complex
analysis methods. To be specific, contour integral, Residue Theorem, complex series will be
demonstrated directly and immediately. At the same time, the proof processing will be presented in
detail based on the derivations of the formulae. In the meantime, the current limitations will be
clarified and the prospects will be proposed according to the analysis. Overall, these results shed
light on guiding further exploration of Stirling Formula proofing and applications.
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1. Introduction

The Stirling formula is an important estimation formula that can accurately estimate the values of
factorials or gamma functions at far points. There is much proof about it, Euler has provided proof of
this formula, which uses differential equations extended to infinite orders [1]. Other proofs rely on
the Wallace product formula [2]. For the Euler McLaughlin summation formula. In fact, this problem
can easily be transformed into an infinite series problem. The problem of summing infinite series can
often be solved by constructing complex functions and using the Residue Theorem. For example, the
Basel problem, which one is very familiar with, is to find the sum of the reciprocal squares of all
natural numbers (i.e., { (2)). Euler provided proof in 1734 [3]. His skill in solving this problem is
breathtaking, visually appealing, but difficult to reproduce. This problem can be easily solved through
the residue theorem with minimal computational complexity. In fact, the values of Riemann { function
at positive and even numbers can be obtained from the residue theorem. This example demonstrates
that using the residue theorem to calculate a series can greatly weaken the requirement for skill and
avoid significant computational complexity [4]. The proof method presented in this paper is only
based on residue theorem and uses complex series to make certain estimates, without resorting to
some other formulas or second-order conclusions. The idea behind this proof is very direct, which is
conducive to understanding the Stirling formula from a more fundamental level.

2. Proof of Theorem

The Stirling Theorem can be described as:

n
n! ~v/2mn (g) M — 0 (1)
The statement above means:
nn+% 1
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Taking log for both sides, one has:

n
1 log(2m
lim [(n + 2)logn — 2logK —-n] = — 9(2m) 3)
n—oo 2 — 2
One can rewrite the L.H.S. to the sum form, let
1 n
Sp = (n+§> logn — logk —n (4)
k=
which is sum of some {a,} and a; = S§; = —1
1 1
Ans1 = Sn+1—Sn=<n+E)log<1+£>— 1,n >1 (5)

Therefore, one only needs to prove that

> [+ 3)ma 1+ 2) -1 = 1 oo ©

Considering:

f(z) = [(z + %) log (1 + i) — 1] cot(mz) (7)

and take log on the principal branch, consider the contour (shown in Fig. 1), one can see that,
vk €N, k # 0,—1, then:

Res(f, k) = li_r)rllc(z - k)f(z) = Ll_r)r}lc [(z + %) log (1 +§) — 1] ii_r)rllc(z — k) cot(nz)
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Fig. 1 Contour used for integrating f, including L and 4.
For k > 1, one discovers that:

Res(f,—k—1)=%[( k——)log(k:c_l)—l] [(k+ )log(1+ )—1] ©)
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s,
Res(f,—k —1) = Res(f,k) (10)
Using Residue Theorem on Figure 1:

, , -2 n n
ff(z) dz + L f(2) dz = zm[ Z Res(f, k) + z Res(f,k)] = 4mi ZRes(f,k) (11)
L k=1 k=1

k=—n-1

First, one considers lef(z) dz. when |z| is large enough,

v Diog(1+2) - 1= (e ) (- D la DLy s L)
ZZOg z _Z22222323 _1222022

sowhen z — oo:

(+1>1 1+1 1 2 (13)
2+ 3)losl+ 2 12 72
One already knows that whenn — oo
"|cot(mz
f (2 ) |dz| = 0 (14)
Z
L

which is easy to check. Then one can conclude that whenn — co:

[r@ as| < [1r@iaz -0 (15)
L L
Now, one takes n — oo, one has:
1 !
ZRes(f,k) = f £(2) dz (16)
k=1 ¢
T InlR)
Q. Ci
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Fig. 2 The four parts of contour ¢ (in the negative direction)
Then consider L,'f(z) dz (seen from Fig. 2), for C;, one writes
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1
log (1 + E) =log(1+2) —logz 17)

and takes log on principal branch:

1 nz

cot(mz) = —— —— -+ (18)
nZ 3
One has
1
lim (cot(nz) — —) =0 (19)
z -0 nz
One also knows that
limz logz = 0 (20)

z -0

Then, one derives

lim f, [(z + %) (log(1+z) —logz) — 1] . [cot(nz) — %] dz
Cy

r -0
o 1 1
= 2mi lim z - [(z + —) (log(1+z) — logz) — 1] . [cot(nz) — —] =0 (21)
z-0 2 iz
Thus, one can just consider
"1 1
f — [(z + —) (log(1+2z) —logz) — 1] dz (22)
c, 2 2
which means one replaces cot (7z) to é This simpler integration is equal to:
1
' (Z + j) log(1 +z) "logz "log z "1
f dz—f—dz—f dz — — dz (23)
C, nZz ¢, T c, 2TZ c, Tz
For which
' (z + %) log(1+ z)
j dz= 0 (24)
) nz
"lo
lim f 89 12 2mi lim zlogz = 0 (25)
r—0 c T z -0
"lo 1711 1
-fcl Zgzz dz = E[E logz(z)]C = [(logr + mi)? — (logr — mi)?] = ilogr (26)
1
"1 1
f—dz=—-2ni=2i (27)
c, T2 T
One has:
f(z)dz = —i (logr +2) + 0o(1) (28)
C1

Here, o(1) represents a term about r which approaches to zero when r — 0. Then, one
considers C,, let z= —1—{, thendz = —d{.When path of ¢ is C,, the path of z is C,.
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o= 1o [ e Yonlr) s

- | [(¢+3) 109 (=) - 1 cortmyaz = fc ;f(Z)dZ= —iQogr+2) +o(1)  (29)

Considering #,,%,, one writes log(1 + i) = log(1 + z) — log(z), take log on principle branch.

The value of arg z on ¢, is m, on ¥,is —m, so the difference between the values of log(1 + i)
on ¢, and ¢, is 2mi. Thus, one has:

—r

[;f(z)dz + g;f(z)dz = f . 21i (x + %) cot(mx) dx

7 (1-1)
= 2i l(l — 2r)log(sinnr) — - f log(sin x) dxl (30)
nr
 (1-1) T
lirnf log(sinx) dx = J log(sin x) dx (31)
r=0 r 0

which is a famous improper integral, it’s —mlog2 [5], and lirr(l) rlog(sinmr) = 0. Therefore
Y d
ff’l f(2)dz + fg’z f(2)dz = 2i (log(sinmr) + log2) + 0(1) (32)

Now, all parts have been resolved. Seen from Fig. 2, one has

j’f(z)dz = —( ’f(z)dz+ ,f(z)dz+ ,f(z)dz+ ’f(z)dz)
s Cy 21 42

Gz
= —[2(—i (logr + 2)) + 2i (log(sinnr) + log 2)] + o(1)
sinntr
= —2i (log " +log?2 — 2) +0(1) (33)

The value of this integration is independent of r; therefore, it equals its limit when r — 0. Now,
one takes r — 0:

J, f(2)dz = —2i (log(2m) — 2) (34)
By (8), (16),
i Res (f, k) = =S f,f(z)dz = L (2 — log(2m)) (35)
L ’ 4mi J, 21
1 1 1
Res(f,k) = = [(k + E) log(1+ 1) - 1] (36)
One has:
- 1 1 log(2

Since one already proved that the equation above is equivalent to Stirling formula (by (6)), the
proof is now complete.
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3. Limitations and Prospects

This method only provides the initial version of the Stirling formula, which only considers integers
(at most real numbers). In fact, this formula is applicable to all complex planes, and there are versions
with error terms, which require the use of I"’s definition of infinite product of functions, rather than
using the definition of integrals (because integral definitions cannot be extended to the entire complex
plane). The final version of the Stirling formula can prove that I"’s definition of infinite product of a
function is equivalent to the definition of integral. In fact, the author is attempting to directly derive
the equivalence of these two definitions using methods like the contour integral and residue theorem
in this article.

The Stirling formula has a wide range of applications in contemporary times, and its application
in computer algorithms is most well-known because it leads to a more famous conclusion than itself,
which is that the lower bound of the time complexity of comparison-based sorting algorithms is Q (n
log n) [5-7]. In addition, it even appears in solutions to some statistical mechanics problems [8-10],
such as the extensibility paradox or the Gibbs' paradox [8]. It is evident that the Stirling formula, due
to its simplicity and precision, still plays a new role in many new fields. It is believed that this long-
standing formula will not easily disappear in the long river of scientific research in the future, at least
its core idea has always inspired people to seek ways to simplify complexity in the process of
researching any problem, when facing almost infinite numerical values.

4. Conclusion

To sum up, this approach using power series is quite useful for estimating and simplifying the
calculation of contour integrals. Firstly, it allows for a quick determination that the integral along the
periphery of the contour tends to zero. Then, during the calculation of the integral along a small arc,
a situation arises where the singularity of the cotangent function aligns with the singularity of the
logarithmic function. At this juncture, onwee can replace the cot z with 1/z to facilitate the estimation
of the integral. In essence, power series can be a powerful tool for simplifying complex functions or
dealing with singularities, ultimately providing a more straightforward means to tackle intricate
problems. As mentioned earlier, the author is currently attempting to derive the equivalence of two
definitions of I" function using the method presented in this paper, and similar techniques are also
used.
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