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Abstract. A high-dimensional adaptation method of neural network regression to obtain the 
expected mean solution of the uncertainty quantification problem based on Monte Carlo simulation 
and the Feynman-Kac formula is presented. In the numerical tests, by the Feynman-Kac formula, 
the numerical solution on each given point is obtained by rectangle method. Polynomial and neural 
network regression of different dimensions lead to obtain the expected mean solution of the UQ 
problem. This thesis illustrates that neural network are more conducive to high-dimensional problems. 
This thesis analyzes the effects of time step, simulation frequency, generations, hidden layers, and 
learning rate on the convergence by drawing convergence graphs. 
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1. Introduction 

Uncertainty quantification problem (UQ problem) refers to the problem where there are uncertain 

factors in the decision-making process that require quantitative analysis. Uncertainty refers to the 

inability to determine the specific outcome of the development or the attributes of parameters. In 

practical decision-making, uncertainty generally exists in various fields, such as finance, 

hydrodynamics, healthcare, etc. 

The development of probability theory in the early 20th century laid the foundation for UQ 

problem, providing mathematical tools to describe and reason about uncertainty. Methods used in UQ 

problem include probability theory, statistics, fuzzy mathematics and information theory. These 

methods help to analyze the sources, properties and impacts of uncertainty, providing decision 

support and management tools. 

With the deepening of research on UQ problem, calculation methods of random model have been 

applied, including: 

(1) Monte Carlo method: Monte Carlo (MC) method is a numerical solution method based on 

random sampling. We use the probability distribution or to generate samples randomly. From this, 

uncertain problems such as stochastic PDEs are transformed into certain problems such as 

deterministic PDEs. We obtain statistical information by solving the deterministic problems. Since 

the mean convergence rate of the MC method is 
N

1
 ( N  is the numbers of the samples) a large 

number of samples are usually needed.  

 

Figure 1. Randomly generated sample calculation model 
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(2) Polynomial Chaos method [1]: Uses orthogonal polynomials to approximate the random 

distribution of solutions and represents uncertainty quantification results through series expansion. It 

is accurate and computationally efficient for solving equations or systems with random parameters. 

(3) HARS method: Based on response surface modeling, it establishes a functional relationship 

between input parameters and output response to describe the impact of parameter uncertainty. It 

quickly generates and analyzes a large number of samples based on the established response surface 

model. 

(4) Sampling based methods: Generate samples by sampling from the probability distribution of 

input parameters for solving and statistical analysis. Common methods include Latin Hypercube 

Sampling and Monte Carlo Sampling. It is easy to implement but may require a large number of 

samples for accurate uncertainty quantification in high-dimensional problems. 

(5) Response Surface Methods: Use a mathematical model to fit the relationship between input 

parameters and output response for uncertainty quantification approximation. A common method is 

polynomial regression. 

Selecting appropriate uncertainty quantification methods based on the characteristics and 

requirements of specific problems can improve the computational efficiency and accuracy of UQ 

problems through different methods and techniques. 

However, in high-dimensional problems, the traditional PDEs method for solving UQ problems 

may encounter some challenges. In traditional PDEs based methods such as finite element method 

and finite difference method, the dimension of the problem will lead to an exponential increase in 

computational complexity. Therefore, directly applying these methods to high-dimensional problems 

may become very difficult or even infeasible. In order to overcome the challenges of high-

dimensional problems, this thesis turns to the Feynman–Kac formula and neural network regression 

method. Thus, the UQ problem has transformed into a probabilistic statistical problem, which helps 

to solve high-dimensional problems. Secondly, for the N sampled samples, the numerical solution of 

the UQ problem is first calculated by using the Feynman–Kac formula, and then the expected mean 

of the UQ problem solution, which is the mean absolute error, is obtained through polynomial 

regression. However, the results show that as the dimension increases, the average absolute error 

obtained by polynomial regression model becomes larger and does not achieve the desired effect. 

Therefore, this thesis turns to use neural network to replace polynomial regression method and the 

neural network reaches relatively ideal errors in high-dimensional situations. It effectively solves the 

UQ problem. Finally, the thesis conducts a convergence analysis on a 5-dimensional neural network 

model, analyzing the impact of five indicators including time step, number of simulations, generation, 

hidden layer, and learning rate on the convergence of the model. By drawing convergence graphs, it 

turns out that shorter time steps, more simulations, suitable generations, hidden layers, and learning 

rate have a positive impact on the convergence of the model. 

2. Feynman–Kac formula 

2.1. Feynman–Kac formula of the Laplace equation problem 

The Feynman–Kac formula is a renowned tool that enables the random representation of pointwise 

solutions to many partial differential equations, such as diffusion equations or transport equations [2]. 

This article mainly considers a commonly used mathematical model Laplace equation in the UQ 

problem, which is also a special type of stochastic elliptic problem.When the Dirichlet boundary value 

problem in a domain )( nRD   with an amply smooth boundary D : 

fu =−
2

1
                                 (1) 

And boundary conditions 

gu =                                    (2) 
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On D , we have Dx : 

].)()([)(
0

dsXfXgExu
D

D sx +=


                         (3) 

In the above equation, )0( tX t  represents a stochastic process and D  is the post-set time of 

the stochastic process from the domain .D  Additionally, the error comes from the use of N 

simulated standard Monte Carlo errors, i.e. 
N


, where 

.))()((
0

dsXfXgVar D

D

x

s

x
+=


                         (4) 

In the case of Laplace equation, the simulation process is Brownian motion, and use the Euler 

scheme [9] to calculate .)(
0

dsXf
D x

s


 

2.2. The simulation of the Brownian motion 

Starting from )( nRDx  , simulate the Euler format of Brownian motion with parameter t  
that shows  

., 10 tYBBxB kkk +== +                            (5) 

In the above equation, kY  represents an n-dimensional vector, where each component follows a 

standard normal distribution. 

If the motion stops between steps k  and 1+k , that is to say, DBk   and C

k DB +1 . Then we 

use projections based on kB  and 1+kB  to approximate 
D

B , thus approximating )(
D

Bg  . 

The standard approximation of the rectangular method for dsXf
D x

s


0
)(  is given by  

.))((
1

1 
=

=
k

i

tiBfEtA                              (6) 

We use )(2 tRBtfkA =  where R  is a discrete uniform random variable on the set  k,,2,1   
to replace the approximation and we apparently have  

.))(()(
1

2 
=

=
k

i

tiBfEtAE                                   (7) 

3. Model construction 

3.1. Construction of the seventh order polynomial regression model 

In this part, we introduce data sampling method. Use the Feynman–Kac formula to solve UQ 

problem after sampling. In the expected estimation of the solution of the UQ problem, the function 

estimation is obtained by using the seventh order polynomial regression. 

For the convenience of narration, we give the notation (8) 

).,,,( 21 nxxxx =                                      (8) 

The full expectation in the solution of the stochastic PDEs at a fixed point x  may simply be 

solved by considering a probabilistic representation 

.],[)( nx RDxExv =                                   (9) 
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In (9), for each fixed x , x  is a real-valued random variable on a probability space. In this paper, 

we consider  

)]([)( xuExv = , ,nRDx                          (10) 

Where )(xu  is the solution of the random PDEs that we are concerned about. By (3), the above 

relation holds for  

.)()(
0+=

D

D
dsXfXg x

s

xx


                                (11) 

We estimate )(xv  by Monte Carlo simulation, i.e. in notation 

.,,

,,,

,,,

N

22

11

11)M-(N

21M

1

N
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M

M
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


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
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







+

+
                                     (12) 

In (12), ),2,1,( n =n  is a series of i.i.d. random variables satisfying, n  holding a 

probability measure on ))(B,( DD  are copies from the same random variable on D . Below, we 

introduce a concise recap of the averages for the convenience of narration 

,
1

1

)1(, 
=

+−==
M

m

x

mMn

x

Mn

x

n
M

 .Dx                              (13) 

Below, we carry out polynomial regression by least squares method. Take a system of functions 

,2,1,: =→ kRDk , and consider for an MC sample (12) and a fixed number K the solution of the 

regression problem 

.))((
1

minarg
1 1

2 
= =

−=
N

n

K

k

nkkn
R

n

K N
 




                          (14) 

The solution of (14) is given by 

,)( 1 = − TT


                                       (15) 

Where 
KNR   with entries given by 

KkNnnkkn ,,1,,,1),(,  ===                              (16) 

And 

.],,[ ,,1
1 T

MNM
N  =                                     (17) 

It is estimated that 

,)()(ˆ
1


=

=
K

k

kk xxv 


                                     (18) 

Which depends on basis functions ),,1,( Kkk =  and the specific number of KNM ,, .
 

The following are steps of the construction [4]: 

(1) In n-dimensional space, generate N sample point ),,,( 21 nxxx   and ),,,2,1( nixi =  ix  

follows a uniform distribution of [0, 1]. Since we are considering the UQ problems, the simulation of 

random variables ),,( 1 nzzz =  are given in step (2).  
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(2) At each sample point, simulate the implementation value z  of the random variable space 

).,,,( 121 += nzzzz 
1z  follows a uniform distribution of [-1, 1] while 132 ,,, +nzzz   follow a 

uniform distribution of [0, 1]. In this procedure we then obtain N ),( zx  combinations. 

(3) For all the combination ),( zx , since each z  has already been simulated and determined (has 

a numerical value), the original UQ problem is transformed into the deterministic PDEs problem.  

Below we firstly give the polynomial regression error estimation and the reason why we let 
.1=M  

According to the literature [5], we have 

.)()()()()(
1

][
1

1

kl
D

lk

N
N

n

nlnkkl

T Gdxxx
NN

=⎯⎯ →⎯= 
→

=

           (19) 

Let 0min 
K  be the smallest eigenvalue of .G  

Suppose that the set of basis functions is such that the variances are bounded by 0  for all k  

if →K  and that 

.,0minmin → KK                                    (20) 

We then have the error estimate: 

),
12

1(
min

2

MMN

K
++






                                (21) 

Where   denote the regression error. Hence, we come to a conclusion: 

In the case of the same calculation, the smaller the number of times of simulation at each point, 

the smaller the error.  

Therefore, in this paper, we let 1=M . In the program, we thus simulate the path (the Brownian 

motion trajectory) only once and we use the Feynman–Kac formula to estimate the deterministic 

PDEs. In this procedure, we obtain numerical solution ).(xu  For N x  and corresponding 

estimated solutions )(xu , use Polynomial Features in Python to perform 7th degree polynomial 

transformation on input features. Additionally, perform polynomial transformation on nxxx ,, 21  

to obtain x_transformed. 

In the process of polynomial regression, the increase of dimension has a certain rule. For example, 

if there are only two features 1x  and 2x  in the original feature matrix, and after conversion, we get:  

                             (22) 

Similarly, if there are n features, the polynomial will produce all terms from the number of 1 to 

the number of n. 

In terms of data, we create a data box df  in form of a dictionary, which contains data with 

column names nxxx ,, 21  and u . 

(4) Generate a new uniformly distributed random variable 12111 ,, nxxx  , which will be used as 

input data for the model. Use the polynomial model to predict the new input data 12111 ,, nxxx   and 
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obtain the prediction result 1u . In terms of data, we also create another data box 1df  in form of a 

dictionary, which contains data with column names 12111 ,, nxxx   and 1u . 

(5) Through a cycle, calculate the absolute value of each predicted value (each element in 1u ) and 

take the average to obtain the average absolute error of each point. However, in this process, we 

discover that as the dimension increases, the average absolute error obtained by polynomial 

regression model becomes larger and doesn’t achieve the desired effect. This article considers using 

neural networks to solve this problem.  

3.2. Construction of neural network model 

Multi-layer perceptron (MLP) is a common neural network model [6] that gives a function

( ) om RRf → :  through training on a data set, where m is the input dimension and o is the output 

dimension. If a set of features mXXXX ,,, 21 =  and a target y  is given, a non-linear function 

approximator is learned for regression. 

A hidden layer of MLP with scalar output is showed in Figure 2. The input layer is composed of a 

set of neurons  mi XXXX ,,, 21   which represent the input features. Every neuron in the hidden 

layer converts the value of the previous layer through weighted linear summation 

.2211 mm XWXWXW +++ 
 

The output layer gets the values from the last hidden layer and converts them into output values. 

 

Figure 2. One hidden layer of MLP 

The construction of neural network model is similar to that of polynomial regression model. We 

just need to change (4) in 3.1 to the specific content of the neural network and the following is the 

change. 

Due to the multi-layer perceptron (MLP) regression model being a forward artificial neural 

network with one or more hidden layers, we selected a hidden layer containing 10 hidden neurons 

and trained it using Adam optimizer and the RELU activation function (23). 

).,0max()( xxfRELU =                                    (23) 

By maximizing the number of iterations and setting the random seed to N, we ensured the stability 

and reproducibility of the model. 

We discover that as the dimension increases, the average absolute error obtained by neural network 

model keeps small and achieve the desired effect, indicating that the neural network model fits well. 
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4. Numerical experiment 

4.1. Model problem 

Through utilizing the Feynman–Kac formula introduced in the second part, we will find that by 

using different g s, we can obtain different u s and f s through the Feynman–Kac formula on D . 

In the case where the domain D  is n-dimensional,in the model construction section, we have 

already explained how we can obtain nxxx ,,, 21  . Then we select a special g  of the Laplace 

equation for numerical simulation, and it is written in the equation below. 

( )


= =

+

n

i

ii xz

n ezxxxg 1

1
5

1

121 ,,,                             (24) 

In the above equation, 1z  follows a uniform distribution of [-1, 1], while 132 ,,, +nzzz   follow a 

uniform distribution of [0, 1]. 

According to boundary conditions, we can calculate )(xu  which is showed as follows: 

( ) ( )


== =

+

n

i

ii xz

nn ezxxxgxxxu 1

1
5

1

12121 ,,,,,,                     (25) 

Additionally, f  can be calculated: 

( )


−=−= =

+


+

=

n

i

ii xzn

i

in ezzuxxxf 1

1
5

1
1

2

2

121
50

1

2

1
,,,                   (26) 

For a fixed ),( ZX , where ),,,,( 21 nxxxX =  ),,,,( 121 += nzzzZ   let )0( tX t  be the 

following stochastic differential equation: 

., 0 XXdBdX tt ==                              (27) 

Next, we will substitute the obtained )(xu , f  and g into Feynman–Kac formula  

]),(),([),,,(
0

,,,21 21
dsZXfZXgExxxu

D

Dn sxxxn +=


                (28) 

For simulation. We perform polynomial regression and neural network model on the simulated 

numerical solution u , and analyze the data results in detail in section 4.2. 

4.2. Display of calculation results 

In the model construction section, we construct the seventh order polynomial regression model 

and the neural network model. Through these two models, We can solve the UQ problem and get the 

average absolute error respectively. Below, we show the average absolute error calculated by two 

methods for models with different dimensions. 

Table 1. Model parameters of polynomial regression 

parameters 2-dimensional 5-dimensional 10-dimensional 

random coefficients number 3 6 11 

sampling points’ number 10000 10000 10000 

initial time 0 0 0 

time step 0.001 0.001 0.001 

polynomial degree 7 7 7 

intercept 0 0 0 

We generate 10000 points through a uniform distribution from 0 to 1 in each numerical test. The 

intercept means the independent terms in the linear model (the linear model is a one-time intercept). 
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The initial time is the initial time point of the simulated Brownian motion. The time step parameter 

gives the trajectory point of the simulated Brownian motion and the length of each segment in the 

integral interval of the rectangular method. 

Table 2. Model parameters of neural network  

parameters 2-dimensional 5-dimensional 10-dimensional 

random coefficients number 3 6 11 

sampling points’ number 10000 10000 10000 

initial time 0 0 0 

time step 0.001 0.001 0.001 

hidden layers’ number 2 1 1 

neurons’ number (100,100) 10 10 

solver Adam Adam Adam 

maximum-iterations not set 1000 1000 

For each hidden layer, calculate the activation value of each neuron. The activation value is 

obtained by weighted sum of the output on the previous layer, the weights connected to the neuron 

and non-linear transformation through the activation function. This calculation process is performed 

in each neuron in each hidden layer. Adam is a gradient based optimization method used in the process 

of neural network optimization. The maximum-iterations determine the maximum number of times 

the sample is trained. Due to the calculation amount of 2-dimensional problems is small, we have not 

set the maximum number of iterations. 

Table 3. Average absolute error 

 polynomial regression neural network 

2-dimensional 0.0293 0.0068 

5-dimensional 0.1644 0.0263 

10-dimensional 0.5346 0.0316 

Through the data in Table 3, we found that the absolute error of the neural network algorithm is 

much smaller than that of the polynomial regression fitting algorithm, especially when the dimension 

increases. And the use of polynomial regression methods will produce relatively large absolute errors, 

while the average absolute error of the neural network algorithm is still very small. 

Based on the above results, we will draw pictures to further explore differences in fitting 

performance between two algorithms. For each dimension, we use 
=

n

i

ix
n 1

1
 as the abscissa and 

predicted and true solutions in polynomial regression and neural network algorithms as the ordinate 

to draw plane diagrams for different 
=

n

i

ix
n 1

1
s.  

In order to make the conclusion more convincing, we selected ix  uniformly and unevenly, 

respectively. Firstly, we uniformly select ix , which means taking a point every 0.01 on the [0, 1] 

interval as the value of ix  and draw Figure3. 

 

Figure 3. Solution Comparison in different dimensions ( ix  selected uniformly) 

http://www.baidu.com/link?url=dQtWxpNgDdVHbd2bj-NA6DQfb3epoLJTWPFnbDx74XKFAl2MntBqGXXG6xZ665VPLDAWOcKaAXlg0Pa84inteK
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Additionally, we select ix  unevenly. We use a column of arithmetic sequences to select 

nxxx ,, 21 , where the tolerance of the arithmetic sequence is 

,
)1(450

1

−
=

n
d                                       (29) 

And the value of nxxx ,, 21  is shown as follows: 

,
90

1
,,)

225

2
(,

225

2
21 txtdxtx n =+==                            (30) 

Where t  is a positive integer from 1 to 90. 

In (30), the mean of nxxx ,, 21  is ,01.0 t  so we can make 
=

n

i

ix
n 1

1
 from 0 to 0.9 and draw 

Figure 4. 

 

Figure 4. Solution Comparison in different dimensions ( ix  selected unevenly) 

In the two-dimensional case, the deviation between the predicted and true solutions of polynomial 

regression algorithm and neural network algorithm is not significant, indicating that both algorithms 

fit well in low dimensional situations. But as the dimensions continue to rise, by the 5th dimension, 

the predicted solution of polynomial regression has already deviated from the true solution, and by 

the 10th dimension, the predicted solution of polynomial regression has far deviated from the true 

solution, leading to the curse of dimensionality. In contrast, The estimated solution of the neural 

network algorithm is almost identical to the actual solution in all dimensions, which is sufficient to 

prove the feasibility and accuracy of the neural network algorithm. 

4.3. Convergence analysis 

In this section, we draw convergence graphs and perform convergence analysis on the neural 

network model we have established. In the error analysis of convergence graphs, errors can come 

from multiple aspects, and the following are some possible sources of error, that is, time step, number 

of simulations, generations, the number of hidden layers and learning rate. And generations [7], the 

number of hidden layers [8], and learning rate [9] are from neural networks itself. 

Next, we will use the 5-dimensional neural network model to perform convergence analysis on the 

above five indicators. 

Firstly, regarding the time step size, we select 12 different time steps and calculated 12 different 

average absolute errors through our established 5- dimensional neural network model, which are 

shown in Figure 5. The time step defines the time interval between each step in the simulation or 

optimization process. It is proved in Figure 5 that a smaller time step may increase the accuracy of 

the simulation and lead to a smoother convergence curve. A larger time step may result in the model 

being unable to accurately capture system dynamics in certain situations. 
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Figure 5. Convergence graph of time step size 

Secondly, concerning the number of simulations, we select 12 different numbers of simulations 

and calculated 12 different average absolute errors through our established 5-dimensional neural 

network model, which are shown in Figure 6. The number of simulations represents the total number 

of times the model has been run or the optimization algorithm has been executed. It is proved in 

Figure 6 that more simulation times can usually provide more reliable statistical results, leading to a 

more stable convergence curve and reducing errors caused by randomness. 

 

Figure 6. Convergence graph of the number of simulations 

Finally, with regard to three indicators in neural networks, we select 7 different generations and 

calculated 7 different average absolute errors through our established 5-dimensional neural network 

model. Additionally, we select 5 different hidden layers and calculated 5 different average absolute 

errors through our established 5-dimensional neural network model. In the matter of the selection of 

learning rates, we select 6 different learning rates and calculated 6 different average absolute errors 

through our established 5-dimensional neural network model. Figure 7 shows convergence graphs of 

three indicators in neural networks. We discover that when selecting the appropriate generations, 

hidden layers and learning rate, the neural network model will have good goodness-of-fit. 

 

Figure 7. Convergence graphs of three indicators in neural networks 
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5. Conclusion 

For the UQ problem, this thesis transforms it into a probability and statistics problem using the 

Feynman–Kac formula and neural network regression, which is more helpful in solving high-

dimensional problems compared to ordinary PDEs solutions. In the process of numerical experiments, 

this thesis first uses N samples with uniform distribution sampling, and then calculate the numerical 

solution u  of the UQ problem using the Feynman–Kac formula. Then, this thesis obtains the 

expected mean of the UQ problem solution through polynomial regression and neural network 

methods, respectively. Based on data comparison, it is found that the neural network model fits well, 

especially in high-dimensional situations where the polynomial regression model may encounter 

dimension curse problems while the neural network model does not. Finally, a convergence analysis 

is conducted on a 5-dimensional neural network model, analyzing the impact of five indicators - time 

step, number of simulations, generations, the number of hidden layers, and learning rate - on the 

convergence of the model. By drawing convergence graphs, it turns out that shorter time steps, more 

simulations, suitable generations, hidden layers, and learning rate have a positive impact on the 

convergence of the model. As far as the traditional method of solving the integration of the Feynman-

kac formula with the help of Monte Carlo simulation method [2], the calculation amount of this thesis 

is also relatively small. Their method is often calculated many times at one point, and the number of 

global calculations of this research method is relatively small. Secondly, for the simulation of the path 

of stochastic differential equations, there are also simulations under the polar coordinate system, and 

some other acceleration methods of Monte Carlo simulation, which may achieve better results when 

combined with this method. Finally, it is also worth exploring the use of deep learning algorithms to 

solve the UQ problem. 
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