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Abstract. This paper focuses on the quantum tunneling effect, which describes how a particle may 
penetrate barriers or obstructions using the Schrödinger equation. If a particle makes a barrier 
tunneling, it means that a particle with low energy goes through the barrier whose energy level is 
much higher. It is a basis or background for the entire theory of this part. The particle transport 
probability is explained using both single- and multi-barrier system models. The paper studies the 
relationship between barrier parameters and particle transmission probability for both single- and 
multiple-barrier system models.The aim of the study is the provision of the theoretical devices and 
algorithms via a quantum operational efficiency.Particularly, the paper deals with the multipath 
barrier tunneling effect, and it connects the transmission coefficients with the system parameters. 
The goal of this article is to come up with the new strategies and procedures that one can use the 
quantum phenomenon of the tunneling effect in the contemporary physical th applications, cutting 
the gap between theoretical physics and technology.This will be done by studying and analyzing 
theoretical processes and mathematics of this phenomenon along with the technological applications 
it has. 
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1. Introduction 

The advancement and comprehension of quantum mechanics theory over the last few decades has 

brought about profound shifts in people’s understanding of the tiny universe. The quantum tunneling 

effect, which is undoubtedly one of the most enigmatic and incomprehensible phenomena in quantum 

mechanics, causes a split in people’s belief in the accepted principles that nature adheres to as per the 

classical physics theories. Therefore, classical physics becomes disconcerted, and this effect find 

great application in fields, like semiconductor physics, nanotechnology, and quantum information 

processing. The mere fact that a particle is recorded in an experiment to have passed through a barrier, 

when the barrier has much higher energies than what the particle has, is explained with the quantum 

tunneling effect. In addition to being of great importance in theoretical physics, this unthinkable 

scenario, however, is also vital to the development of modern technology. 

The complexity and range of applications of the tunneling effect increase when more than one 

possible barrier is taken into account, or when there are numerous barriers. When the energy of the 

incident particles matches the quantized energy levels of a multiple potential barrier structure, a 

phenomenon known as resonant tunneling occurs. In this scenario, particles can almost completely 

tunnel through the entire structure without reflection, while particles with other energy levels are 

reflected back and cannot pass through. This is analogous to the concept of bound states in a potential 

well, and the states corresponding to resonant tunneling are referred to as quasi-bound states [1]. 

Applications of multi-barrier tunneling are very significant in areas like semiconductor physics, 

nanotechnology, and quantum information processing. For instance, the foundation of non-volatile 

memory systems in semiconductor devices is the electrons' capacity to tunnel [2]. Moreover, the swift 

advancement in the field of quantum computing also depends on a thorough comprehension and use 

of the multi-barrier tunneling phenomena, in which the tunneling effect is involved in both the 

transmission of quantum states and the manipulation of qubits. Even though multi-barrier tunneling 

is widely acknowledged to be important, its precise control methods and intricate mechanics continue 

to be hot issues and problems in current research. As a result, thorough research on the subject of 



Highlights in Science, Engineering and Technology PSETE 2024 

Volume 112 (2024)  

 

338 

multi-barrier tunneling will be an important step in the development of fundamental physics and can 

be with important implications for the design and application of corresponding technologies. 

The purpose of this research is to establish the principles on which the Schrödinger cat thought-

experiment is based, to develop corresponding mathematical models, and to explore the physical 

applications of multi-barrier tunneling effect in order to provide new views and approaches in 

understanding and utilizing this quantum phenomenon.This paper intend to theoretically back the 

construction of highly effective quantum hardware and algorithms to reveal the relationship between 

transmission coefficients and parametric parameters of the system by meaningful analysis of multi-

barrier systems. 

2. Theoretical Basis 

2.1. Quantum Tunneling Effect 

The quantum computing concept of tunneling describes the ability that is seen in quantum 

mechanics of microscopic items to go through energy barriers that have the height higher than the 

energy of the objects.The theoretical basis of the discovery of this effect is a Schrödinger equation. 

The Schrödinger equation stands at the heart of quantum mechanics, being the mathematical 

background for representing quantum systems evolvements through time. For a non-relativistic 

particle, the time-independent Schrödinger equation can be written as 

−
ℏ

2𝑚
∇2𝜓 + 𝑉(𝐫)𝜓 = 𝐸𝜓.   (1) 

Here, the reduced Planck constant ℏ is involved, 𝑚 represents the mass of the particle, the 

Laplace operator ∇2 performs a calculation with this operator, 𝜓 is a wave function of the particle, 

the potential energy function 𝑉(𝐫) appears and the total energy is denoted as 𝐸.  

2.2. Single-Barrier System Model 

In quantum mechanics, the single-barrier system is one of the simplest ones and is known as the 

model where the quantum tunneling effect is being explored. This model is a system constituted of 

two infinite-sized-platforms and a potential barrier height of finite-size.It can also be viewed as an 

obstacle, that free particles will have difficulties crossing where the height and width will determine 

the probability of particle crossing. 

In the single-barrier model, the potential energy function 𝑉(𝐱) can be expressed as: 

𝑉(𝐱) = {
0 , (𝑥 < 𝑎, 𝑥 > 𝑏)

𝑉0 , (𝑎 < 𝑥 < 𝑏)
.   (2) 

Here, in this case, 𝐷 = 𝑏 − 𝑎 is the obstacle's width, 𝑉0 is the height of the obstacle, and 𝑥 is 

the position coordinate of the particle. The stumble block is in the Fig. 1. 

 

Fig. 1 Illustration of the single-barrier model. 
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In accordance with the way quantum mechanics views things, even if the energy E of a particle is 

lower the cause of the barrier 𝑉0 there is still some probability that the particle can go through the 

barrier using the tunneling effect.This is an issue that is related to some physical properties of the 

wave function, which may survive and exist within the barrier region, thus giving the particle to 

appear on the right side of the barrier. By solving the boundary conditions of the Schrödinger equation, 

the transmission coefficient is obtained [3] 

𝑇 = exp (−
2

ℏ
√2𝑚(𝑉0 − 𝐸)𝐷) . (3) 

2.3. Multi-Barrier System Model 

2.3.1 Theoretical Analysis 

A multi-barrier system consists of two or more barriers, which can be identical or different (for an 

illustration, see Fig. 2). In quantum mechanics, multi-barrier structures can be described by a series 

of potential energy functions 𝑉(𝐱), where each barrier and potential well has specific width and 

height [4]. These structures are very important for studying the quantum tunneling effect because they 

allow particles to tunnel through multiple barriers, thereby exhibiting complex quantum interference 

effects. 

 

Fig. 2 Illustration of the multi-barrier model. 

The one-dimensional Schrödinger equation for each region translates as [5] 

𝐝2𝜓𝑗
𝐝𝑥2

+ 𝑘𝑗
2𝜓𝑗 = 0,   (4) 

in which 

𝑘𝑗 =

{
 
 

 
 2𝜋√2𝑚𝑗𝐸

ℎ
, (𝑗 = 1,3,5, . . . )

2𝜋√2𝑚𝑗(𝐸 − 𝑉0)

ℎ
, (𝑗 = 2,4,6, . . . )

   (5) 

Solving the general solution of the differential equation, it is found that 

𝜓𝑗(𝑥) = 𝐶2𝑗−1exp(i𝑘𝑗𝑥) + 𝐶2𝑗exp(−i𝑘𝑗𝑥)   (6) 

where 𝐶2𝑗−1,𝐶2𝑗  is the coefficient to be determined. The first term represents the transmitted 

wave of the particle, and 𝐶2𝑗−1 is the transmitted amplitude. The second term represents the reflected 

wave of the particle, and 𝐶2𝑗 is the reflected amplitude [6]. 

The boundary of the Schrödinger equation should be continuous and derivable. Namely, 



Highlights in Science, Engineering and Technology PSETE 2024 

Volume 112 (2024)  

 

340 

{

𝜓𝑗(𝑥𝑛) = 𝜓𝑗+1(𝑥𝑛)

𝐝𝜓𝑗

𝑚𝑗𝐝𝑥
|𝑥=𝑥𝑛 =

𝐝𝜓𝑗+1

𝑚𝑗𝐝𝑥
|
𝑥=𝑥𝑛

   𝑗, 𝑛 = 1,2,3, . . .2Ν (7) 

Bring them in separately to get 4𝑁 formulas [7] 

{
 
 
 
 
 

 
 
 
 
 
exp(i𝑘1𝑥1)𝐶1 + exp(−i𝑘1𝑥1)𝐶2 − exp(i𝑘2𝑥1)𝐶3 − exp(−i𝑘2𝑥1)𝐶4 = 0

exp(i𝑘2𝑥2)𝐶3 + exp(−i𝑘2𝑥2)𝐶4 − exp(i𝑘3𝑥2)𝐶5 − exp(−i𝑘3𝑥2)𝐶6 = 0
 ⋮
exp(i𝑘2𝑛𝑥2𝑛)𝐶4𝑛−1 + exp(−i𝑘2𝑛𝑥2𝑛)𝐶4𝑛 − exp(i𝑘2𝑛+1𝑥2𝑛)𝐶4𝑛+1 = 0

𝑘1exp(i𝑘1𝑥1)

𝑚1
𝐶1 −

𝑘1exp(−i𝑘1𝑥1)

𝑚1
𝐶2 −

𝑘2exp(i𝑘2𝑥1)

𝑚2
𝐶3 +

𝑘2exp(−i𝑘2𝑥1)

𝑚2
𝐶4 = 0

𝑘2exp(i𝑘2𝑥2)

𝑚2
𝐶3 −

𝑘2exp(−i𝑘2𝑥2)

𝑚2
𝐶4 −

𝑘3exp(i𝑘3𝑥2)

𝑚3
𝐶5 +

𝑘3exp(−i𝑘3𝑥2)

𝑚3
𝐶6 = 0

    ⋮
𝑘𝑛exp(i𝑘2𝑛𝑥2𝑛)

𝑚𝑛
𝐶4𝑛−1 −

𝑘𝑛exp(−i𝑘2𝑛𝑥2𝑛)

𝑚𝑛
𝐶4𝑛 −

𝑘𝑛+1exp(i𝑘2𝑁+1𝑥2𝑛)

𝑚𝑛+1
𝐶4𝑛+1 = 0

  (8) 

Since there is no reflected wave at the last boundary, there is no reflected wave term in the last 

equation. 

 

Fig. 3 When 𝑉 = 4 and 𝑁 = 2,3,4,5, the transmission coefficient varies with the incident energy. 

The transmission coefficient is the ratio of the flow of particles out of the multi-barrier system to 

the flow of particles into the multi-barrier system.Therefore, the transmission coefficient 𝑇 can be 

expressed as follows [8] 

𝑇 =
|𝐶4𝑛+1|

2

|𝐶1|
2
. (9) 

In the same way, the resulting reflection coefficient 𝑅 is 𝑅 = |𝐶2|
2 |𝐶1|

2⁄ , and the two need to 

meet the following relationships 𝑇 + 𝑅 = 1. 
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2.3.2 Numerical Simulation 

In Fig. 3, it is possible to see approximately the differing spectrum of different numbers of barriers, 

under the same conditions (interval, width, height of the faction, the same input energy). The overall 

trend is roughly the same, with the increase of the number of barriers. Moreover, the resonance state 

is divided into several energy levels, and the energy level width is gradually widened as the energy 

increases [4]. 

 

Fig. 4 When 𝐸 = 3 and 𝑉 = 4, the transmission coefficient varies with the number of barriers. 

In Fig. 4, when the energy of the incident particles (𝐸) is less than the height of the potential barrier 

(𝑉), the transmission probability exhibits an oscillatory distribution for different numbers of equally 

high square barriers. This indicates that, for an odd (even) number of barriers, the resonance energy 

levels are approximately the same, suggesting the presence of certain parity properties in multiple 

barriers tunneling. 

3. Applications 

There has been remarkable progress in engineering and engineering quantum-size effects of 

MI2M tunneling kernels and quantum dots in the recent years, which have shown the promise in 

advanced optoelectronics and and nanoelectronics technologies. The studies on quantum dots have 

demonstrated that the electronic features from semiconductor materials can be largely enhanced by 

selecting the right nanometer size and composition for the quantum dots. It has been shown that the 

electronic transport performance of the quantum dots can be exceptionally improved through the 

utilization of the resonant tunneling phenomenon and will present exciting new prospects for the 

development of effective photoelectric conversion and quantum computing [9]. 

Moreover, MI2M  junction studies likewise demonstrated that resonant tunneling plays an 

essential role in tuning electrical properties. The study in Ni/NiO/Al2O3/Cr/Au form of current 

diodes shows that the impedance and the responsiveness of a device can be well controlled by 

manipulating the thickness of the NiO layer. The article reports on a brand-new design outline of 

multi-barrier resonant tunneling mechanism and applies the frequency concept to optoelectronic 

devices next time [10]. 

Not only that, but tech ingenuity is also displayed in these two works through the advanced 

technologies involved in the study and use of quantum phenomena. This was achieved by developing 

and optimizing a feature of resonant tunneling called transfer matrix approach using a number of 

sophisticated quantum mechanical simulation tools, such as the transfer matrix approach. The 

exploitation of the Friedel tunneling effect in the domains of optoelectronics and high-speed 

electronics is yet more than the only point that the audience gets to appreciate the quantum behaviour 

of materials, but it is also a more than essential part of the design of next-generation high-performance 

devices. 
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Finally, the influence of the resonant tunneling effect in the nanoscience and quantum technology 

fields has achieved a significant deal of progress. Such breakthroughs have not only enhanced 

people’s understanding of the quantum mechanism, but they have also plunged us into new 

perceptions and innovations that will be used towards technology advancement. The exploration of 

the resonant tunneling effect as the foundation in many systems of physics should yield application 

strides in nanotechnology.  

4. Conclusion 

In order to conduct theoretical and quantitative evaluation of the multi-barrier model, this study 

uses the transitional matrix method for jointly solving a number of sherptonic equations. The study 

shows that, under the same conditions, the width of the energy levels grows with the growth of 

incident energy, and the energy levels of the resonance states undergo splitting as the number of 

barriers increases. The number of divisions decreased by the number of factions by 1. It is worth 

noting that in the chart, the increase in the number of barriers to the resonance energy of the 

transmission rate shows a sawn-shaped distribution, which indicates that there is a certain equal 

relationship between the rate of transmission and the number of obstacles to resonant energy. 

Remarkably, there is a certain parity relationship between transmittance and the number of obstacles 

at the resonance energy. These results are essential for understanding the resonant tunneling 

phenomenon. Finally, this paper explores the application of multiple barriers in different areas in 

recent years. 
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