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Abstract. This paper systematically discusses the application and importance of Gauss's law and 
Bio-Savart's law in electromagnetism. Firstly, the basic principles and mathematical expressions of 
Gauss's law and Bio-Savart's law are introduced, and their applications in simple cases are also 
introduced. Secondly, it describes the application in complex cases, such as how to find the electric 
field strength of an object with an uneven charge, in which calculus is used to calculate the charge 
from the charge density. Finally, it emphasizes the role of the two laws in promoting scientific 
research and technological innovation, and calls for further exploration of their application and 
significance to promote the development and innovation in the field of electromagnetism. This paper 
aims to give readers a comprehensive understanding and inspiration of Gauss's law and Biot-
Savart's Law, explain the application of the two theorems, and provide useful reference and guidance 
for the research and practice in related fields. 
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1. Introduction 

The Gauss's law (also known as Gauss's theorem) is an important fundamental principle that 

describes the distribution and properties of electric or magnetic fields in space. The Biot-Savart law 

(also known as Ampere's theorem) is one of the fundamental principles that describe the behavior of 

magnetic fields caused by electric currents. These two principles play an important role in the 

interaction of electricity and magnetism. Through the in-depth understanding and application of 

Gauss's law, it is better to understand the nature of electromagnetic phenomena and lay a foundation 

for further research and application in related fields. The main application of the large charge efficient 

theory is to calculate the observed values of finite volume, large ground state energy with finite total 

charge [1]. By applying the insights provided by the Bio-Savart law, researchers and practitioners can 

reveal the complexity of magnetic field phenomena and pave the way for advances in a variety of 

technological fields. 

In this paper, the application of Gauss's law to the calculation of electric fields generated by 

symmetrical charged bodies are presented. The application of Biot-Savart's law to the calculation and 

analysis of magnetic fields caused by current are also discussed. Therefore, the purpose of this paper 

is to comprehensively discuss the role of Gauss's law and Biot-Savart's law in electromagnetism, 

emphasizing their theoretical foundation, practical application, and contribution to the progress of 

science and engineering. Through this analysis, the article hopes to inspire further research and 

innovation in electromagnetism and related subject areas. 

2. Theory of Gauss's Law 

2.1. Gauss’s Law 

Gauss's law is based on Coulomb's law and superposition of field strength. Starting with the case 

of a special point charge at the center of a closed sphere (Gaussian surface), it is found that the electric 

flux (the number of electric field lines) passing through the sphere is equal to the algebraic sum of 

the charges contained in the sphere divided by 𝜀0 . By using the superposition principle of field 

strength, former scholar can extend the case of point charge to point charge systems and even 

continuous charged bodies, and special spherical surfaces to general closed surfaces. The conclusion 
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can also be described as the electric flux through any closed surface in vacuum is equal to the 

algebraic sum of the charges contained in the closed surface divided by 𝜀0. This statement is Gauss's 

law in vacuum, and its mathematical expression is 

∯𝑬 ∙ 𝑑𝑺
𝑆

=
1

𝜀0
∑ 𝑞𝑖

𝑆

. (1) 

When there is a dielectric, the dielectric will be polarized under the action of an external electric 

field, and there will be polarization charges 𝑞′ and depolarization fields 𝐸′, resulting in the formula 

(1) can not be used. This means that the ∑ 𝑞𝑖𝑠  on the right side of the equal sign of the formula (1) 

cannot represent free charges. The polarization intensity vector 𝑃 must be introduced. The electric 

polarization intensity 𝑃  has an important application in the magnetic control of ferroelectric 

polarization [2], where 𝑃  represents the degree of polarization of the dielectric, ∯ 𝑃 ∙ 𝑑𝑆 =
𝑆

− ∑ 𝑞′
𝑆 . Thus, the electric displacement vector is defined as 𝐷 = 𝜀0𝐸 + 𝑃, where D plays a crucial 

role in finite-field calculations. It also has an application in the study of the electromagnetic properties 

of insulators [3]. Finally, the following formula is obtained by simply pushing to it, which can be 

expressed as Gauss's law in media 

∯𝑫 ∙ 𝑑𝑺
𝑆

= ∑ 𝑞0

𝑆

, (2) 

where 𝑞0 is the free charge. Gauss law gives a method to calculate the field strength. In Gauss 

law, the field strength 𝐸 is an integrand function. If 𝐸 and cos 𝜃 of any point on the Gaussian 

surface are constants, or the Gaussian surface can be divided into several finite regions and the 

surfaces of each region agree with 𝐸 and cos 𝜃 are constant or equal to zero, 𝐸 can be extracted 

from the integral sign. After such mathematical treatment, the author can figure out the magnitude of 

𝐸 on this surface. This paper will use Gauss's law to find some more complex electric fields. 

2.2. Electric field of a Sphere of Uniform Charge Density 

Since a sphere can be regarded as a superposition of an infinite number of tiny spherical shells, the 

article first considers the calculation of the field strength of a uniform charged spherical shell. The 

paper uses Gauss law to solve, and considering the symmetry of the sphere, it can be considered that 

the field strength on the sphere with the same distance from the center of the circle is the same, it is 

logically that 𝐸𝑟 can be defined as the strength of the electric field at a distance 𝑟 from the center 

of the circle, 𝑅 as the radius of the circle, and 𝜂𝑒 is the charge surface density. So according to 

Gauss’s law ∯ 𝐸 ∙ 𝑑𝑆
𝑆

=
1

𝜀0
∑ 𝑞𝑖𝑆 , the author divides the discussion into two categories, which are 

𝑟 < 𝑅 and 𝑟 > 𝑅. 

When 𝑟 < 𝑅, it is obvious that the charge is only on the surface of the shell, in Eq. (1), the right 

side of the equation is zero. Because of symmetry, the left-hand side of the equation becomes 𝐸𝑟 ⋅

4𝜋𝑟2. So 𝐸𝑟 = 0. When 𝑟 > 𝑅. The right side of equation 1 becomes: 
𝜂𝑒

𝜀0
⋅ 4𝜋𝑟2, so 𝐸𝑟 =  

𝜂𝑒

𝜀0
∙

𝑅2

𝑟2. 

As for the electric field of a sphere of uniform charge density, the author defines the 𝜌𝑒 as the 

electric charge density. It can also be divided into two categories: 𝑟 < 𝑅 and 𝑟 > 𝑅.. 

When 𝑟 < 𝑅, a sphere is composed of an infinite number of spherical shells, and likewise the 

strength of the electric field generated by a sphere can be the electric field generated by an infinite 

number of spherical shells. So, in this situation, only the shell with a distance less than 𝑟 from the 

center of the sphere influences the electric field strength. By using Gauss's law for the part of sphere 

(𝑟 < 𝑅 ), 𝐸𝑟 ∙ 4𝜋𝑟2 =  
𝜌𝑒

𝜀0
∙

4

3
𝜋𝑟3  and 𝐸𝑟 =

𝜌𝑒

3𝜀0
∙ 𝑟 . It follows that in this case the electric field 

strength is proportional to 𝑟. The other case is 𝑟 > 𝑅. Because of the symmetry, Gauss's law is used 

directly: 𝐸𝑟 =
𝜌𝑒∙𝑅3

3𝜀0
∙

1

𝑟2. 
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3. Applications of Three Different Laws 

3.1. Biot-Savart Law 

Biot-Savart law is the basic law of magnetic field generated by current-carrying wires. From 1819 

to 1820, Danish scientist Osert published his own research results, which is the history of the famous 

Oster's law. Oster's experiments showed that electric currents can change magnetic fields, and 

scientists have since tried to quantify the relationship, and found the following formula 

𝑩 =
𝜇0

4𝜋
∮

𝐼𝒅𝒍 × 𝒆𝒓

𝑟2
. (3) 

Biot-savart law and the superposition principle of magnetic field can be used to calculate the 

magnetic induction intensity of the magnetic field generated by any current carrying wire [4]. 

The Biot-Savart law can be used to find the magnetic field of the current carrying straight wire 

(wire thickness is ignored). Supposing a wire is infinitely long, and a constant current 𝐼 is flowing 

through it, the vertical distance between this point and the wire is 𝑎. Combine picture with vector 

algorithms, the direction of the elementary magnetic field 𝑑𝑩 generated by any current element 𝐼𝑑𝒍 

is the same, so converting the formula to scalar form 

𝐵 =
𝜇0

4𝜋
∫

𝐼𝑑𝑙 sin 𝜃

𝑟2
. (4) 

From the Fig. 1, it is found that there are some equivalent substitutions, like 𝑙 =  −𝑟 cos 𝜃, 𝑎 =
𝑟 sin 𝜃. From these two equations, r can be replaced: 𝑙 = −𝑎 cot 𝜃. Take the differential form, it is 

directly to find that 𝑑𝑙 =
𝑎𝑑𝜃

sin2 𝜃
. By replacing the above integral variable 𝑙 with 𝜃, a new formula is 

found [5] 

𝐵 =
𝜇0

4𝜋
∫

𝐼 sin 𝜃

𝑎

𝜃2

𝜃1

=
𝜇0𝐼

4𝜋𝑎
(cos 𝜃1 − cos 𝜃2), (5) 

where 𝜃1 and 𝜃2 are the values of 𝜃 angles at both ends of A and B. If the wire is infinitely long, 

𝜃1 = 0, 𝜃2 =  𝜋, bringing into the calculation 

𝐵 =
𝜇0𝐼

2𝜋𝑎
. (6) 

This result shows that the magnetic induction intensity 𝐵 around a current carrying infinitely long 

straight wire is inversely proportional to the first square of the distance 𝑎. 

 

Fig. 1 Current-carrying direct conductor diagram [5]. 
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3.2. Ampère's Circuital Law 

The Ampère's circuital law is stated as follows. In a constant magnetic field, the line integral of 

the magnetic induction along any closed loop L is equal to 𝜇0 times the algebraic sum of all current 

intensities across it. It can be expressed by the formula as follows 

∮𝑩 ∙ 𝑑𝒍
𝐿

= μ0 ∑ 𝐼

𝐿

. (7) 

The positive and negative values of the current 𝐼 are specified as follows. When the direction of 

the current through loop 𝐿  and the direction around loop 𝐿  obey the right-hand rule, 𝐼 > 0 . 

Otherwise, 𝐼 < 0. If the current 𝐼 does not pass through bribe 𝐿, then it does not contribute to the 

right end of the above equation. The Ampere loop theorem also has applications in topology 

∮𝑩 ∙ 𝑑𝒍
𝑙

=
μ0𝐼

4π
∮

𝑑𝑳 × 𝒓

𝑟𝑤
𝐿

∙ 𝑑𝒍. (8) 

The double loop integral to the right of the above formula is called the connection number integral 

and is a topological invariant describing the closed curve 𝒍 and the connection relation. It visually 

represents the number of times the ampere-loop loops around the current loop. This integral value is 

always an integer, but may be positive or negative, depending on the orientation of the two loops [6]. 

Ampère's circuital law is proved by Biot-Savart law, which can also be used to calculate 𝐵. And 

The article will show some examples about it. The Ampère's circuital law can be used to find the 

magnetic field of the current-carrying straight wire (wire thickness cannot be ignored). Suppose the 

radius of the wire is 𝑅, and the current 𝐼 flows uniformly through the cross section. According to 

the symmetry, the magnitude of magnetic induction 𝐵 is only related to the vertical distance R of 

the point drop axis. Article divided it into two situations: 𝑟 < 𝑅 and 𝑟 > 𝑅. 

When 𝑟 < 𝑅, only part of the current in the wire passes through loop 𝐿. This is because that the 

current density in the wire is 𝑗 =
𝐼

𝜋𝑅2 and the area enclosed by the loop is 𝜋𝑟2. So, the current going 

through 𝐿  is 𝐼′ = 𝑗𝜋𝑟2 =
𝐼𝑟2

𝑅2 . After calculation, it arrived that 𝐵 =
𝜇0

2𝜋

𝑟𝑙

𝑅2  (𝑟 < 𝑅) . The above 

formula shows that inside the wire, 𝐵 is proportional to 𝑟. On the contrary, when 𝑟 > 𝑅, 𝐼′ = 𝐼, 

so 𝐵 can be pushed out 𝐵 =
𝜇0𝐼

2𝜋𝑟
 (𝑟 > 𝑅). The above formula shows that viewed from the outside 

of the wire, the magnetic field distribution is identical to that on the axis of the entire current set 𝐼. 

3.3. Gauss’s Law 

The Gauss’s law can be used to find the electric field intensity of a charged body with an 

inhomogeneous charge. Suppose there is a sphere whose radial is 𝑅 with an inhomogeneous charge, 

and the density of the charge 𝜌 at any point in the sphere depends on its distance from the center of 

the circle 𝑟, and the scale coefficient is 𝑘. According to this, there is a formula 𝜌 = 𝑘𝑟. As can be 

seen from the formula, the farther away from the center of the circle, the greater 𝑝. Article divides it 

into two situations: 𝑟 > 𝑅 and 𝑟 < 𝑅 [7]. 

In the first case, it is simple, and the electric field strength on a sphere with the same R is the same. 

Put the known information into the formula, 𝐸 ∙ 4𝜋𝑟2 =
𝑄𝑎𝑙𝑙

𝜀0
. where 𝑄𝑎𝑙𝑙  is slightly difficult to 

calculate. Unlike what was discussed in the previous article, the charge distribution here is not 

uniform and cannot simply be superimposed. So, this article uses calculus to sum 𝑄𝑎𝑙𝑙 . In a 

rectangular coordinate system (see Fig. 2), 𝑄𝑎𝑙𝑙 can be represented as 𝑄𝑎𝑙𝑙 = ∰ 𝜌 ∙ 𝑑𝑉. 

However, it is very complicated to represent 𝑅 in rectangular coordinates, which requires three 

coordinates, resulting in difficult integration. Thus, this article transforms the coordinates and changes 

the rectangular coordinates to spherical coordinates to make it easy to calculate. For the integral, 𝑑𝑉 

can be converted to 𝑟2 sin 𝜑 𝑑𝜑𝑑𝑟𝑑𝜃 [8], leading to 
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𝑄𝑎𝑙𝑙 = k ∫ sin 𝜑
𝜋

0

𝑑𝜑 ∫ 𝑑𝜃 
2𝜋

0

∫ 𝑟3𝑑𝑟
𝑅

0

= 𝑘𝜋𝑅4. (9) 

This means that 𝐸 =
𝑘𝑅4

4𝜀0𝑟2. In the other situation, the author still uses Gauss’s law to calculate it, 

which means that 𝐸 ∙ 4𝜋𝑟2 =
𝑄′

𝜀0
. Because 𝑟 < 𝑅, so the part where 𝑟 > 𝑅 makes no contribution 

to the electric field strength. Thus, 𝑄′ = k ∫ sin 𝜑
𝜋

0
𝑑𝜑 ∫ 𝑑𝜃 

2𝜋

0
∫ 𝑟3𝑑𝑟

𝑟

0
= 𝑘𝜋𝑟4. One can calculate 

that 𝐸 =
𝑘𝑟2

4𝜀0
. 

 

Fig. 2 Rectangular coordinate system and spherical coordinate system diagram [7]. 

After looking at the case where 𝜌 and 𝑟 are proportional, now the author will show case where 

𝜌 and 𝑟 are inversely proportional, i.e., 𝜌 =
𝐾

𝑟
. Likewise, the author divides the region into two 

situations, 𝑟 > 𝑅 and 𝑟 < 𝑅. 

When 𝑟 > 𝑅 , the calculation method is the same as the previous one, but the specific 

representation of the charge density is different. Therefore, the article directly carries out calculation 

with formulas: 𝑄𝑎𝑙𝑙 = K ∫ sin 𝜑
𝜋

0
𝑑𝜑 ∫ 𝑑𝜃 

2𝜋

0
∫ r𝑑𝑟

𝑅

0
= 2𝑘𝜋𝑅2 . Bringing it into the relation 𝐸 ∙

4𝜋𝑟2 =
𝑄𝑎𝑙𝑙

𝜀0
, it is found that 𝐸 =

𝐾𝑅2

2𝜀0

1

𝑟2 . When 𝑟 < 𝑅 , as article mentioned before, one should 

change the upper limit of the integral to find 𝑄′ : 𝑄′ =  K ∫ sin 𝜑
𝜋

0
𝑑𝜑 ∫ 𝑑𝜃 

2𝜋

0
∫ r𝑑𝑟

𝑟

0
= 2𝑘𝜋𝑟2 . 

Similarly, it is found that 𝐸 =
𝐾

2𝜀0
 [9]. 

The calculation of electric field is very important. It plays an important role in studying the routing 

of energy-aware battery-powered vehicles in networks with charging nodes and contributes to 

environmental protection. Moreover, it is even used in the non-uniform charge distribution in 

semiconductor nanoparticle [10]. 

4. Conclusion 

In this study, several simple examples of electric and magnetic fields are obtained by using Gauss's 

law and Biot-Savart's law. Then, through the previous examples, combined with the method of 

calculus, the intensity of the electric field of the sphere with uneven charge is obtained, and the 

uniform and uneven examples are compared. In this paper, a method for calculating the electric field 

intensity of a general charged body with symmetrical charge distribution is given. Through the in-

depth understanding and exploration of electric fields, boundaries of electromagnetism can expand, 
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and make new breakthroughs and progress in energy, communication, medicine, and other fields. 

Finally, article call on researchers and engineers to continue to explore the application and 

significance of Gauss's law and Biot-Savart's law to promote development and innovation in the field 

of electromagnetism. By working together, it is better to understand and utilize electromagnetic 

phenomena and make greater contributions to the sustainable development and progress of human 

society. 
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