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Abstract. Uncertainty qualification (UQ) issues and partial differential equations (PDEs) are 
becoming hot topics in the fields of physic and engineering. There are a various number of strategies 
for handling unknown linear PDEs, including Monte Carlo and the polynomial regression approach. 
Nevertheless, nonlinear issues could not be effectively solved using existing approach. This paper 
focuses primarily on a novel method, an enhanced Feynman-Kac formula with a Least Squares 
Monte Carlo approach. Numerical experiments were conducted in our research to verify its efficacy 
and convergence. This paper discovers that the enhanced approach exhibits strong performance 
regarding nonlinear PDE and UQ scenarios with high accuracy and strong performance of 
convergence. In the future, this technique might be efficiently applied in the fields of engineering and 
finance in real-world scenarios. 
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1. Introduction 

In physic and engineering realms, numerical modeling and simulation of complex systems is 

constantly at an astounding rate. The ongoing advancement of numerical methodologies and 

techniques and the increase in the accessibility of computational resources have enabled this growth. 

However, the uncertainties may also occur in systems such as uncompleted input data set for inherent 

variability or a lack of understanding of the actual system [1]. Moreover, it is possible that physical 

characteristics of systems are unknown, potentially affecting constants that one can bound but cannot 

precisely identify a priori, perhaps due to impracticality of direct measurements [2]. There are several 

common approaches to uncertainty quantification issues such as Monte Carlo, perturbation methods, 

moment equation methods, generalized polynomial chaos and stochastic collocation [3]. 

When it comes to find solutions to a PDE with uncertainty such as random data can be employed 

to obtain approximate solutions of this system issue. Considering strong robustness and practicality, 

Monte Carlo method is the most renowned method at present [4]. Nevertheless, this widely used 

approach is restricted to solving linear PDE. Pham introduces new versions of the Euler scheme 

and the walk on spheres method for Monte Carlo calculation of Feynman–Kac representations, 

as one of methods of valuing options [5].  

This paper proposes to introduce Least Squares Monte Carlo (LSMC) with Feynman–Kac 

representations approach to non-linear PDE with uncertainties and UQ issues. The fundamental 

tenet of this approach is that, given the cross-sectional data from the simulation, least squares 

may be used to estimate the conditional expectation of the payout from continuing to maintain 

the option [6] [7]. The structure of this paper is as followed. The fundamental methodology will 

be proposed in chapter 2. Then, the improved Feynman-Kac formula with LSMC applied to 

linear and non-linear PDE will be focused in section 3 with numerical tests in section 4 and 5 

respectively. 
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2. Solutions to UQ Problems based on Polynomial Regression Method 

Consider the PDE below: 

𝜕

𝜕𝑡
𝑢(𝑥, 𝑡)  +  𝜇(𝑥, 𝑡)

𝜕

𝜕𝑥
𝑢(𝑥, 𝑡) +   

1

2
∗ 𝜎2(𝑥, 𝑡)

𝜕2

𝜕𝑥2
𝑢(𝑥, 𝑡) − 𝑉(𝑥, 𝑡) + 𝑓 (𝑥, 𝑡) =  0 (1) 

Defined for 𝑥 ∈  𝑅 and 𝑡 ∈  [0, 𝑇], subject to the terminal condition: 

𝑢(𝑥, 𝑡) =  𝜙(𝑥) (2) 

Where 𝑇  is a parameter, µ, 𝜎, 𝑉, 𝜙  are given functions. In this case, 𝑢  is the 

unknown parameter 𝑢 : ℝ × [0, 𝑇]  →  ℝ Represented by𝑋𝑡, a stochastic process driven by 

Brownian motion is defined with the initial condition𝑋(𝑡)  =  𝑥, which satisfies? 

𝑑𝑋𝑡 =  𝑢(𝑥, 𝑡)𝑑𝑡 + 𝜎(𝑥, 𝑡)𝑑𝐵𝑡 (3) 

Thus, the corresponding Feynman-Kac formula offers a solution to the PDE by solving 

conditional expectations: 

𝑢(𝑥, 𝑡) = 𝐸𝑥 [∫ 𝑒− ∫ 𝑉(𝑋𝑠,𝑠)𝑑𝑠
𝑇

𝑡 𝑓(𝑋𝜏, 𝜏)𝑑𝜏 + 𝑒− ∫ 𝑉(𝑋𝜏,𝜏)𝑑𝜏
𝑇

𝑡 𝜙(
𝑇

𝑡

𝑋𝑇) |𝑋𝑡 = 𝑥] (4) 

SDE Based Regression for Linear Random PDEs performs the regression of linear stochastic PDEs 

by representing stochastic partial differential equation (SPDE) as the solution of stochastic 

differential equation (SDE) [8]. The SDE is constructed so that the solution 𝑢(𝜏, 𝑥) of the SPDE at 

some point 𝑥 ∈ 𝐷 can be expressed as the conditional expectation of some function of the SDE 

solution. An example of the stochastic representation of deterministic PDEs was introduced as [9]: 

𝑑𝑋𝑡 = 𝑏(𝑋𝑡)𝑑𝑡 + 𝜎(𝑋𝑡)𝑑𝑊𝑡, 𝑋0 = 𝑥 (5) 

Where a deterministic point, denoted as 𝑥 ∈ ℝ𝑑   , is where W is a d-dimensional standard 

Brownian motion defined on a probability space(Ω, 𝐹, ℙ) , with 𝑏 ∶  ℝ𝑑  →  ℝ𝑑  and 𝜎 ∶  ℝ𝑑  →
 ℝ𝑑×𝑑being (suppose) uniformly Lipschitz continuous functions. A Brownian motion with a distinct 

dimension could be equivalently considered. It is commonly known as the uncertain quantity problem 

in this work.  

This thesis then constructs an SDE containing a deterministic point 𝑥, a Brownian motion W, and 

some boundary conditions. This thesis also introduces the Feynman-Kac formula [10], which maps 

deterministic data to a set of random variables 𝑥 =  𝑥(𝜏, 𝑓, 𝑔) such that 𝑢(𝑥)  =  𝐸[𝑥], i.e. the 

expectation of 𝑥 equals the deterministic solution. When the data is random, the solution 𝑢(𝜏, 𝑥) for 

random PDE can be expressed as the conditional expectation, 

𝑢(𝜏, 𝑥) =  𝐸[𝑥|𝜏, 𝑓, 𝑔] (6) 

Where the variance of 𝑢(𝑥) can be defined by the variance of x. To determine the value 

of point 𝑥 in D, the classical Euler method can be used [11]. Given a finite set of sampling 

points in D, the approximate expectation of the solution can be determined by solving the 

regression problem on the orthogonal global polynomial basis, which is 

𝑢(·) =  𝐸[𝑢(𝜏,·)] (7) 

With this approach, this thesis gets a representation of the desired solution field that is 

globally defined and smooth. This method can be regarded as a combination of sampling and 

reconstruction techniques, using the classical random solution method to sample point by 

point, and the global polynomial projection in the sense of least squares. However, this method is a 

regression method based on stochastic differential equations, which is only applied to find 

solutions to linear stochastic PDEs with random data and has certain limitations for nonlinear 

cases [12]. The reason is that solutions of nonlinear PDEs cannot usually be expressed as the 
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expectation of a random process and are difficult to express in exponential form using the 

Feynman-Katz formula. For instance, consider a simple non-linear PDE: 

𝜕𝑢

𝜕𝑡
= 𝐹 (𝑢,

𝜕𝑢

𝜕𝑥
,
𝜕2𝑢

𝜕𝑥2
) (8) 

Where F is a nonlinear function of u and its partial derivatives. For such an equation, it is 

unrealistic to assume that the solution can be written in the form of the Feynman-Kac formula. 

In this case, the solution 𝑢(𝑥, 𝑡) can no longer be expressed as the expectation of a random 

process. In the following parts, this thesis will focus on our proposed Least Squares Monte 

Carlo simulation method based on American option pricing. 

3. Improved Feymann-Kac Formula for Numerical Solutions of Nonlinear 

Partial Differential Equations 

3.1. The Least Squares Monte Carlo Simulation Method for Pricing American Options 

This thesis mainly concentrates on enhancing the Feymann-Kac formula for finding solutions to 

PDEs based on the Least Squares Monte Carlo simulation method of American option pricing [13]. 

Firstly, this thesis briefly introduces the process of American option pricing. The pricing process is 

as follows. This thesis will utilize the Least Squares Monte Carlo simulation method to calculate the 

American option price at the current time point 𝑡 = 0. M stock price paths are simulated, each starting 

at 𝑡 = 0 for 𝑁 Monte Carlo simulations. Each path consists of 𝑁 + 1 trading time points, where 

the stock price is generated by the formula: 

𝑆𝑖,𝑗 =  𝑆𝑖,𝑗−1  × 𝑒(𝑟−
1
2

𝜎2)∆𝑡+𝜎√∆𝑡𝑍𝑖,𝑗 (9) 

In the formula, 𝑆𝑖,𝑗  represents the stock price of the 𝑖𝑡ℎ  path at the 𝑗𝑡ℎ  time point, 𝑆𝑖,𝑗−1 

represents the stock price of the 𝑖𝑡ℎ path at the (𝑗 − 1)𝑡ℎ time point, and 𝑟 representing the rate 

of return of riskless investment in the market, while 𝜎 represents volatility, which is used to measure 

the degree of asset price fluctuation. The time step ∆𝑡 indicates the time interval of each simulation 

step. 𝑍𝑖,𝑗 Is a random number obeying the standard normal distribution and is used to simulate the 

random fluctuation of the price path. 

This thesis firstly defines the exercise value at the expiration of the option as 𝑉1 = 𝑚𝑎𝑥(𝐾 −
𝑆𝑖,𝑁+1 , 0), where 𝐾 represents the exercise price of the option. Then, this thesis discounts  𝑉1 to 

the previous time point 𝑡𝑁, and obtains the discounted price of 𝑉2 𝑉2 is considered as a dependent 

variable, and the stock value at the time point 𝑡𝑁 as an independent variable. The fitting equation 

𝑉2 = 𝑓(𝑆𝑖,𝑁) is obtained by least square fitting. Then, 𝑆𝑖,𝑁 is re-substituted in the fitting equation 𝑓, 

and 𝑉3 which represents the return value of continued holding is obtained. Comparing the value of 

𝑉3 with the value of the return obtained by exercising the option immediately at a point in time before 

the option expires, this thesis chooses the approach with maximum return, and so on, until 𝑡 = 0, 

and take the mean outcomes of all paths as 
1

𝑀
∑ 𝑉3

𝑀
𝑖=1 . 

The methodology of solving nonlinear PDEs in this thesis is primarily based on the usage of the 

least squares method in the pricing process: when dividing time points, starting from the value of the 

last time point, calculating, and using the least squares method for regression fitting correction step 

by step, and finally obtaining the value of the initial point. In the next section, this thesis will use this 

idea to improve the Feymann-Kac formula for solving linear PDEs, thereby solving nonlinear PDEs. 
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3.2. An Improved Approach to Solving Nonlinear Partial Differential Equations Using 

Feynman-Kac Formula 

This thesis considers a common type of PDEs, namely parabolic PDEs. Parabolic PDEs typically 

describe phenomena such as diffusion or heat conduction in physical systems. This type of equation 

has second-order derivatives in time and space. Let's take the following equation as an example: 

{
𝜕

𝜕𝑡
𝑢(𝑥, 𝑡) +  

1

2
∗ 

𝜕2

𝜕𝑥2
𝑢(𝑥, 𝑡) +  𝑓 (𝑥, 𝑡) =  0  

𝑢(𝑥, 𝑇) = 𝑔(𝑥)

(10) 

In PDEs, 𝑢(𝑥, 𝑡) represents the state or attribute of the system in space 𝑥 and time 𝑡, called state 

function or field function. 𝑓 (𝑥, 𝑡)  Is a known source term or external influence term, which 

describes the external effect or influence on the system, and 𝑔(𝑥) provides us with the boundary 

value information of the system state at the end of time  𝑇  By solving this kind of equations 

numerically, this thesis can study the evolution rule of the system at different time and space points 

and provide a basis for further analysis and application. 

The Feynman Kac formula is a crucial mathematical tool used to solve PDEs. It links solutions of 

PDEs with the expected values of stochastic processes, offering a new perspective for solving PDEs. 

According to the Feynman-Kac formula, in the process of solving PDEs, this thesis can find the 

solution of a single point at first, then randomly sample a sufficient number of points within a range 

to solve, and then perform polynomial regression fitting to obtain the solution of the PDE. 

For a solution to the single point  𝑢(𝑥0, 𝑡0) , this thesis first determines the driving equation 

according to the given equation: 

𝑑𝑋𝑡 =  𝑑𝐵𝑡 (11) 

The driving equation of equation (10) is standard Brownian motion and the path starts from 𝑋0. 

The simulated path of standard Brownian motion does not stop until the boundary 𝑡 =  𝑇 is satisfied, 

and the time is divided into as small as possible equidistant time intervals. The solution of this point 

can be obtained by simulating multiple paths and calculating expectations according to Feynman-Kac 

formula of this equation, where Feynman-Kac formula is: 

𝑢(𝑥0, 𝑡0) = 𝐸𝑥 [∫ 𝑓 (𝑥, 𝑡)𝑑𝑡
𝑇

𝑡0

+ 𝑔(𝑥𝑇)] (12) 

But when 𝑓 is a nonlinear function of point 𝑢, that is, 𝑓 = 𝑓(𝑥, 𝑡, 𝑢), 𝑢 is unknown at each 

point in time, then ∫ 𝑓 (𝑥, 𝑡)𝑑𝑡
𝑇

𝑡0
 is also unknown and cannot be estimated at current time point. In 

Chapter 3.1, the LSMC simulation method for weighted pricing American options is commonly 

adopted a backward inverse operation [14], which will be employed to solving nonlinear PDEs. 

Simulating the path part is consistent with solving the linear partial differential equation problem, 

and when 𝑡 =  𝑇: 

𝑢(𝑥𝑇 , 𝑇) = 𝑔(𝑥𝑇) (13) 

Using Feynman-Kac formula, 𝑢(𝑥, 𝑡) of the previous time point is deduced: 

𝑢(𝑥𝑛−1, 𝑡𝑛−1) = ∫ 𝑓(𝑥𝑛, 𝑡𝑛, 𝑢(𝑥𝑇 , 𝑇))𝑑𝑡
𝑡𝑛

,𝑡𝑛−1

+ 𝑔(𝑥𝑇)   𝑡𝑛 = 𝑇 (14) 

Were, 

∫ 𝑓(𝑥𝑛, 𝑡𝑛, 𝑢(𝑥𝑇 , 𝑇))𝑑𝑡
𝑡𝑛

𝑡𝑛−1

 ≈  𝑓(𝑥𝑛, 𝑥𝑛, 𝑢(𝑥𝑇 , 𝑇))∆𝑡 (15)  
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                       (16) 

After each path is calculated forward once, the least square calculation is performed, with 

𝑢(𝑥𝑛−1, 𝑡𝑛−1)  as dependent variable and 𝑥𝑛−1  as independent variable, polynomial regression 

fitting is performed, and then 𝑥𝑛−1 is brought into the polynomial to obtain a new  𝑢(𝑥𝑛−1, 𝑡𝑛−1) 

to replace each path at 𝑡𝑛−1. This procedure refers to the Least Squares Monte Carlo simulation 

method of American option pricing, such as segmentation, reverse operation and polynomial 

regression fitting strategy. 

Continuing forward to calculate: 

𝑢(𝑥𝑛−2, 𝑡𝑛−2) = ∫ 𝑓(𝑥𝑛−1, 𝑡𝑛−1, 𝑢(𝑥𝑛−1, 𝑡𝑛−1))𝑑𝑡
𝑡𝑛−1

𝑡𝑛−2

+ 𝑔(𝑥𝑛−1)   𝑡𝑛−1 = 𝑇 − ∆𝑡 (17) 

Were,  

∫ 𝑓(𝑥𝑛−1, 𝑡𝑛−1, 𝑢(𝑥𝑛−1, 𝑡𝑛−1))𝑑𝑡
𝑡𝑛−1

𝑡𝑛−2

 ≈  𝑓(𝑥𝑛−1, 𝑡𝑛−1, 𝑢(𝑥𝑛−1, 𝑡𝑛−1))∆𝑡 (18) 

                            (19) 

Taking 𝑢(𝑥𝑛−2, 𝑡𝑛−2) as dependent variables and 𝑥𝑛−2 as independent variables, a polynomial 

regression fitting is performed, and then 𝑥𝑛−2 is substituted into the polynomial to obtain a new 

𝑢(𝑥𝑛−2, 𝑡𝑛−2) to replace the value of each path at 𝑥𝑛−2. By analogy, this thesis calculates step by 

step, and finally bring 𝑥0 into the polynomial fitting with 𝑢(𝑥0, 𝑡0) as dependent variable and 𝑥0 

as independent variable and get the solution of the nonlinear partial differential equation at this point. 

In the same way, enough points are randomly sampled in the required range to solve the problem, and 

then polynomial regression fitting is carried out, and finally the solution in this interval u(x, t) is 

obtained. 

4. Improved Technique for Solving Nonlinear Partial Differential Equations 

4.1. Numerical Experiments 

To verify the effectiveness of the improvement method proposed by us, numerical experiments 

will be conducted on a specific nonlinear PDE. Consider Equation (20): 

𝑓 =  −
3

2
 ∗  𝑢

1
3  ∗  𝑒

2
3

∗ (𝑥+𝑡)
     𝑡 ∈ (0,1) (20) 

 𝑢(𝑥, 1) = 𝑒(𝑥+1) (21) 

The real solution of this equation is: 

𝑢(𝑥, 𝑡) = 𝑒(𝑥+𝑡)     𝑡 ∈ (0,1) (22) 

The time interval ∆𝑡 = 0.01  is adopted and 10,000 points are randomly selected from the 

interval[0,1], with each point simulating 1000 paths. For each path, starting from the boundary 

conditions of Equation (20) as described in Section 3.2, calculations are carried out step by step using 

the method described, continuously corrected through regression fitting using the least squares 

method, ultimately obtaining the solution 𝑢(𝑥, 0)  for each point. Then, using each point as an 

independent variable and 𝑢(𝑥, 0) as the dependent variable, polynomial regression fitting of order 7 

is performed to obtain the solution of 𝑢(𝑥, 0) on the interval [0, 1]. 

Given the real solution: 
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 𝑢(𝑥, 𝑡) = 𝑒(𝑥+1)    𝑡 =  1 (23) 

Therefore, the part of 𝑓 concerning 𝑢  can be entirely replaced by its real solution, thereby 

rewriting the nonlinear PDE into a linear stochastic PDE. The linear PDE is resolved. Then, at 𝑡 = 0, 

the solutions of the nonlinear PDE and the linear PDE on the interval[0, 1], as well as the real solution 

of the equation, are shown in Figure 1.  

 

Figure 1. Solutions of Linear PDE and Non-linear PDE Compared to Real Solutions. 

Based on Figure 1, it is evident that the solution approach for the nonlinear PDE exhibits superior 

performance, with results that closely approximate the true solution, surpassing the performance of 

the solution method for the linear PDE. The average relative error for the solution of the nonlinear 

PDE problem is 0.006566, while for solving the linear PDE problem is 1.959375. It can be observed 

that the mean relative error for the nonlinear case is less than that of the linear case, indicating that 

the solution method for the nonlinear PDE is more efficient than that for the linear PDE. 

4.2. Convergence Analysis 

The performance of the solution approach is primarily influenced by the time step length, the 

number of simulation paths, and the degree of regression polynomial fitting. As the time step length 

decreases, the simulated paths approach the real situation more closely. Increasing the quantity of 

simulation paths enhances the accuracy of Monte Carlo simulation. The accuracy of the fitting 

function is also affected by the degree of regression polynomial fitting. Therefore, error convergence 

analysis is conducted from these three aspects. Below, the sample point 𝑢(1,0) is taken to observe 

the relative error between the solution to the nonlinear PDE equation and the real solution at this point. 

The experimental procedure was carried out using technique of controlling variables. Specifically, 

the number of simulated paths was fixed at 1000 and the polynomial regression order was set to 7 

when observing the relationship between time step length and relative error. When analyzing the 

influence of the quantity of simulated paths on relative error, a time step length of 10−3 was set while 

keeping the polynomial regression order unchanged. Meanwhile, in investigating the effect of 

polynomial regression order on relative error, the time step length was maintained at 10−3 and the 

quantity of simulated paths was set to 1000. Such settings allowed us to independently observe the 

impact of each variable change on the results.  

From Figure 2 as shown, considering non-linear PDE equations, it can be observed that the relative 

error drops as the time step Δt drops, the quantity of simulated paths grows, and the polynomial 

regression order surges exponentially, the relative error gradually decreases, respectively. 
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Figure 2. Convergence Analysis in Nonlinear Problem. 

Among them, when 𝛥𝑡 is decreased to 10−2, the number of simulated paths goes up to 102, the 

quantity of simulated paths grows to 7, the convergence effect is significantly improved. 

5. Improved Method of Solving Nonlinear UQ Problems 

5.1. Numerical Experiments 

Based on the theory presented in Chapter 2 and methods for solving nonlinear PDEs, the formula 

(10) is considered in the interval [0, 1]. 

𝑓 = (−1) ∗ (𝑎2 +
8

9
∗ 𝑎1

2) ∗  𝑢
1
3  ∗ (𝑎0 ∗  𝑒(

4
3

 ∗ 𝑎1𝑥+𝑎2𝑡+𝑎3∗𝑎4))

2
3

  (24) 

𝑢(𝑥, 𝑡) =  𝑎0 ∗  𝑒(
4
3

 ∗ 𝑎1𝑥+𝑎2+𝑎3∗𝑎4)    𝑡 =  1 (25) 

Among them, 𝑎0, 𝑎1, 𝑎2, 𝑎3, 𝑎4 are random variables, and the distribution of these parameters is 

given by specific probability distributions, where 𝑎0 is subjected to a uniform distribution within 

the interval [4.5,4.6], while 𝑎1, 𝑎2, 𝑎3, 𝑎4 are respectively subjected to a uniform distribution within 

the interval [0,0.1]. 
The real solution is: 

𝑢(𝑥, 𝑡)  =  𝑎0 ∗  𝑒(
4
3

 ∗ 𝑎1𝑥+𝑎2𝑡+𝑎3∗𝑎4)     𝑡 ∈ (0,1) (26) 

The time interval ∆𝑡 = 0.01  is adopted and 100 points are randomly selected from the 

interval [0,1], with each point simulating one path. When solving for 𝑢(𝑥0, 0) for each point 𝑥0, 

values for 𝑎0, 𝑎1, 𝑎2, 𝑎3, 𝑎4  are randomly chosen according to their distributions once. After 

obtaining the values, they are substituted into equations (24) and (25), transforming the UQ problem 

into a nonlinear PDE. Since the driving equation of this equation remains a standard Brownian motion, 

the solution method is similar to that discussed in Part 3.2 for solving nonlinear PDEs. Eventually, 

the solution for each point is obtained. Then, using the value of each point as the independent variable 

and the solution of each point as the dependent variable, a polynomial regression with a regression 

order of 7 is performed to obtain the average solution to the UQ problem. 

Next, part of 𝑓 regarding 𝑢 can be replaced entirely with its real solution formula (26), thereby 

rewriting the stochastic nonlinear PDE into a stochastic linear PDE. This equation can then be solved 

using methods for solving linear stochastic PDEs. For solving 𝑢(𝑥0, 0)  at each point  𝑥0 , 

𝑎0, 𝑎1, 𝑎2, 𝑎3, 𝑎4  are randomly sampled once according to their distributions. After each random 

variable is sampled, the solution of this equation follows the same procedure as described in Section 

3.2 for solving linear PDEs. Subsequently, 100 points are randomly selected from [0,1], and each 

point's random variables are sampled 100,000 times and plugged into the true solution of the UQ 

problem equation. The mean is taken, and then polynomial regression fitting is performed to represent 

the true average numerical solution of the equation. Finally, the real average numerical solution is 
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compared with solutions to both the linear UQ problem and the nonlinear UQ problem, and the 

outcomes are presented in Figure 3 as followed. 

 

Figure 3. Solutions of Linear UQ Problem and 

 Nonlinear Problem Compared with Real Solutions on Interval [0, 1]. 

According to Figure 3, the solutions to both the linear and nonlinear UQ problems closely 

approximate the true solutions, demonstrating a relatively strong solving performance, which also 

indicates that this method for solving nonlinear PDE problems is effective. The average relative error 

of solving the nonlinear UQ problem is 0.010061. The average relative error of solving the linear 

UQ problem is 0.010103, with the mean relative error of the nonlinear being slightly smaller than 

that of the linear. Overall, the enhanced approach exhibits strong performance in resolving nonlinear 

UQ issues. 

5.2. Convergence Analysis 

When it comes to coping with nonlinear UQ problems, the reasons for error generation are the 

same as in solving nonlinear partial differential problems. Therefore, the analysis of the relative error 

trend in the solution of the single-point 𝑢(𝑥, 0) is carried out similarly, considering parameters such 

as time step, number of simulation paths, and polynomial regression order. The settings of relevant 

parameters are consistent with Chapter 3.4. 

From Figure 4 as followed, regarding UQ problem, it can be seen that the relative error drops as 

the time interval Δt drops, the number of simulated paths grows, and the polynomial regression order 

surges exponentially, the relative error gradually decreases, respectively. 

 

Figure 4. Convergence Analysis in UQ Problem. 

Among them, when 𝛥𝑡 is reduced to 10−1, the number of simulated paths increases to 10−2, the 

number of simulated paths increases to 7, and the convergence effect is significantly improved. 
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6. Conclusions 

In this thesis, the enhanced Feynman-Kac formula and the Least Squares Monte Carlo simulation 

technique for American option pricing are utilized to solve nonlinear PDEs. This thesis verifies the 

effectiveness of the suggested improvement strategy through numerical experiments. It is discovered 

that the prioritized method can yield numerical solutions that are extremely similar to the real solution. 

The error convergence analysis reveals that the relative error of the numerical solution gradually 

drops, and the convergence effect significantly improves as the time step size decreased, the number 

of simulated paths increased, and the order of polynomial regression increases. Ultimately, the 

nonlinear uncertainty quantification (UQ) problem is solved by applying the enhanced approach and 

combining it with the SDE Based Regression for Linear Random PDEs method. The outcomes of the 

numerical experiment demonstrate that the suggested approach is effective not only in resolving 

nonlinear PDEs but also in handling nonlinear UQ issues. This thesis discovered that using the 

polynomial regression method was prone to dimensional catastrophe at higher orders. 

Other approaches can be investigated to enhance the accuracy and efficiency of the numerical 

solution method while dealing with increasingly complicated nonlinear PDEs and UQ situations. 

Furthermore, this thesis will support the practical use of the suggested approaches in the sectors of 

engineering and finance to resolve challenging real-world issues. 
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