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Abstract. Diffusion models represent the latest state-of-the-art in the domain of deep generative
models, boasting remarkable performance across a broad spectrum of applications. Despite the
widespread success of diffusion models in various tasks, the original formulations of these models
exhibit notable limitations. The article uses DDPM as an example, thoroughly and deeply exploring
and deriving the mathematical principles of the model from two different perspectives. Additionally,
this article explores the relationship between diffusion models and five other types of generative
models: Generative Adversarial Networks (GANs), Variational Autoencoders (VAES),
Autoregressive models, Normalizing flows, and Energy-based models. Concluding with open
guestions for future research, the paper offers insights into the prospective algorithmic and
application-oriented developments of diffusion models. Diffusion models have become a powerful
framework capable of competing with Generative Adversarial Networks (GANs) in most applications
without resorting to adversarial training. For specific tasks, understanding why and when diffusion
models are more effective than other networks, and comprehending the differences between
diffusion models and other generative models, will help clarify why diffusion models can produce
high-quality samples with high likelihood.
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1. Introduction

Diffusion models are the new state-of-the-art (SOTA) within the realm of deep generative models.
These models have surpassed the previous SOTA, Generative Adversarial Networks (GANS), in
image generation tasks and have demonstrated outstanding performance in a wide range of
applications [1]. Furthermore, diffusion models maintain a close relationship with various research
fields, such as robust learning, representation learning, and reinforcement learning [2]. Given the
rapid progress in this area, a detailed and systematic review is essential. This paper primarily
references the comprehensive review article by Song et al., which was the first to provide an extensive
overview of diffusion models [4].

This article primarily focuses on the foundational theory of Denoising Diffusion Probabilistic
Model (DDPM), providing a detailed derivation of the mathematical principles in the original text
[5]. Additionally, it offers a derivation of DDPM principles from another perspective, that of Score-
Based Generative Models. Comparing these two perspectives enhances the understanding of diffusion
models and many details in their training process [6].

Despite the impressive performance of diffusion models across various tasks, the original models
have their shortcomings. Their sampling speed is slow, often requiring thousands of evaluation steps
to generate a single sample; their maximum likelihood estimation does not compare favorably with
likelihood-based models; and their ability to generalize across different data types is limited. Many
efforts have been made to address these limitations from practical applications or to analyze the
capabilities of the models from a theoretical perspective, resulting in significant improvements to
diffusion models.

2. Diffusion Models

Diffusion models did not receive much attention when they were first introduced, as they were not
as straightforward and easy to understand as GANs. However, in recent years, they have made a
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sudden rise in the field of generative models [7]. The two most advanced text-to-image generation
systems currently, OpenAl's DALL-E 2 and Google's Imagen are both based on diffusion models.

The current popularity of generative diffusion models began with the Denoising Diffusion
Probabilistic Model (DDPM) proposed in 2020 [8]. The groundbreaking paper on DDPM, published
only in 2020, demonstrated the capabilities of diffusion models to the world. It outperformed GANs
in image synthesis, prompting a shift in focus towards DDPM research within the image generation
field.

2.1. Diffusion Models Explanation

Since they are called generative models, this means that Diffusion Models are used to generate
data similar to the training data. Fundamentally, the working principle of Diffusion Models involves
continuously adding Gaussian noise to corrupt the training data, and then learning to recover the data
by reversing this noise process. After training, random noise samples can be input into the Diffusion
Models, and data can be generated through the learned denoising process [9, 10].

More specifically, diffusion models are a type of latent variable model that use a Markov chain
(MC) to map to the latent space. Through the Markov chain, noise is gradually added to the data x;
at each time step t to obtain the posterior probability q(x;.r|x,), where x,.; represents the input
data and is also the latent space. That is to say, the latent space of the Diffusion Models has the same
dimensions as the input data.

Diffusion Models are divided into a forward diffusion process and a reverse denoising process.
The Figure 3 below represents the diffusion process, where the transition from x, to the final x; is
a Markov chain, indicating a stochastic process in the state space that transitions from one state to
another. The subscript corresponds to the image diffusion process in the Diffusion Models. Ultimately,
the real image input as x, is asymptotically transformed into a pure Gaussian noise image xr
through the Diffusion Models.

2.2.1. Forward process

The forward process, or the diffusion process, utilizes a fixed form of Markov chain, which means
gradually adding Gaussian noise to the image:

q(xelxe—1)& = N(Xti v1- .tht—llﬁtl): q(x1.7lx0)& = HZ=1 q(xelxe—1). 1)

In DDPM, B, is a predetermined fixed value parameter. The diffusion process has an important
property that allows us to directly sample the noisy outcome x; at any given moment t. When
substituting @, :=1 — B, and @, := [[%-, a, into the equation, we can derive the following result:

q(eelxo) = N (e v@exo, (1 = @I ) )
This analytical formula allows us to directly obtain images with any degree of added noise,
facilitating subsequent training.

2.2.2. Reverse process
The reverse process starts with a random gaussian noise image xr, and through gradual denoising,
generates the final result x,. This process is a Markov Chain, which can be defined as:
po(xo.r) = p(x7) H?:l Po(Xe—1lxt) , o (xe—1lxe) = N(xt—l; to(xe, ), 2o (xy, t)) (3)
2.2.3. Model training

To implement generation based on diffusion models, DDPM employs a U-Net structured
Autoencoder to predict the noise at time ¢, that is, €g(x;,t). The training objective used during
network training is very straightforward:

||69 (\/ixo +41— Ete) - 6|| 4)
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Here, € represents Gaussian noise. The noise prediction network takes the noisy image as input,
with the goal of predicting the added noise. The training objective aims for the predicted noise to be
consistent with the actual noise. In DDPM, the definition of the mean u, is as follows:

u@(xt’ t) = \/%(xt - %Ee(xt' t)) (5)

In DDPM, the variance term X, of the Gaussian distribution in the reverse process is taken as a
constant term. Subsequent work has utilized a separate network branch to predict the variance term
independently, achieving improved generative effects.

2.2. Score-based Generative Models (SGMs)

The above DDPM can be considered as a discrete form of SGM. SGM constructs a stochastic
differential equation (SDE) to smoothly perturb the data distribution, transforming the original data
distribution into a known prior distribution: dx = f(x,t) dt + g(t) dw. The corresponding reverse
SDE to transform the prior distribution back to the original data distribution is given by:

dx = [f(x,t) — g(£)*Vy log q. ()] dt + g () dw. (6)

Therefore, to reverse the diffusion process and generate data, the only information we need is the
score function at each time point. The author can learn the score function using score-matching
techniques with the following loss function:

2
Bexoe [ [l50 Gter ) = Ve Tog aoe el [ | U

2.3. Further Generalization

DDPMs and SGMs can be further generalized to the case of infinite time steps or noise levels,
where the perturbation and denoising processes are solutions to stochastic differential equations
(SDEs). We call this formulation Score SDE, as it leverages SDEs for noise perturbation and sample
generation, and the denoising process requires estimating score functions of noisy data distributions.
As the following objective:

2
E¢ulo,1x0~atxo) xe~a(x¢|%o) [A(t) ||59 (x¢, t) — Ve, log qoe (xtlxo)|| ] 8

Where U[0,T] denotes the uniform distribution over [0, T], and the remaining notations follow
Equation (7).

3. Derivation on Diffusion Models

3.1. Denoising Diffusion Probabilistic Models (DDPM)

3.1.1. Forward process (Adding noise)

The variable x, represents the original image, and the process x;_; — x; isone of progressively
adding noise. The relationship between two adjacent variables is linear, and we can model it as
follows:

Xe = QXe—q + begr, & ~ N(O,1). %)

Let's first examine these two coefficients. Since x;_; contains more information, a; is a decay
coefficient, whose value should satisfy 0 < a; < 1; similarly, the noise coefficient also satisfies 0 <
b; < 1. When we continuously expand the expression using x;_; = a;_1X;—, + bs_1&:—1, We can
obtain the following:
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Xe = QXeoq + beee = @ (e Xp_y + beq8oy) + brer = @pQe_1Xp_5 + Apbeq &g + bgy =
e = (at ...al)xo + (at . az)blgl + (at e ag)bzgz + e + atbt_lé't_l + btgt'

(10)

Excluding the first term, the subsequent terms are sums of multiple independent normal noises.
By additivity, their sum is also a normal distribution with a mean of 0, and the variance is the sum of
the squares of the coefficients, which is (a; ... a,)?b? + (a; ...a3)?b3 + -+ a?b?_, + b?.

x; = (ag ...a;)xy + \/(at w@)%b% + (a; .. az)?bj + -+ aibi_y + biE, & ~ N(0,1) (11)

There's a detail to note here. If we sum up the squared coefficients:

(a; ...a;)* + (a; ...a,)?b? + (a; ...a3)?*bs + -+ a?b?_, + b} = (a; ...a,)*a? +

(a; ...a5)*b? + (a; ...a3)*b? + -+ a?b?_, + b? = (a; ...a)*(a? + b?) + (a; ...a3)*h3 + - +

atbi_y +bE = (a; ..az)*(a3(af + bf) + b3) + -+ afbi_y + b} = af(af_1(..(a3(af + b7) +
b3) + )+ bf_,) + bE.

(12)

The author finds that if we add a constraint, it will greatly simplify the expression, which is to
require that a? + b? = 1. This way, the sum of squares becomes 1. At the same time, if we denote
a; = (a; ...a)?, the latter part of the sum of squares (which is also the variance part of Equation (11))
can be represented as 1 — a,. Thus, we can rewrite Equation (11) as:

x, = ax, + /1 — gz, & ~N(,D. (13)

This form is very neat and easier to handle. At this point, the author can rewrite Equation (9),
substituting a, with \/?t and b, with /1 — a,, which is consistent with the original paper:

Xy = \/a_txt_l + 1/ 1-— A&y, E ~ N(O, I) (14)

The reason for detailing this so extensively is that other materials often present this formula
directly, without explaining why the coefficients are set up this way (to have a sum of squares equal
to 1). In addition, there's another point to note: the final x; ~ N(0,I) isassumed to follow a standard
normal distribution, which implies that the preceding term's a; is close to 0, and the latter term
should be designed in the form of (1 — a;). It has also been mentioned in some articles that such a
design ensures that the variances are on the same scale, which is known as variance-preserving.

The linear process mentioned above can also be viewed as sampling from a Gaussian distribution,
which in practice is facilitated by the reparameterization trick. We can write out the complete forward
transition process:

xg ~ q(xelxe—1) = N(xt;\/a_txt—l' 1- at)l)- (15)

Note that a, is not a learned parameter. In the original article, there is another symbol £, and
their relationship is a; =1 — B, .We can also express Equation (13) in probabilistic form,
substituting a with a.

xe ~q(xe 1 x) = N(xt;\/aTtxO, (1- &t)l)): ay = [li=1 as (16)

The entire forward process is a posterior estimation, which is represented as: (based on the joint
probability density and the properties of Markov chains).

q(x1.rlx0) = Hg=1 q(xelxe—1). 17)
3.1.2. Reverse process (Denoising and generation)
The Variational Autoencoder (VAE), a well-known generative model, employs a straightforward
encoding and decoding (generation) process, which can be summarized as:

(18)

Zl

encoding:* 7 % decoding: 2 7~ *
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In the context of Variational Autoencoders (VAES), there are three key distributions involved: the
encoder model g(z|x), which approximates the posterior distribution of the latent variables z given
the data x; the decoder model p(x|z), which models the likelihood of the data given the latent
variables; and the prior distribution q(z), which is typically chosen to be a simple distribution, like
a Gaussian, that the latent variables are assumed to follow.

The simplicity of this structure, while making VAEs conceptually straightforward and
computationally feasible, also imposes limitations on their generative capabilities. This is where
diffusion models come into play, which can be viewed as a form of Hierarchical Variational
Autoencoder (HVAE). This interpretation expands the encoding and decoding (generation) process
across multiple steps T, effectively creating a more complex and gradual transition between the data

and the latent space:
encoding: X0 7 X1 7 Xz 7 " 7 X7, (19)

decoding: ¥T = XT-1 7 X1-2 = *** = Xy (20)

The distribution relationship is similar, except that each step is characterized by
q(xelx—1), p(x:—1]|x:). The advantage of this approach is somewhat akin to using piecewise linear
functions to approximate a curve, which enhances the generative performance.

We model each step of the reverse process as pg(x;—1|x;) similar to the forward process
introduced earlier. The linear relationship between them can also be modeled as a Gaussian
distribution. However, unlike the forward process where the parameters are deterministic, here they

are not fixed, so we denote it as pgy(x,_q1|x;) = N(xt_l;‘llg(xt, t), g (xy, t)). The entire reverse
process is represented as a joint probability distribution pg(xo.r) = p(er) [Tr=1 po (xe—1lxt) .
According to the law of total probability, we can write the likelihood function we want to solve as:

log pg(xy) = log f Po (X0, X1, ..., X7p)dX1dX, ... dX7

= log f Po (Xo.r)dxy .7
_ po(xo.1)q(x1.71x0)
=log | T e 4%
po(x0.1)
q(x1.71x0)
Polxo.r)
q(x1.71x0)
per) They po(xe—1lxe)
M7, qCelxe—1)
pGer)po(xolxy) iz pg(xf_ﬂxt)]
qCerler—) 172 q(eelxe—1)
p(xr)po(xolxs) [iei pe(xtlxtﬂ)]
qCrerlxr—) TI27 a(xelxe—1)

=108 Eq(x, rixe) [

2 Eq(xy ixo) [lOg

= IE(I(xl:TUCo) [log

= IE:ll(x1:T|J\70) [log

= IE(I(xl:TUCo) [log

= Eqeyrivo) [108 P X080 4 By, 112y [log TT7=H PEZEEED (21)
= Eqx,qixg) [108 Do (X0 | X1)] + Eq(x, 71xo) [log %} + Eqyrixg) [Zf:]l log %

= Eq(xy.rixe) [108 Po (X0 | X)) + Eg(x, 11x0) [108 % + 2121 Eqeprixg) [log %

= Eq(x1x) [108 Po (%o | X1)] + Eqar_y xrixg) [log %} + 2021 gy xoresalo) [log %

Q(XTIxT—1)]

= IE:11(3\71|9’Co) [lOg Do (‘xo I xl)] - 1E‘Z("’T—ﬂxo)IEQ(’CTU\TT—Q [log p(x7)

q(xtlxe—1)
po(xelxes1)

= Eq(xllxo)[log po(xo | x,)] — lEq(xT_lle)[DKL(q(xT lxr_1) |l P(xr))]
reconstruction term prior matching term

-Xi! [Eq(xt_1.xt+1|x0)[DKL(Q(xt [ xe_1) Il po(xe | xt+1))]

consistency term

T-1
— X [Eq(xt_1,xt+1Ixo)[Eq(xtlxo) [log
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The optimization of the above objective function uses Monte Carlo estimation. However, the last
term involves calculating q(x;|x:—1), g (x¢|x:4+1), Which involves three random variables and
significantly increases the variance of the estimation. Therefore, we hope to mitigate this issue.

Given that x, is fixed, and due to the properties of the Markov chain, adding an extra term does
not affect the outcome. Therefore, by leveraging this information:

a(Xe—1|Xe, Xo)a(Xe|Xo)
22
a(X¢-1|%o) (22)
We can rewrite the above likelihood optimization objective, with changes starting from the fourth
line:

q(xelxe—q,%0) =

po(xo.T) ]
q(x1.71%0)
pOr) [They Po(Xe—1lxt)

M7-q qCxelae—q)
pr)pe(xolxy) M7=, Po (xe—1lxe)
q(xqlx0) [f=7 q(xelxe—1)
pOer)pe(xolx:) [Thes Po(xe—1lxe)
q(x11x0) TTT=5 qCxelae—1.x0)

log pe (xo) = ]Eq(xl;Tlxo) [IOg

= IEQ(Xl;TIXo) [1Og

= Eqxy 7ix0) [log

= Eqryrixe) [lOg

_ po(xr)Pe(X0lX1) T po(xe—_11x¢)
= Eqtrarixg [log q(x1lxo) +log IT:- qCxtlxe—1,%0)
_ p(xr)pg(xolx1) T po(xt—11xt)
- EQ(xl:TU‘o) [lOg q(x1lxg) + log Hf:z Q(Xt—1|xc.xo)4(xt|xo)]
q(x¢—1lx0)

_ p(xr)po(x0lx1) 7 q(x¢—11x0) T po(xe—1lx¢)
- Eq(xl:TIXO) [log q(x11x0) + log Ht:z q(x¢lxo) + log Ht:z q(xg—11x¢,%0)
_ p(xr)pe (xolas) q(x1lx0) q(xzlxg)  qlrr—1lxo) r Pexe—1lxr) (23)
= Eqtrarixo [log aalx) T log a(ralxo) aCealxe) " aCerlzg) T log e q(xe—112,%0)
_ p(xr)pe(x0lx1) q(xqlxg) T Pe(xe—1lxe) ]
= Eqtrarixg [log aalr) T log aGerize) log ITe- q(xe-1lxe,%0)

p(xr)pe(x0lx1) q(x11%0) T Po(xe-1lxe)

= Eqerrixo) [log a(xilxe)  qlxrixg) =2 q(re—1lxex0)

_ p(x7)pe (x0l¥1) T po(x¢—1lxt) ]

- IE:q(i\fl:Tlxo) [log q(xrlxo) + 2= log q(xe—11x620)

_ p(xr) T po(xe—11xt)

= Eqxyrixe) [108 Po (X0 | X:)] + Eqx, pixg) [log q(lexO)] +Xe=2 Eqryrixe) [log P

_ p(xr) T po(xe—11xt)

= Eq(x,1x0) [108 Po (X0 | X1)] + Egxpixg) [log q(lexO)] t=2 Eq(xp_1xclxe) [log pre—"

_ q(xTlxo) T q(xg—11x¢,%0)

- IE:q(;\fllxo) [10g Do (x() | xl)] - [Eq(lexO) [lOg p(xr) ] T Lt=2 [Eq(xtlxo)]Eq(xg_llxt,xo) [IOg Po(Xe—1lxe)

= Eqxy1x0) [log pg(xo | x1)] — DKL(q(xT [ x0) Il P(xr)) - Yl Eq(xtlxo)[DKL(Q(xt—l | x4, x0) Il Po(x—y | xt))]
reconstruction term prior matching term denoising matching term

Now, we aim to further model q(x;_1|x; x,) and pg(x;—_1]x;) so that we can calculate the KL
divergence between them:
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q(xelxe_1,%0)q(x¢—11x0)
q(x¢lxo)

q(xe—q | x4, %) =

_ N (xeacxe_1,(1=a)D)N (xe_ 133/ @ 1%0,(1=@_)I)
N (xe/@cxo,(1-apI)

x exp {_ [(xt—@xc—1)2 N (xe—1—Tra0)’ B (x:—Jd—txo)z]}

2(1-ay) 2(1-&¢—1) 2(1-ay)

=exp{—= (remvaexe) | (ea=V@a%o)  (xe=y/@xo) ]}

2 1—at 1—C_(t_1 1—6_{t

1
=exp)—;

2. arxexs_ arx?_ xZ_ 2. @1 Xp_1%
_\/ttt1+tt1+ t1_\/t1t1o+C(xt’x0)]}

1—at 1—at 1- C_{t 1 1 O_ft 1

:eXp —l ( i + L )x% 1_2(\/_xt+ e 1x0) t 1+C(xt,x0)]}

2 | 1-a¢ 1—C_Kt_1 1-a; 1—0.’t

= exp _je-Ge)tia xi_, — (‘/_xt I 1x°> Xe_q + C(xt,xo)]}

2 | (1—at)(1—5:t_1) 1-a; 1-a;

= eXp —_ 1 m.x% (\/_xt i at 1x0> xt—l + C(xt’ xo):l}

2 |(—ap-ae_p) 1-a; ' 1-a

1-a; 2 (‘/_xt ‘/mx())xt—l]_%c(xtrm)}

(24)

2| Gman ey t-1

1 1-a; 2 (\{_axtt 1“tat1"10) 1
= exp —‘(—) Xi—g = 2-— g X1 — 50Xt Xo)

=expi—

1 at l—at_l

2 \(1—ap)(A-a;— _lmay
(1-ae)(1--1) s

1-a,

= eXx _1 (1_—6['5) [ 2 _ 2 (Qt 1“ta 1xo)(1_at)(1_5‘t—1) ] 1
= exp — Xi_1 Xi_q

2 \(1-ay)(1-ar-q)
1 1 ar(1—ar_)xe+ a1 (1—ap)x 1
= exp —g<m> [x§-1—2‘/_t R Oxt-l]—gC(xt,xo)}

1—0.’1;

1-ag
X Jar-ag_xe+Jar_1(1- at)xo)
— 1 1-ag
=expy— ((1 a)(1—ay_ 1))

1-ag

\/_(1 Ap—1)xe+yAp—q(1— Oft)xo (1-a)(@- a’t—1)

1— at 1- at
Uq(xe,x0) Zq(0)

Therefore, we model q(x;_4|x;, xo), Which is also referred to as the posterior distribution of the
forward process. The C in the above expression can be accurately substituted after derivation. We
also present the form as it appears in the original paper: x;_; ~ q(x;—_11xs, xo) = N(,uq,Eq) =

(J_ t (=@ ) xe+@—1(1—adxe (1—ap)(1-Tp_q) 1) (\/at_lﬂt J_ A-@-y) - 1= at 1 ) Now
1-a; ' !

1- at g 1- O_’t 1- at & tl

we also need to model pg(x:—1lx:) = N(ug,Zg). The variance can be modeled dlrectly as the same,
1 —

So = 3,. Based on: Dy (N(x; 1 2 1| N (v uy,zy)) =2 [1 og % —d +tr (Z;'%,) + (1, —

yx)TZ;l(uy - ﬂx)]- We can derive:

XN | x¢_q;
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argeminDKL(q(xt_l | x¢,%0) | Da(x,_1 1 X¢))
:argeminD}(L (N(xt_1: }lq,zq(t)) [ N(xt_l; Mo, Zq (t)))
IEZEZI —d +tr (Zg(07'5,(0) + (Mo — 1q) Za(®) (o — uq)]

=arg6min§ (1o — 1) 24 (O (o — 1y)]

=arg min% [log
° (25)
=arg6min§ (1o — 1) (02 (6 — 11g)]
=arg min_ = llitg — bl

g 202(t) 70 qll;

From this conclusion, we can see that what we ultimately need to compare are the means of the
two models, where u, is known, and pg is what the model needs to learn. Let's look at the form of

H:

Ar— (1-a¢—q)
o = S + HE %)

In the forward process, both x, and x, are known, and they can be transformed into each other.
The mean of the reverse process, ug(x;,t) ,isafunction of x,. The most general way to model this
is to have a neural network learn the true value of p, directly based on (x,t) , which can obviously
be quite complex. Because if u, and pg are very similar in form, then it would only be necessary
to differentiate between their differences, significantly simplifying the optimization process. A very
natural idea is to let the neural network learn the true value of x,, thatis, x; = fp(x;, t). Therefore,
we model it as:

g = e e @)
t at

We can calculate:

argeminDKL(Q(xt—l | x¢,x0) Il Po(xp—q | xt))

=ar min;[” — ||2]
- (29)

; 2
t—1Pt
T2 (fo e t) = x0)|

|
204 (t)

_ , 1 a1pf _ 2
=arg min s G-aoy? [l foCxe, t) — xl15]

=arg min
]

Up to this point, we can conclude that, in fact, it can be understood as learning to restore the
original image from any step t of noise. In summary, we are now able to solve Equation (20).
However, this conclusion's form does not match the original papers. Go back to Equation (25), and
with the help of Equation (13), we can eliminate x, to get:
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V1P Jar(1-ae_q) x

Pq =" a Xo + 1-a; t
Y e Ve i 2 \/a—t(l—&t—ﬂ
—Lx,
1— at \/_ 1—at
_ v ar-1Pt _I_\/—t(l_at—l) X 1-a;
A-a)ja: 1-a CT e (29)
— (1—at)+at(1—5¥t—1)x _l-ap
(1-ap)/a; b imafa; at\/—
_1- at+at at 1- _l-ae
B (1 G-ana U Ve
1-— at
= TR

Now, we have the neural network learn the noise &; added during the transformation process from

xo 10 x¢, that is, & = fp(x,, t). With this approach, the optimization objective for Equation (24)

can be written as arg mmDKL(q(xt_1 | x¢,x0) |l Po(xp—q | xt)). This formula now matches the
(7]

formula in the original text as Equation (30).

_ 2
[Exo,e [20 2ae(1-ay) |6 - 60(\/_)(0 + — €, t)” ] (30)

The difference between Equation (29) and Equation (27) lies in that one estimates the image, while
the other estimates the noise. However, experiments have shown that estimating the noise yields
better results. At the same time, the original paper mentions that omitting the preceding coefficients
and randomly sampling time ¢ during training can lead to improved generation outcomes. The

formula in the original text is written as: Lgppie (6): = By, e [||e —eg(arxy +/1—a.et) ||2]

3.2. Score-Based Generative Models(SGM)

As mentioned above, the Diffusion Model can be interpreted not only from the perspective of
DDPM but also can be given a fresh interpretation through the Score-based SDE approach.

Note: To be consistent with the literature, here we use sg(x,t) to denote the neural network's
predicted values, rather than fy(x,t). To simplify the notation, Vlogpg (x) is used to represent
V, logpg (x). Also, p(x;8) is equivalent to pgy(x). Start with some conclusions from DDPM.
According to Equation (16), for the forward process:

xe ~q(xe 1 x) = N(xt;\/a:TtxO, 1- &t)l)) (31)

According to Tweedie's Formula, for a Gaussian variable z ~ N(z; u,, Z,), we have the following
conclusion:

p, =z+2,Vlogp (z) (32)
Substituting it into Equation (32), we then have:
J@xo = x + (1— @)V log p (x;) (33)

Expanding Equation (32) yields x, = \/@xo + /1 — @&, 5o let's make an equivalent
transformation for x:

_ xe+(1-apViog p(xy) _ x¢—1-ar&t &t
Xo = \/c_l—t - \/a—t = VlOg p(xt) - \/1——5(15 (34)

Similarly, when we derive the optimization objective in DDPM, we need to first model ,, and
then use a neural network to learn and approximate it. Recall Equation (28) we derived above:
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Hq Jaz ¢ —— t (35)
Using Equation (35) to replace &; allows us to obtain a new modeling approach:
1 1-
Hq = T=Xe + = Viog p(xy) (36)

Similarly, we can model the reverse estimation process as:
1 1-a
Mo = =X+ 2 5o (X0, ) (37)

Re-derive the optimization objective in DDPM, we will introduce the Score-based Generative

Model. Returning to the estimation problem of the data distribution p(x), any probability distribution
e~fo(®

z()

can be represented in a more general form: pg(x) =

This originates from Energy-Based Models. Z(8) = [° ol )dx represents a normalization
constant, to ensure the p.d.f. integral [ pg(x)dx equals 1. The usual estimation method is Maximum
Likelihood Estimation (MLE), but it necessitates considering the denominator first since it is
unknown. How can the effect of this normalization term Z(6) be eliminated? There are the
following methods:

Normalizing flow restricts Zto 1. VAE and GAN do not eliminate Z but directly estimate it
using some measure methods. VAE finds a lower bound of the evidence distance, while GAN directly
uses neural networks to learn the distance metric.

Score-based Generative Model directly eliminates Z by taking the log gradient of p . The
method of Score-based Generative Model is to take the log gradient of Equation (38):

VlOg Pe (.X') = _er (.X') - VlOg Z(B) (Z(B) is independent ofx) = _er (x) (38)

And the optimization process can be directly approximated with a neural network sg(x), by
sampling a variable from the real data p(x), and then taking the log gradient, which provides an
optimization direction:

Ep(o[llse(x) = Viog p(x)ll;]. (39)

In this way, every point in the data space is assigned a score vector, starting from an initial point
and iterating continuously, finally reaching the region where the target data is located. Once we know
this score (the gradient of p(x) with respect to the input x), we can sample data using Langevin
dynamics, the process is:

Xpp1 < Xe + 6Vlog p(x,) +V28¢e, t =0,1,--,T (40)

Where x, isarandom initial point; & is a scale coefficient; &, ~ N(0,I) is a perturbation term
to prevent the sampling result from collapsing to a fixed point. When § is sufficiently small and T
is sufficiently large, the final x is the real data.

Can Equation (39) be optimized? No, because it requires knowing the true data's score function,
which is obviously unattainable. However, other researchers have developed methods for
optimization without knowing the true value as an alternative, collectively known as 'score matching'.
Common methods include denoising score matching and sliced score matching. Although solvable,
it still faces a problem, namely:

Samples in low-density areas are too few, making the estimates for these samples inaccurate, and
the probability of certain sampling points may even be 0. Then taking the logarithm makes no sense,
meaning the training effect will be poor.

How should this problem be solved? Here is a solution provided. Add Gaussian noise. This reduces
the occurrence of zero probability, allowing more samples in low-density areas. Then, determining
the size of the noise becomes the key issue. The current proposal is to add a series of noises of different
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scales, and then train the score matching network of each scale step by step. The specific process is
to introduce a series of noises o/,_,, and then the corresponding noise-perturbed distribution can be
obtained:

Po,(xX0) = [ p(X)N (x;; x,0¢dx (41)

Here, a diagram is used to aid understanding. What we need to train are the arrows in the diagram.
As o0, < g, < g3 increases, the arrows learned become more and more refined. Then Equation (39)
can be rewritten as:

. " n2
arg min iy AOEp,, [lso(x ) = Viog pr (0[] (42)

Where A(t) is a weight vector about t, which implements the training at different noise scales
mentioned earlier. In this setting, Langevin dynamics sampling is also done on a scale basis, but in
reverse, from t =T to t =T —1, and finally to t = 1. Intuitively, high noise provides better
guidance in low-density areas, and low noise provides better guidance in high-density areas, making
the entire sampling process more stable. This perspective better explains the effective principle of the
Diffusion Model, as well as the necessity of the diffusion process and hierarchical noise addition.

What would happen if the aforementioned finite number of steps T were extended to an infinite
number of steps? Because experimental verification has shown that the larger T is, the more
accurate the likelihood estimate and the better the quality of the results. In this way, the perturbation
of data in continuous time can be modeled as a stochastic differential equation (SDE). There are many
forms of SDEs, and one form given by Dr. Song Yang in the paper is:

K=t +gl)w (43)

Here f(-) iscalled the drift coefficient, g(t) is called the diffusion coefficient, w is a standard
Brownian motion, and dw can be viewed as a white noise. The solution to this stochastic differential
equation is a set of continuous random variables x(t), t € [0, T], where t makes the above discrete
form 1,2,...,T continuous. Meanwhile, p,(x) represents the probability density function of x(t),
which corresponds to the earlier po;(x;), po(x) = p(x) is the original data distribution, and
pr(x) = N(0,I) is the final state after noise perturbation, turning into white noise.

Let's look at the connection between DDPM and SDE. Here we use the form of S, and to
distinguish from the subscript t in the formulas below, we rewrite it as subscript i:

x; =1—Bixi_1 +Biei_y, &1 ~N(O,D) (44)

This is a discrete process; how can we make it continuous to get an SDE? The process from x;_;
to x; involves sparsely adjacent variables, and we can make the sparse distribution denser by
dividing the variable index by T (where T tends to infinity), thus changing the variable index from

ie0nl,... Ttote 0,%, % 1. Then do some transfer.
! / ’ 1 1, 1
Xi—1 2 x'(t), g1 2 '(t),x; > x (t + ;),ﬁi - ;ﬁ (t + ;) (45)

In the above transformation, only the last f; is scaled by a factor of N, this is to facilitate the
derivation of At later on. At this moment, At = % S0 now we can rewrite Equation (44):

x' (t + %) = \/1 - %/3' (t + %) X' () + /%ﬁ (t + %) £'(t) (46)
(t + 4t) = /1 — B(t + AD)Atx(t) + /B (t + At)Ate(t) (47)

Using the conclusion of the first-order Taylor expansion v1 —x ~ 1 — g Equation (46) can be
written as:
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x(t + 46y~ [1 - B8 x(e) + Bt + A6)Ate(t)
dx(t)= —@x(t} + B (t)Ate(t) (48)
dx(t)~ — B0 4¢ + [BOVdte(t)

2
Thus, we have derived a result in the form of Equation (43):

&=t O ()

In the previous discrete process, we used Langevin dynamics to generate new samples. Now we
have derived the forward process of the SDE, but to generate samples, we need the reverse process.
Is there a Reverse SDE? Yes! The reverse process of an SDE is still an SDE, and its expression is as
follows:

dx = [f(x,t) — g()*Viog p.(x0)]dt + g(t)dw (50)

The solution to the above equation yields a score-based generative model. The part marked in red
is the score function we discussed earlier, which means the task is indeed to estimate this score
function, consistently training a network to approximate fy(x,t) = Vlogp; (x). Rewriting Equation
(39) under the continuous process:

arg minEreu o Ep. () [A(®)l1s6 (x, t) = Viog pr(x)] (51)

Regarding ordinary differential equations (ODE), the original paper demonstrates the
transformation from SDE to ODE. On one hand, we can utilize more ODE solvers to aid in faster
solving (since ODEs lack randomness, larger step sizes can be used for solving), and on the other
hand, they can help us calculate a more accurate log-likelihood. The ODE corresponding to Equation
(50) is shown as follows:

&= [fe =39 FVlogp, () 4 (52)

From the perspective of DDPM, it's difficult to derive the form of conditional probability, which
complicates representing conditional generation. From the perspective of SDE, this issue can be
effectively addressed. By employing Bayes' theorem:

p)p(y|x) (53)

p(xly) = 22

Taking the partial derivative with respect to x on both sides’ yields:

Viogp (xly) =Vliegp (x) + Viegp (ylx) (54)

The last two terms are score functions that we can estimate, so we can generate p(x|y) through
Langevin-MCMC. To add here: p.(x) or p(x;) represents the marginal distribution at time t.

p(xe) = f p(x: | x0)p(xo)dxo = Ey, [p(x¢ | x0)] (55)
Then

_ thp(xt) _ th]Ex'o[p(xtle)]
Ve log p(Xe) == 05 = oG]

_ Exo[p(x¢1x0) Vi, log p(x¢lxo)]
Eyo [pCxtlxo)]

(56)

The goal is to transform V, logp (x¢) — V,, logp (x¢|xo). Through derivation, it is found to be
a relationship of weighted average, which can also be omitted without affecting the final optimization.

Therefore, the neural network is essentially minimizing |SQ (xp,t) — Vy, logp (xt|x0)|2.
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4. Conclusion

This article has offered a thorough examination of diffusion models from multiple perspectives. It
starts with an autonomous introduction to the three key formulations: DDPMs, SGMs and Score SDEs.
The discussion then shifts to recent advancements aimed at enhancing diffusion models, emphasizing
three principal trends: enhancing sampling efficiency, maximizing likelihood, and developing novel
approaches for data with unique structures. Additionally, the article delves into the relationships
between diffusion models and other types of generative models. The varied applications presented
across numerous fields showcase the broad applicability and potential of diffusion models.
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