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Abstract. Perplex numbers are an extension of the real numbers, consisting of pairs of real numbers 

that form a commutative ring. This article considers the partial order structure of perplex numbers 

and discusses the concept of perplex interval. Based on the definition of integration of perplex 

functions of perplex variable, this article we investigate the first mean value theorem of integral in 

perplex plane which can significantly enrich the mathematical toolbox by providing essential methods 

for estimating and approximating perplex number functions. It also simplifies the solution of complex 

integral problems involving perplex numbers and fosters theoretical extensions by exploring the 

behavior of perplex number functions under various conditions. This, in turn, promotes the 

development of perplex calculus, enhancing the overall theoretical and practical framework of 

perplex number analysis. In physics, particularly in relativity, studying the first mean value theorem 

for perplex numbers can provide more precise methods for describing and estimating physical 

quantities, enhancing the application of hyperbolic numbers in these fields.  
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1. Introduction 

Perplex numbers also called hyperbolic number are commutative rings with zero factors generated 

by two real numbers. Dating back to 1986, P. Fjelstad [1] introduced perplex numbers to extend 

special relativity. After this, the hyperbolic plane was also studied, for example in [2]. Starting with 

the definition of perplex number , many properties of perplex analysis, for example in[3,4]. 

M.E. Luna-Elizarrarás et al. [5] revealed the partial order structure of hyperbolic numbers. In 2016, 

A. S. Balankin et al.[6] defined the hyperbolic intervals. In 2020, Saini et al. [3]discuss some 

properties of linear functionals on topological hyperbolic and topological bicomplex modules. In 

2022, M. E. Luna-Elizarrarás [7] introduced the integration of functions of hyperbolic variable.  

Some progress has also been made in application of perplex number. Tellez G. [8] extend shannon 

entropy and the chaos game algorithm to perplex numbers plane. In 2021, Soykan [9] further 

developed the concept of generalized hyperbolic Jacobi Stahl-Lucas numbers to investigate their 

characteristics and examine how they are connected to hyperbolic Jacobi Stahl-Lucas numbers. 

In calculus, the mean value theorem of integrals provides an effective way to understand 

relationships between function values and their integral, for example in[10-12], 

Based on the above research, this paper proves the first mean value theorem of integral in perplex 

plane. This will give impetus to the theory of integration in perplex analysis. 

2. Preliminaries 

The set of perplex numbers ℙ also called split complex numbers is defined as  

ℙ = {𝑐 = 𝑎 + 𝑏ℎ|𝑎, 𝑏 ∈ ℝ , ℎ2 = 1}                   (1) 

Consider the addition and multiplication of perplex numbers, for any 𝑐1 = 𝑎1 + 𝑏1ℎ and 𝑐2 =
𝑎2 + 𝑏2ℎ ∈ ℙ: 
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Let                         ℎ+ =
1+ℎ

2
 , ℎ− =

1−ℎ

2
 

then ℎ+ℎ− = 0                                                 (4) 

 ℎ+
2 = ℎ+                                                    (5) 

 ℎ−
2 = ℎ−                                                    (6) 

and 

𝑐 = 𝑎 + 𝑏ℎ = (𝑎 + 𝑏)
1+ℎ

2
+ (𝑎 − 𝑏)

1−ℎ

2
  for any 𝑐 = 𝑎 + 𝑏ℎ ∈ ℙ. 

Thus ℎ+ =
1+ℎ

2
,ℎ− =

1−ℎ

2
 is the base of ℙ and every perplex numbers can also be expressed as 

𝑢ℎ+ + 𝑣ℎ− where 𝑢, 𝑣 ∈ ℝ. 

Addition and multiplication operations of the perplex numbers also have definitions in these new 

coordinates. 

For𝑐1 = 𝑢1ℎ+ + 𝑣1ℎ−, 𝑐2 = 𝑢2ℎ+ + 𝑣2ℎ− ∈ ℙ 

 𝑐1 + 𝑐2 = (𝑢1 + 𝑢2)ℎ+ + (𝑣1 + 𝑣2)ℎ−                                    (7) 

 𝑐1𝑐2 = (𝑢1𝑢2)ℎ+ + (𝑣1𝑣2)ℎ−[14],[15].                                   (8) 

Definition 1: The non-negative perplex number and non-positive perplex number (see Figure 1)is 

defined as following: 

 ℙ+ = {𝑐 = 𝑢ℎ+ + 𝑣ℎ−|𝑢 ≥ 0, 𝑣 ≥ 0}                                    (9) 

and 

 ℙ− = {𝑐 = 𝑢ℎ+ + 𝑣ℎ−|𝑢 ≤ 0, 𝑣 ≤ 0}                                   (10) 

 

Figure 1. the sets ℙ+ and ℙ− 

Definition 2[16]:If 𝑢1 ≥ 𝑢2 and 𝑣1 ≥ 𝑣2 which means 𝑐1 − 𝑐2 ∈ ℙ+  ,we say that 𝑐1 is ℙ -

greater than 𝑐2  noted by 𝑐1 ≽ 𝑐2 . If 𝑢1 ≤ 𝑢2and 𝑣1 ≤ 𝑣2  which means 𝑐1 − 𝑐2 ∈ ℙ−  ,we say 

that 𝑐1 is ℙ -greater than 𝑐2 noted by 𝑐1 ≼ 𝑐2. 

Definition 3[16]: closed perplex interval [𝑐1, 𝑐2]ℙ (see Figure 2)is defined by 

[𝑐1, 𝑐2]ℙ = {𝑐 ∈ ℙ|𝑐1 ≼ 𝑐 ≼ 𝑐2} 
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Figure 2. The perplex interval [𝑐1, 𝑐2]ℙ 

The relevant concepts as following: 

(i) 𝑐 ∈ ℙ+if and only if 𝑐 ≽ 0. 

(ii) 𝑐 ∈ ℙ−if and only if 𝑐 ≼ 0. 

(iii) 𝑐 ∈  ℙ+ − {0}if and only if 𝑐 ≻ 0. 

(iv) 𝑐 ∈  ℙ− − {0}if and only if 𝑐 ≺ 0. 

Definition 4: 𝑚 = 𝑖𝑛𝑓
𝑐∈[𝑐1,𝑐2]ℙ

𝑓(𝑐) is the infimum of 𝑓(𝑐) if the followings hold. 

(i) For any 𝑐 ∈ [𝑐1, 𝑐2]ℙ , we have that 𝑚 ≼ 𝑓(𝑐). 

(ii) For every 𝜀1, 𝜀2 > 0, we have that 𝑚 ≽ 𝑓(𝑐) − 𝑐𝜀where 𝑐𝜀 = 𝜀1ℎ+ + 𝜀2ℎ−. 

Definition 5: 𝑀 = 𝑠𝑢𝑝
𝑐∈[𝑐1,𝑐2]ℙ

𝑓(𝑐) is the supremum of 𝑓(𝑐) if the followings hold. 

(i) For any 𝑐 ∈ [𝑐1, 𝑐2]ℙ , we have that 𝑀 ≽ 𝑓(𝑐). 

(ii) For every 𝜀1, 𝜀2 > 0, we have that 𝑀 ≼ 𝑓(𝑐) + 𝑐𝜀where 𝑐𝜀 = 𝜀1ℎ+ + 𝜀2ℎ−. 

Define 𝑓(𝑐) = 𝑓1(𝑎, 𝑏) + 𝑓2(𝑎, 𝑏)ℎ is a perplex valued function on [𝑐1, 𝑐2]ℙ. 

Lemma 1 [17]: The perplex valued function 𝑓 is 𝐶ℓ0,1-differentiable at 𝑐0 if and only if 

 
𝜕𝑓1

𝜕𝑎
=

𝜕𝑓2

𝜕𝑏
 and  

𝜕𝑓2

𝜕𝑎
=

𝜕𝑓1

𝜕𝑏
                                        (11) 

Lemma 2 [17]: If 𝑓 is 𝐶ℓ0,1-differentiable function in ℙ, then𝑓(𝑐) can also be expressed as 

𝑓ℎ+
(𝑢)ℎ+ + 𝑓ℎ−

(𝑣)ℎ− where 𝑓ℎ+
, 𝑓ℎ−

:ℙ → ℙ and 𝑓: ℙ × ℙ → ℙ. 

Then the perplex integration of 𝐶ℓ0,1-differentiable function 𝑓 on [𝑐1, 𝑐2]ℙ is defined as  

 𝐼 = ∫ 𝑓(𝑐)
𝑐∈[𝑐1,𝑐2]ℙ

⊗ 𝑑𝑐     𝑑𝑐 = (𝑑𝑎, 𝑑𝑏)                                  (12) 

Where 𝑐 = 𝑎 + 𝑏ℎ. 

According to [11] and lemma 1, the integration of 𝑓(𝑐) on [𝑐1, 𝑐2]ℙ is also 

 ∫ 𝑓(𝑐) ⊗ 𝑑𝑐
𝑐∈[𝑐1,𝑐2]ℙ

= ℎ+ ∫ 𝑓ℎ+
(𝑢)𝑑𝑢 +

𝑢2

𝑢1
ℎ− ∫ 𝑓ℎ−

(𝑣)𝑑𝑣
𝑣2

𝑣1
                         (13) 

Where 𝑐 = 𝑢ℎ+ + 𝑣ℎ−. 
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3. First mean-value theorem for the integral in ℙ 

Theorem(First mean-value theorem for the perplex integrals in ℙ):Let the function 𝑓, 𝑔 is 

𝐶ℓ0,1 -differentiable over the interval [𝑐1, 𝑐2]ℙ  ,𝑚 = 𝑖𝑛𝑓𝑐∈[𝑐1,𝑐2]ℙ 𝑓 (𝑥) ,𝑀 = 𝑠𝑢𝑝𝑐∈[𝑐1,𝑐2]ℙ 𝑓 (𝑥). If 

𝑔(𝑐) ≽ 0 holds for any 𝑐 ∈ [𝑐1, 𝑐2]ℙ , then  

 ∫ [𝑓(𝑐)𝑔(𝑐)] ⊗ 𝑑𝑐
𝑐∈[𝑐1,𝑐2]ℙ

= 𝑘 ∫ 𝑔(𝑐) ⊗ 𝑑𝑐
𝑐∈[𝑐1,𝑐2]ℙ

                              (14) 

Where 𝑘 ∈ [𝑚, 𝑀]ℙ. 

 
Proof: Firstly we prove that  

 𝑚𝑔(𝑐) ≼ 𝑓(𝑐)𝑔(𝑐) ≼ 𝑀𝑔(𝑐)                                      (15). 

Let 𝑚 = 𝑢1ℎ+ + 𝑣1ℎ− , 𝑀 = 𝑢2ℎ+ + 𝑣2ℎ−  and 𝑓(𝑐) = 𝑓ℎ+
(𝑢)ℎ+ + 𝑓ℎ−

(𝑣)ℎ− , 𝑔(𝑐) =

𝑔ℎ+
(𝑢)ℎ+ + 𝑔ℎ−

(𝑣)ℎ−. 

Then we have that 𝑢1 ≤ 𝑓ℎ+
(𝑢) ≤ 𝑢2,𝑣1 ≤ 𝑓ℎ−

(𝑢) ≤ 𝑣2and 𝑔ℎ+
(𝑢) ≥ 0,𝑔ℎ−

(𝑢) ≥ 0.  

Thus 

1 1

( ) ( ) ( ( ) ( ) )( ( ) ( ) )

( ) ( ) ( ) ( )

( ) ( )
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h h h h
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+ +

+ +

+

− −

− −

−

−

−+

+

−

−

+ += + +

= +

+
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2 2

( ) ( ) ( ( ) ( ) )( ( ) ( ) )

( ) ( ) ( ) ( )

( ) ( )

( )

h h h h

h h h h

h h
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mg c

+ +

+ +

+

− −

− −

−

−

−+

+

−

−

+ += + +

= +

+

=

 

Therefore 

 𝑚𝑔(𝑐) ≼ 𝑓(𝑐)𝑔(𝑐) ≼ 𝑀𝑔(𝑐)                                        (16) 

We next prove that 

𝑚 ∫ 𝑔(𝑐) ⊗ 𝑑𝑐
𝑐∈[𝑐1,𝑐2]ℙ

≼ ∫ [𝑓(𝑐)𝑔(𝑐)] ⊗ 𝑑𝑐
𝑐∈[𝑐1,𝑐2]ℙ

≼ 𝑀 ∫ 𝑔(𝑐) ⊗ 𝑑𝑐
𝑐∈[𝑐1,𝑐2]ℙ

  (17) 

Since 
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, ] , ][ [1 2 1 2
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1

,1 ]2
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

+
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−
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+
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 



 

 

We have that   

∫ [𝑓(𝑐)𝑔(𝑐)] ⊗ 𝑑𝑐
𝑐∈[𝑐1,𝑐2]ℙ

= ℎ+ ∫ 𝑓ℎ+
(𝑢)𝑔ℎ+

(𝑢)𝑑𝑢 +
𝑢2

𝑢1

ℎ− ∫ 𝑓ℎ−
(𝑣)𝑔ℎ−

(𝑣)𝑑𝑣
𝑣2

𝑣1

 

≽ ℎ+ ∫ 𝑚𝑔ℎ+
(𝑢)𝑑𝑢 +

𝑢2

𝑢1

ℎ− ∫ 𝑚𝑔ℎ−
(𝑣)𝑑𝑣

𝑣2

𝑣1

 

= ℎ+ ∫ (𝑢1ℎ+ + 𝑣1ℎ−)𝑔ℎ+
(𝑢)𝑑𝑢 +

𝑢2

𝑢1

ℎ− ∫ (𝑢1ℎ+ + 𝑣1ℎ−)𝑔ℎ−
(𝑣)𝑑𝑣

𝑣2

𝑣1

 

= (𝑢1 ∫ 𝑔ℎ+
(𝑢)𝑑𝑢)ℎ+ +

𝑢2

𝑢1

(𝑣1 ∫ 𝑔ℎ−
(𝑣)𝑑𝑣

𝑣2

𝑣1

)ℎ− 

= 𝑚 ∫ 𝑔(𝑐) ⊗ 𝑑𝑐
𝑐∈[𝑐1,𝑐2]ℙ

 

And 

∫ [𝑓(𝑐)𝑔(𝑐)] ⊗ 𝑑𝑐
𝑐∈[𝑐1,𝑐2]ℙ

= ℎ+ ∫ 𝑓ℎ+
(𝑢)𝑔ℎ+

(𝑢)𝑑𝑢 +
𝑢2

𝑢1

ℎ− ∫ 𝑓ℎ−
(𝑣)𝑔ℎ−

(𝑣)𝑑𝑣
𝑣2

𝑣1

 

≼ ℎ+ ∫ 𝑀𝑔ℎ+
(𝑢)𝑑𝑢 +

𝑢2

𝑢1

ℎ− ∫ 𝑀𝑔ℎ−
(𝑣)𝑑𝑣

𝑣2

𝑣1

 

= ℎ+ ∫ (𝑢2ℎ+ + 𝑣2ℎ−)𝑔ℎ+
(𝑢)𝑑𝑢 +

𝑢2

𝑢1

ℎ− ∫ (𝑢2ℎ+ + 𝑣2ℎ−)𝑔ℎ−
(𝑣)𝑑𝑣

𝑣2

𝑣1

 

= (𝑢2 ∫ 𝑔ℎ+
(𝑢)𝑑𝑢)ℎ+ +

𝑢2

𝑢1

(𝑣2 ∫ 𝑔ℎ−
(𝑣)𝑑𝑣

𝑣2

𝑣1

)ℎ− 

= 𝑀 ∫ 𝑔(𝑐) ⊗ 𝑑𝑐
𝑐∈[𝑐1,𝑐2]ℙ

 

Therefore  

 𝑚 ∫ 𝑔(𝑐) ⊗ 𝑑𝑐
𝑐∈[𝑐1,𝑐2]ℙ

≼ ∫ [𝑓(𝑐)𝑔(𝑐)] ⊗ 𝑑𝑐
𝑐∈[𝑐1,𝑐2]ℙ

≼ 𝑀 ∫ 𝑔(𝑐) ⊗ 𝑑𝑐
𝑐∈[𝑐1,𝑐2]ℙ

              (18) 

Let 𝑘 ∈ [𝑚, 𝑀]ℙ 

 ∫ [𝑓(𝑐)𝑔(𝑐)] ⊗ 𝑑𝑐
𝑐∈[𝑐1,𝑐2]ℙ

= 𝑘 ∫ 𝑔(𝑐) ⊗ 𝑑𝑐
𝑐∈[𝑐1,𝑐2]ℙ

                                 (19) 

4. Conclusions 

This article investigates the theorem of integral in perplex plane. Perplex numbers are commutative 

rings with zero factors generated by two real numbers. This article gets the first mean value theorem 

of integrals in perplex plane, which will provide the basis for the further application of integral theory 

in perplex plane. It provides a powerful method for dealing with the integration, estimation and 

approximation of perplex number functions. The behavior characteristics of perplex number function 

under different conditions can be discussed, and the theoretical framework of hyperbolic number 

analysis can be enriched. What’s more, perplex numbers play an important role in modeling relativistic 

effects such as Lorentz transformations and relativistic velocity superpositions. By applying the first 

mean value theorem of integrals, these transformations can be estimated more accurately, leading to 

more precise predictions and calculations in relativistic dynamics. 
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