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Abstract. Consider the following semiparametric regression model for longitudinal data with p-
mixing errors: Y;; = X{B + g(t;;) + ;i = 1,..,n j=1,..,m;, where, the response variable Y;; and

. : . T .
the covariate vector X;;eRP taken from the i-th subject at time t;;, X;; = (xijl, ...,xi]-p) . {ejj} isthe p-
mixing random variables, Ee;; = 0. We establish a strong consistency for the least squares estimator

of the parametric B and the estimator of the non-parametric function g(-) under some mild
conditions.
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1. Introduction

Longitudinal data refers to the data obtained by observing the same group of subjects several times
at different times. Longitudinal data incorporate cross-sectional data and time series data. Therefore,
the structure of longitudinal data is more complex and the data dimension is higher. Longitudinal data
are a common type of data in biological and economic applications. Generally, the observations of
different individuals are independent of each other. However, different observations of the same
individual are often correlated.

Consider the following partial linear regression model for longitudinal data:

Yij = XEB + g(tll) + €ij i=1,..,n ] =1, ..., m;, (1)

Where, (Xj;, tj;) € RP X R are known fixed design points. Without loss of generality, we assume
t;;e[0,1]. Assume that observations from different observing individuals are independent of each

other, but observations from the same individual are interdependent. g(-) is the unknown smooth
function, Bis the unknown p-dimensional parameter. The observations are obtained from n subjects
and for the i-th subject with m; observations over time. We assume that n can be sufficiently large
and {m;} is a sequence of positive integers.

Model (1) combines the features of parametric and nonparametric models, so it has stronger
interpretability. Considering that the random errors are independent and identically distributed in
model (1), Gao and Chen, et al. [1] estimated g(-) by kernel method and Nearest-neighbor method,
and estimated the parameter (3 by least weighted square method, and proved the asymptotic
normality of the estimator. Hu and Wu [2] obtained the strong convergence rate of the estimator by
using the wavelet estimation when the random errors were NA random sequences. In addition, some
scholars have studied the partial linear regression model for longitudinal data. Tian and Xue [3]
studied the estimation of the unknown parameter  and the unknown function g(:) inthe model (1)
with independent and identically distributed errors. Zhou and Lin [4, 5] gave the estimator by
weighted least squares method and proved the strong consistency of the estimator under the random
errors as martingale difference, @ — mixing and p — mixing sequence.
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In this paper, it is assumed that there are p —mixing correlations among different observations of
the same individual, that is, we consider the error in model (1) as p —mixing.
{X,,n € N} be a sequence of random variables defined on the fixed probability space(Q, ﬂl P),

o — fields fs- o(X,ieScN), FFlk=0(X;,i<k), F}¥ =0X;i=k+n), S; = 1 1 X,
X[, = (E|X|p)P. F, R are fixed o — fileds in A. Let
p(F, R)= sup{lcorr(X, )|:X € L, (), Y € L,(R)} )
Where corr(X, Y) represents the correlation coefficient of random variables X,Y. For n > 0, Let
p(n)——sup p ((FY, Fis, €)
p(p) = sup {p(Fs.R1)}:S, T are finite subsets of N, s.t. dist(S, T) = n}, €))

Where, dist(S,T) represents the distance between S and T.
0<p(n+1)<pm) < 1,p0) = 1. 5)

Definition 2.1 [8]: Let {X,,n > 1} be a sequence of random variables. {X,,n > 1} is said to be
p — mixing, if p(n) - 0,n - oo; {X,,n > 1} is called p — mixing, or weakly dependent, if there
exists ny > 1, s.t. p(ny) < 1, then.

The p — mixing sequence was first proposed by Kolmogorov and Rozanov [6] in 1960, which
aroused the research of many scholars and obtained a series of achievements. The p —
mixing sequence was first proposed by Bradley (1990) [7], which is a generalization of the p —
mixing sequence. Wang, et al [8] pointed out that the condition of p — mixing sequence is weaker
than that of p — mixing sequence, SO p — mixing is a more extensive dependent sequence, and the
study has important theoretical significance and practical value. Many scholars have studied p —
mixing sequence and obtained a series of research results, such as: Sung [9, 10] and Wu, et al [11]
studied the complete convergence of p — mixing random variables. Wu [12, 13]studied the strong
convergence of p — mixing sequence, etc.

Wang, et al [8] studied the strong convergence, r-th (r > 2) mean consistency and complete
consistency for the estimators of semiparametric regression model based on weakly dependent errors.
On the basis of this literature, this paper considers a partial linear regression model for longitudinal
data, and proves the strong consistency of the estimator and the convergence rate.

2. Main Result

To obtain the estimators of the unknown parameter  and the unknown function g(-) in model
(1), we first assume that the parameter [ is known, then model (1) can be regarded as a
nonparametric regression model Y;; — X%B = g(tij) +e; i=1,..,n j=1,.,m;. Using the
method of probability weight function, we can get a preliminary estimate of g(-) as:

go(t: B) = =1 Zml W nij (t) (Yl] XEB) ’ (6)

Where W,;;(t), t € [0,1] is probability weight function. Next we estimate 8 by weighted least
squares

Bn = argénmz 12 LYy — XEB — 8oty ) (7

For convenience, let X;; = X;; — Yoy X Wora (¢6) Xiw Vij = Yij — Ziey 212y W (87) Yiar-
The estimator of parameter 8 is

B _(Z 1Zml X Xl] ) 1Zml X Y (3
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Substitute Equation (8) into Equation (6), we get
8n(t,B) = Bo(t Bn) = Xik1 X2 Wiy () (Y — X{jBn). ©)

Denote Sj = 1Zm1 Xi; X ,g(t) = g(D) — Tho1 T2t Wiga (0 g(ta).

To obtain the results of this paper, we give the followmg appropriate conditions:
A1 (i) {e;,1 <j<m;} isa p— mixing sequence, Ee; =0,i=1,...n.

A2 (i) max ml—o(n5)0<8<— r> 2.

1<1<n

N( 5= =Y, where, Y isa positive definite matrix, N(n) = };iL; m;

(iii) g( ) satisfies the first-order Lipschitz condition.
A3 (i) ZiL; B Wy (0 = 1, te [0,1].

1

(ii) sup max Wm](t) (n 2).
osts1 151
1<]<m1

1
(iii) sup i 1Zm‘ Whii (D) I(|t1] t| > an) = 0(b,) where b, = n"3logn.
(iv) sup

s[5 52 08 =00
(v) Vs, t € [0,1], umformly for maxm; [Wp;;(t) — Wy;i(s)| < Clt—s|.

1<isn,1<jsmj
Remark 1: When many scholars study longitudinal data, they often limit the number of repeated
observations of each individual to a finite number of times, that is, restrict {m;} to be a bounded
sequence of positive integers. The constraint on {m;} in A1 (ii) is weaker, and m; can also be
sufficiently large.
Theorem 2.1 Let {e;;, 1 <j <m;} bea § — mixing sequence, Ee;; = 0,i = 1,..n. Ja > 3s.t.
max E(|e;|*) <C a.s.

1<i<n,
1<j<mj
Suppose that conditions (A1)-(A3) hold, we have
~ 1
||Brl — B” =0 (n 3logn) (10)
Theorem 2.2 Under the same assumptions in Theorem 2.1, we have
1
sup [ (t) —g(0)| = O (n"3logn). (1)
0<t<1

3. Several technical lemma
Lemma 3.1 Suppose Al(i) holds. Let « > 1,0 <r < a and

1
’ =
ejj = el <|ei]-| < slrmi),
" I .1 _1
ejj = e — ej; = el (eij > £1rmi> + eyl (eij < —81rmi),

ve > 0,if max Ele;|* < C, a.s., we have
1<isn

1<j<mj
ZZ|e | <o as.

i=1 j=
Proof: it can be obtained by simple calculation referring to Lemma 3.1 in Ref.[5].

Lemma 3.2 Let {e;,1<j<m;} be a §— mixing sequence, there is a constant M > 0,
s.t.]ej| <M, for 0 <x< ﬁ we have
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(eXp( Ayt ei,-)) < exp (1(1 +xM)x? XL, T Eeijz).
Proof: First prove that E(exp (xejj)) < exp (- (1 + xM)x2Ee;?) is established

E(exp(xeu)) ke oE((Xl:”) ) <1+ E(X 61]2) ( Xl\:[ + X:!AZ + )
E(ej?) (xM)?2 | (xM)® | (xM)*
szlj[; (X2! + X3! + X4! + )

E(ej;” XM_1_xM
=1+ %(eXM —1—xM) <exp (E(eijz)%)

<1+

< exp (3 (1 + xM)x?Ee;?) (12)

The Iast inequality holds for |xM| < 2. According to the definition of p — mixing sequence,
12 1€ Isalsoa p — mixing sequence, so Lemma 3.2 is proved. m

Lemma 3.3 Suppose {eu' 1<j<m } bea p — mixing sequence, and there is a constant a > 3,
s.t. sup Ele;|* < C < oo. Suppose ay;;(t) satisfy

i1,
1<j<m;j
(i)3C¢; >0,C, > 0,s.t. for vt € [0,1] and sufficiently large n, have
1
LS any() < G, A any (007 < C
1<]<m1
(ii) 3 constant C5 s.t. Vs, t € [0,1] has max |an;j(t) — ap;(s)| < C3 [s—t|, then when n is
1<jsmy

sufficiently large, we have

i _1
i=1 erill anij(t) eij| = 0(n slogn) a.s. n - oo,

sup
o<t=<1
Lemma 3.3 is a generalization of Lemma 2 in the Ref. [14]. Compared with the original lemma,

the lemma here is appllcable to longitudinal data Furthermore, this lemma weakens the conditions
from max ap;; (t)n3 <C(C, to max am](t)nz < C,. Lemma 3.3 is a generalization of the original

1<]<m1 lstmi
lemma.
Proof: Denote B,(t) = {;12].“:“1 anij(t) ej5, Byp = sup [B,(t)|. Forvn, 3 0(n?) small fields

0<t<1
Dy; with radius n? covering [0, 1], let the center of Dy is Sy, then for vt € [0, 1], there is some

Spj = Sn(t),s.t.t € Dy;.
B, = sup |Bn(t)| sup |Z 121 1an1](t) el]l = Sup
0<t=<

*‘_12?“_“ anj(©) (&5 — efp)|

0sts1 0<t<1
+Os<l’i£)1 12] 1(an1] - anl](s (t)))elj| + Sup |2 anl] (S (t))(eu Eeu)|
+05<l:£)1 |Z 12 (anij ) — anij(Sn (t)))Eeij| +Os<l:£)1 i=1 Zj:ll Anij (3] E(eij - eij)|
= Bln + BZn + B3n + B4—n + BSn (13)
Denote ejj = e;; — ej;. From Lemma 3.1 we know YIL, %™ [eff| < o a.s.
Bln = OSlip in=1 Z] nl](t) (e )|
_1
< OSlip max |am](t)| 2 12 = (n 2) a.s.. (14)
- 15]5mi

258



Highlights in Science, Engineering and Technology IFMPT 2022
Volume 31 (2023)

B2n = OS<lip ?zl Zp;il(anij (t) - anij (Sn(t)))e{j|
< sup max|am](t) am](S (t))| ] 1ell
ost<1 L)
) 1 _2
<C; |t—S, f’zlzjnzlll e{j| =0 (n25+F_2) =0 (n 3) a.s.. (15)
Similarly, we can get:
2
Bsn =0(n3) a.s. (16)
Bsn = OSUP =1 Zjn:lil anij(t) E(e{j - eij)|
1
< OS<UP ik 12 ' lanii(®) | - Elegi|1(ey;] > eirmy))
t< B 5
< sup {nax |an1](t)|2 12 (slrmi) Eleijl3
Ost<1 1<j<m;
_1 1 3
< C3n"2e7?n3n" %% max Ele;|
1<i<n
1<j<m;
1
Take € = n" s, then
1
Bsn = 0(n"2). (17)

We next prove:
i ! ! —1
L1 Xim anij(Sa () Cefy — Eei]-)| =0 (n 3log n).
13
Denote Wign) = niz max |anij(w)| - ap;;(w) (efj — Eejj), u € Dp(Sa(D),

1<j<my

B3, = sup
0<t<1

13 2 3 3
M = 2n12 max ,Xx=0C5"n 4grggflanij(u)|) ,a, = n4logn max |anij(u)|.

1sj<m; 1sj<m; 1<j<m;
Apparently {Wiﬁn), 1<j<m} is a p—mixing sequence. From Lemma 3.2,
P(ZL: X2 an(w)(ej; —Eefj) > C5n_§logn)
( Zm‘ W(n) > C5an)
< exp (—Csa,x)Eexp(x XL Zml W(“))
< exp(—CsayXx) - exp (% (1 + xM)x? 12“‘1 Ew(n) )

< exp| —Csapx + Cgx?n? max |am](u)| Y 1Zm‘ Eellz(am](u))

1<]<ml

< exp| —CsC;ogn + C,C;1C, max Ee;?

1<j<mj
=exp| C¢C51C, max Eej;? |n Cz. (18)

1<j<mj

Using symmetry, we get
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1 _Gs
P( inzlzjrrzlil anij (W (ej; — Ee{]-) < —Cgn"3logn) < exp| C,C3'C, max Ee;? |n C.  (19)
1<j<m;
Combining equation (18) and equation (19), we can get
i ! ! —l
P(OS<1t1p1 L1 Yo anij(Sa®) Cefy — Eei]-)| > Csnzlog n)
< P( 12 am](S (t))(eu Eeu)| > Csn™ 3logn)
< 2}1:1 ( i=1 ijl anij(Sn(t))(eij - Eeij)| >Csn's 108 n)
_Cs
< Cn3n Ca. (20)

Choose an appropriately large Cc , according to the Borel-Cantelli lemma, B;, =
1
0 (n_§ log n) a.s..Together with equations (3.3) - (3.6), Lemma 3.3 is prove.m
Remark: If {a,;(t),1 <i<n,1<j<m} isaconstant sequence Lemma 3.3 still holds.

4. Proof of Theorems
4.1. Proof of Theorem 2.1

En - B ( 1Zm1 X X ) 1Zml Xl] (Yl] X};B)
- S nl 2 1Zml X1] [eI] Zkzlz nkl (tij)ekl + g(tij)]

2 -1 Xij X
- (%) (X5 121 1N(:1) ij — 2 ] 1N(,]1) (Zk 12 Whik (tij)ekl)

+ 20 12, 1 N(lrll) ~(t1]) ]=Din + D3y + D3y (21)
From condition A2(ii),we know

1

N(n) ”Xu” o(1), (22)
1

max . ||X1]|| =0 (N(H)E)- (23)

1<jsm;y

By Lemma 3.3 and (4.2)-(4.3), we get
-1 Xl
ID1nll = (N( )) 12] 1N(r]1) ij

X 1
1D ik 'Lg")' 1]| 0(n"slogn). (24)

S Xij

-1
ID2nll = —(@) =1 2t v (ZR=1 212 Whia (ti5)era)

< Cmax [|Zho; 2 Wo (ti) eral| 2y Jm.llll\i_irjll)l

1<i<n,
1<j<mj

=0 (n_é log n). (25)

1
Take b, = n"3logn, from condition A2(iii) and A3(iii)
sup ()| =sup |g(t) — Thoy oy Wi (D8(tw)|

0<t<1 0<t<1
< (S)outp TRt 2 Waig (0 (g(0) — g(ti))1(It — tig| > by)|
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+ sup |Zk 121 1 Whia (t)(g(t) g(tkl))l(lt_tkll < bn)l

0<t<1

= gutp | TRt T Woia (LIt — tig] - It = tig] > by)|
<t<

+ gutpl |Zhet T2 Wiga (DLt — tig] - (It — tig| < by)|
<ts

=0 (n_é log n). (26)

Ry - 3 IRy 1
Dan = (k) [Zim S ()] = C mae Ja(e) S 2 Bl = 0 (w5 10gn). (09
1<j<mj

Theorem 1 is proved.m

4.2. Proof of Theorem 2.2

TI, M Wy (0 (Y — XTB,) g(r)|—sup

sup. 18, (0 — g = sup. T T Wo (DX (B — Ba) + 2y T2 Wi (Dey; — g(t)| <

sup. D ik 1Wm,(t)XT(B Bn) +sup. Lo Wm](t)e,]| +Sup|E(D] = Eqn () + Ezn (1) + sy (0. (28)
From Lemma 3.3 we get
E1n(®) = sup [S1 B2 Wy (OX[(B = Bo)| < sup [|Ziy B2 Way X 18 = Ball = 0 (n7 logn). (29)

1
According to Lemma 2.5 and equation (26), we can get E,,(t) = O(n_Elogn),E3n(t) =

1
0 (n‘E log n). Together with equation (29), equation (11) is established. m
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