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Abstract. This paper considers a bipartite graph where a perfect matching does not necessarily 
exist. Linear programming is used in this paper as a special case of the linear program is the 
assignment problem, which is another name for the weighted maximum matching problem. The 
objective is to show that linear programming, in particular the simplex algorithm, can be used to 
calculate maximum weight matchings and minimum weighted vertex covers. This study also 
calculates and shows the equivalence of the maximum matching and minimum vertex cover 
cardinalities, and uses linear programming duality to present its relevance to König's theorem. Finally, 
Hall’s marriage theorem is used to explicitly prove the absence of a perfect matching in particular 
graphs. There exist many algorithms developed over the years that are designed to solve maximum 
matching problems in polynomial time, but the simplex method is one of the oldest and simplest 
algorithms to understand in solving these problems. 
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1. Introduction 

This paper focusses on the mathematical topic of graph theory, specifically a type of graph called 

a bipartite graph, where all the vertices can be split into two disjoint sets of vertices such that each 

vertex in any set are only connected to vertices of the opposite set. Bipartite graphs are useful as they 

have applications in advertising and e-commerce for ranking. They are also used to predict 

preferences and cancer detection [1].  

Matching and vertex cover problems are among the most significant problems within graph theory, 

and they have many applications within optimization problems and modelling real life situations. 

Maximum matching problems are used for assignment with maximized scores [2]. Other applications 

for matchings include scheduling in packet switches, max flow problems and the travelling salesman 

problem [3]. There are applications for vertex covers in biochemistry, and solving computer security 

problems or SNP assembly problem [4].  

The minimum vertex cover problem is a known NP-hard problem, while the maximum matching 

problem is also NP-hard in hypergraphs [5, 6]. This paper will focus on the maximum matching and 

minimum vertex cover problems for bipartite graphs specifically, as both of them are solvable in 

polynomial time. In a study by Hung, the assignment problem can be solved with at most 𝑛3𝑙𝑛∆ 

pivots, where ∆ is the difference between the optimal point and the initial point [7]. There are also 

several theorems regarding bipartite graphs, two of which are stated and studied in this paper. The 

purpose of this paper is to demonstrate the correctness of König's and Hall’s Theorem. 

This paper utilizes the simplex algorithm to solve these linear programs. From studies conducted 

by Tanaka, it is possible to use the incidence matrix of the bipartite graph to formulate a linear 

program [8]. However, this is not by any way the fastest algorithm to find a solution. For example, 

one of the earliest algorithms used is the Hungarian algorithm [9], which has a worse case time 

complexity of 𝑂(𝑛3) . Newer algorithms include deleting constraints, performing a Lagrange 

relaxation to reduce the problem into a 0-1 knapsack problem or performing a Lagrange 

decomposition [10]. The Ford-Fulkerson algorithm used for computing flow problems can also be 

implemented as the matching problem is just a particular case of the minimum flow problem. 
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2. Methodology 

2.1. Terminology, Definitions and Theorems 

This paper requires the use of some definitions and theorems that are specifically stated below 

with technical terminology. 

Definition 1 (bipartite graph): A bipartite graph, also known as a bigraph, is a special type of graph 

where the vertices can be separated into two disjoint sets such that every edge connects vertices from 

opposite sets [11].  

Definition 2 (matching, vertex cover): A matching in a graph is a subset of edges, such that no two 

edges connect to the same vertex. A vertex cover in a graph is a subset of vertices that touches every 

edge collectively [12]. 

In this paper, we are less concerned with the rigorous proofs of the theorems stated below, instead, 

we use strong duality of linear programming to show the validity of said theorems. Proofs of the two 

theorems can be found in [13, 14]. 

Theorem 1 (König): Consider any bipartite graph 𝐺 =  (𝑉, 𝐸) where V is the vertex set of the 

graph and E is the edge set of the graph. Then the maximum matching and minimum vertex cover of 

G have equal size [2, 13]. 

Theorem 2 (Hall): Let 𝐺 =  (𝑉, 𝐸) be a bipartite graph where the vertex set 𝑉 is divided into 

two disjoint sets  𝑋 and 𝑌. For any subset 𝑇 ⊆  𝑋, the neighbourhood 𝑁(𝑇) ⊆  𝑌 of T is defined 

as the set 𝑁(𝑇)  =  {𝑤 ∈  𝑌 ∶  {𝑣, 𝑤}  ∈  𝐸 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑣 ∈  𝑇} . If for every 𝑇 ⊆ 𝑋 , |𝑁(𝑇)|  ≥
 |𝑇| holds, then G has a matching that encompasses all of X's vertices. [2, 14]. 

Hall’s theorem first defines the neighbourhood of any subset T as the subset of vertices within Y 

that are connected to the vertices in T. Then if for every possible subset of vertices in X, the size of 

the neighbourhood is larger than the original subset T, then there exists a perfect matching in the 

original bipartite graph. 

2.2. Maximum Weighted Matching 

Consider any general bipartite graph. The ultimate goal of a maximum weighted matching is to 

arrive at the best assignment that maximizes efficiency, which is measured as the greatest sum of 

edge weights that is included within the matching. An application for a matching in such a graph may 

be for assignment, where people have to be assigned to positions, and their suitability for the specific 

positions is denoted by the weights of the edges.  

Thus, in the linear program, the variables would be the edges: whether the edge would be included 

within our assignment or not (the objective function (3)), and the constraints would be the vertices, 

as every vertex can only accommodate a maximum of 1 edge (constraint matrix (4)). 

Technical terminology must be introduced to construct this problem into a linear program. There 

exists a bipartite graph G with vertex set 𝑉 = 𝑋 ∪ 𝑌 and edge set E. For each edge 𝑖 in E, let 𝑤𝑖 

denote its weight. The subset of edges in the matching will be denoted as M. Introduce variables 𝑥𝑖 

for every edge 𝑖 defined as 1 if edge 𝑖 is included in this matching and 0 otherwise. This is shown 

in equation (1). 

𝑥𝑖 = {
1 𝑖𝑓 𝑖 ∈ 𝑀
0 𝑖𝑓 𝑖 ∉ 𝑀

                                 (1) 

The objective function is to maximize the total weights of all the edges that we include in M, 

shown in equation (2). With this, it is then possible to write the whole integer linear program. 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒  𝑧 = ∑ 𝑤𝑖𝑥𝑖𝑖∈𝐸                                                                  (2) 

Where w = the weights of all edges 𝑖 in edge set 𝐸. 

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜        ∑ 𝑥𝑖𝑖∈𝑗 ≤ 1, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑗 ∈ 𝑉                                       (3) 

𝐵𝑜𝑢𝑛𝑑𝑠:           𝑥𝑖 ∈ {0,1}                                                                (4) 
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The simplex method for solving linear programs can only be used where variables can take all real 

values within a certain interval, so we must perform a LP relaxation, by allowing 𝑥𝑖 to take all real 

values between 0 and 1. Because every solution to the integer program is also a solution to the LP 

relaxation, the answer to this LP relaxation is always an upper bound on the original integer program. 

In fact, because of the integral flow theorem, if the LP relaxation has a feasible solution, then there 

must exist an integral optimal solution [8]. The purpose of this work does not extend to the proofs of 

this theorem. 

The LP relaxation program for a general bipartite graph would use the same old objective function 

(2) and constraints (3), but relaxing the bounds to 0 ≤ 𝑥𝑖 ≤ 1 instead. 

Finding the size of a maximum weightless matching would use the same constraints in equation 

(3), but ignoring the weights in the objective function, using equation (5) as the new objective function. 

Maximize z =  ∑ xii∈E                              (5) 

2.3. Minimum weighted vertex cover 

The minimum weighted vertex cover problem follows a similar procedure, by first taking a general 

bipartite graph. The goal is to identify the smallest group of vertices that collectively touch every 

edge, which can be quantified as the smallest sum of weights in the vertex cover. It is then possible 

to formulate this problem as a linear program, by letting the vertices be the variables and letting the 

edges be the constraints, as every edge must touch at least 1 chosen vertex. 

Again, technical terminology is introduced to define the integer program. There exists a bipartite 

graph G with vertex set 𝑉 = 𝑋 ∪ 𝑌 and edge set E. The subset of vertices in the vertex cover is 

denoted as N. For every vertex 𝑖 in V, let 𝑤𝑖 denote its weight. Introduce variables 𝑦𝑖 defined as 1 

if vertex 𝑖 is included in our vertex cover and 0 otherwise, shown in equation (5). 

𝑦𝑖 = {
1 𝑖𝑓 𝑖 ∈ 𝑀
0 𝑖𝑓 𝑖 ∉ 𝑀

                                (6) 

The objective function (6) is to minimize the total weights of vertices that we include in N. The 

whole integer linear program is stated below. 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑧′ = ∑ 𝑤𝑖𝑦𝑖𝑖∈𝑉                            (7) 

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜        ∑ 𝑦𝑖 ≥ 1, 𝑓𝑜𝑟 𝑎𝑙𝑙𝑖∈𝑗  𝑗 ∈ 𝐸                                                    (8) 

𝐵𝑜𝑢𝑛𝑑𝑠:           𝑦𝑖 ∈ {0,1}                                                                 (9) 

where w = the weights of all vertices i in vertex set V. 

Again, a LP relaxation is required for the same reasons stated in 2.2, yielding the general linear 

program with same objective function (7), same constraints (8) but bounds 0 ≤ 𝑦𝑖 ≤ 1. Finding the 

minimum weightless vertex cover would use the same constraints in equation (8), but again ignoring 

the weights in the objective function, using equation (10) as the new objective function. 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 𝑧 =  ∑ 𝑦𝑖𝑖∈𝑉                             (10) 

2.4. Neighborhoods 

Hall’s theorem defines the neighbourhood 𝑁(𝑇) ⊆  𝑌 of T for a set 𝑇 ⊆  𝑋, as the set 𝑁(𝑇)  =
 {𝑤 ∈  𝑌 ∶  {𝑣, 𝑤}  ∈  𝐸 for some 𝑣 ∈  𝑇}. It is feasible to use an algorithm to go through all potential 

subsets 𝑇 ⊆  𝑋 for relatively small graphs and calculate the size of the subsets T and N(T), even if 

the algorithm had exponential time complexity. The overview of the algorithm is shown in the 

flowchart in Figure 1. 
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Fig. 1 Flowchart of Hall’s theorem algorithm 

3. Results and Discussion  

3.1. Linear Programming 

Because all the constraints are linear, vertex cover and matching problems in bipartite graphs may 

be resolved using linear programming: in the matching problem, the constraints are that every vertex 

can accommodate for a maximum of one edge; and every edge must touch at least one vertex for the 

vertex cover problem. 

This original program is an integer linear program, which is a NP-complete problem. Performing 

a LP relaxation does help reduce the integer program into a normal linear program, but there exist 

optimal solutions to this linear program that include fractional values for the variables, which makes 

it inapplicable to the integer program. However, this issue may be overcome by demonstrating the 

incidence matrix of the bipartite graph's total unimodularity. 

Definition 3 (totally unimodular): Every square submatrix of a matrix with determinant 0, 1, or -1 

is said to be totally unimodular. 

This total unimodularity can be proved by induction. Consider a 𝑛 ×  𝑛 submatrix of the original 

matrix. When n = 1, the determinant is trivially 1 or 0. When n > 1, every column has at most 2 ones, 

as every edge connects with exactly 2 vertices. Therefore, we can split this problem into 3 cases. 

Firstly, there may exist a column with 0 ones. Then the determinant of this submatrix is 0. Secondly, 

there may exist a column with 1 one. Then by performing the Laplace expansion, We discover that 

the (𝑛 − 1) ∗ (𝑛 − 1)  submatrix's determinant and this submatrix's determinant share the same 

absolute value, which is 0, 1 or -1 by induction. Lastly, the final possibility is that every column has 

2 ones. As every row in the incidence matrix corresponds to an edge connecting with exactly 2 

vertices, It implies that adding up all the rows corresponding to vertices in X and in Y are identical, 

equal to {1,1,…,1}. A similar argument can be said for the columns in the incidence matrix. Therefore, 

there exists linear dependency in the incidence matrix, so the determinant of the matrix is 0. 

By Cramer’s rule, if the incidence matrix of the bipartite graph is totally unimodular, then there 

exists an integral optimal feasible solution. A similar conclusion can be derived from the integral flow 

theorem. 

3.2. Maximum weighted matching of a specific graph  

The bipartite graph in Fig. 2 is considered, where vertices are split into two groups X and Y (shown 

by top and bottom), and connected by some set of edges E with various weights 𝑤𝑖. 
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Fig. 2 Initial Bipartite graph 

To find the maximum weighted matching of this particular graph, the notation and method in 2.2 

is used to formulate the integer program. By enumerating all the edges from left to right order 𝑖 ∈
{1,2, … 17}, it is possible to expand the objective function and constraints. 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒  𝑧 = ∑ 𝑤𝑖𝑥𝑖𝑖∈𝐸                                                                        (11) 

𝑊ℎ𝑒𝑟𝑒 𝑤 = [10, 5, 8, 9, 9, 6, 4, 8, 4, 2, 7, 7, 9, 7, 5, 3, 5]. 
𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜        𝑥1 + 𝑥2 ≤ 1                                    𝑥1 + 𝑥3 ≤ 1 

                            𝑥3 + 𝑥4 + 𝑥5 + 𝑥6 ≤ 1                 𝑥4 + 𝑥10 + 𝑥14 ≤ 1 
                            𝑥7 + 𝑥8 + 𝑥9 ≤ 1                           𝑥5 + 𝑥7 ≤ 1 
                            𝑥10 + 𝑥11 ≤ 1                                 𝑥2 + 𝑥8 ≤ 1  

                            𝑥12 + 𝑥13 ≤ 1                                 𝑥12 + 𝑥16 ≤ 1 
                            𝑥14 + 𝑥15 ≤ 1                                 𝑥11 + 𝑥13 + 𝑥15 + 𝑥17 ≤ 1 

                           𝑥16 + 𝑥17 ≤ 1                                 𝑥6 + 𝑥9 ≤ 1                                      (12) 

𝐵𝑜𝑢𝑛𝑑𝑠:           𝑥𝑖 ∈ {0,1}                                                               (13) 

Using the simplex method on the LP relaxation program with objective function (11) and 

constraints (12) but with bounds 0 ≤ 𝑥𝑖 ≤ 1 returns the solution 𝑥1, 𝑥5, 𝑥8, 𝑥11, 𝑥12, 𝑥14 = 1 and 

setting every other variable to 0, with the objective function maximized at 48. This optimal solution 

is presented visually in Figure 3. 

Finding the cardinality of the maximum matching (weightless) follows a similar procedure, by 

solving the same program while ignoring the weights of the edges (modifying the objective to ∑ 𝑥𝑖𝑖∈𝐸  

as shown in equation (5)). In both cases, the cardinality of the maximum matching is 6. 

 

Fig. 3 Maximum weighted matching calculated by simplex method 

3.3. Minimum weighted vertex cover of a specific graph   

The exact same graph is used for the minimum weighted vertex cover problem, except weights are 

added to all of the vertices, as shown in Figure 4. 
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Fig. 4 Bipartite graph with weighted vertices 

To determine this graph's smallest weighted vertex cover, the notation and method in 2.3 is used 

to formulate the integer program. By enumerating all the vertices from left to right order (𝑖 ∈
{1,2, … 14}, it is possible to expand the objective function and constraints. 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑧′ = ∑ 𝑤𝑖𝑦𝑖𝑖∈𝑉                                                           (14) 

𝑊ℎ𝑒𝑟𝑒 𝑤 = [12, 9, 8, 4, 3, 7, 6, 4, 8, 7, 3, 8, 15, 2] 
𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜        𝑦1 + 𝑦8 ≥ 1                              𝑦4 + 𝑦9 ≥ 1 
                            𝑦1 + 𝑦11 ≥ 1                            𝑦4 + 𝑦13 ≥ 1 
                            𝑦2 + 𝑦8 ≥ 1                              𝑦5 + 𝑦12 ≥ 1 
                            𝑦2 + 𝑦9 ≥ 1                              𝑦5 + 𝑦13 ≥ 1 
                            𝑦2 + 𝑦10 ≥ 1                            𝑦6 + 𝑦9 ≥ 1 
                            𝑦2 + 𝑦14 ≥ 1                            𝑦6 + 𝑦13 ≥ 1 
                            𝑦3 + 𝑦10 ≥ 1                            𝑦7 + 𝑦12 ≥ 1 
                            𝑦3 + 𝑦11 ≥ 1                            𝑦7 + 𝑦13 ≥ 1 

𝑦3 + 𝑦14 ≥ 1                                                                 (15) 

𝐵𝑜𝑢𝑛𝑑𝑠:           𝑦𝑖 ∈ {0,1}                                                           (16) 

Again, a LP relaxation is required to use the simplex method. Thus, solving the linear program 

with objective function (14) and constraints (15) but with modified bounds 0 ≤ 𝑦𝑖 ≤ 1 using the 

simplex method returns the solution 𝑦4, 𝑦5, 𝑦6, 𝑦7, 𝑦8, 𝑦9, 𝑦10, 𝑦11, 𝑦14 = 1, and all other variables set 

to 0, with the objective function minimized at 44. This solution found by the simplex method is shown 

visually in Figure 5. 

 

Fig.5 Minimum weighted vertex cover 

It is evident that the cardinality of this vertex cover (9) is much larger than what was expected 

from the previous matching problem, considering the same graph has been used. In fact, if the 

restriction of weights were removed (by only considering ∑ 𝑦𝑖𝑖∈𝑉  as the objective function), the 

simplex algorithm returns a much simpler vertex cover, of size 6, as shown in Figure 6. 
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Fig. 6 Minimum weightless vertex cover 

The optimal solution for the minimum weightless vertex cover is 𝑦1, 𝑦2, 𝑦3, 𝑦9, 𝑦12, 𝑦13 = 1, every 

other variable being equal to 0 and the objective is minimized at 6. 

3.4. König’s theorem   

By using linear programming, we found that the cardinality of both the maximum matching and 

minimum vertex cover (unweighted) of the graph in Figure 1 is 6. This corresponds with König’s 

theorem as these sizes are actually equal. 

It was established in earlier sections that resolving the matching or vertex cover problem's LP 

relaxation is sufficient to yield an optimum solution to the initial integer program. We see that after 

dropping the integrality constraints on the two integer programs, the programs are dual to each other. 

Therefore, we can use strong duality. 

Definition 4 (Strong duality in linear programming): If two programs are dual to each other, 

exactly one of four possibilities will occur. 

Firstly, both programs don’t have feasible solutions. Secondly, the primal program is unbounded 

and the dual program is infeasible. Thirdly, the primal program is infeasible and the dual program is 

unbounded. Finally, both programs are feasible. If this is the case, then they both have an optimal 

solution which are equal to each other. By strong duality, we can then deduce that if the programs 

have an optimum, then the optimal solutions are equal to each other. 

3.5. Hall’s Theorem   

Through using code from any programming language to run the algorithm visually presented in 

Figure 6 (from section 2.4), the result of a perfect matching not existing in the original bipartite graph 

in Figure 1 will be returned. This is because the subset {4, 5, 6, 7} in X only corresponds to a 

neighbourhood {b, e, f}. Therefore, because of the existence of a subset T which has size (4) greater 

than its neighbourhood N(T) (3), Hall’s theorem states that there does not exist a perfect matching 

within this graph. Figure 7 presents the case where the neighbourhood of T is smaller than the subset 

T. 

 

Fig. 7 Visualisation of T and N (T) 
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4. Conclusion 

In conclusion, maximum matching and minimum vertex cover problems in bipartite graphs may 

be directly solved using linear programming, especially with the simplex method, in polynomial time. 

The results gathered from these direct computations also show that König’s and Hall’s theorem in 

fact do hold, with regards to a specific balanced bipartite graph with 14 vertices. 

With regards to practical uses, the assignment and vertex cover problems have very specific 

applications, but the simplex method may be too inefficient to deal with bipartite graphs are larger 

size. Moreover, the methods discussed in this paper cannot be applied to general graphs. Therefore, 

future studies can investigate other more efficient methods stated in the introduction to reach faster 

results, and also study applying these methods to general graphs. 
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