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Abstract. Complex analysis is a subfield of mathematical analysis that focuses on the operations of 
complex numbers. The theory of functions of a complex variable is another name for it. Holomorphic 
functions, is the key object studied in the filed of complex analysis. These functions can be 
differentiated, have negative values, and are defined on the complex plane. Some of the ideas, 
concepts, and techniques frequently utilized in research include the residue theorem, Cauchy 
integral formula, Laurent series expansion, etc.In particular, algebraic geometry, fluid dynamics, 
quantum mechanics, and other related sciences have made substantial use of complex analysis in 
mathematics, physics, and engineering over the years. Girolamo Cardano and Raphael Bombelli, 
two Italian mathematicians, initially recognized complex numbers while attempting to solve a 
particular algebra in the 16th century, while Cauchy and Riemann further improved it in the 19th 
century.This essay explores the arithmetic features of complex numbers firstly. Secondly, a thorough 
interpretation of the characteristics of holomorphic functions is provided. Finally, using power series 
methods, the holomorphic function on the disc is characterized. 

Keywords: complex numbers, holomorphic function, power series. 

1. Introduction  

A branch of mathematical analysis called complex analysis studies the functions of complex 

numbers. It is also sometimes referred to as the theory of functions of a complex variable. Complex 

analysis has been used extensively in mathematics, physics, and engineering over the years, 

particularly in the areas of algebraic geometry, fluid dynamics, quantum mechanics, and other related 

fields. It dates back to the 16th century, when Italian mathematicians Girolamo Cardano and Raphael 

Bombelli first noticed complex numbers while attempting to solve a particular algebra, and was later 

developed by Cauchy and Riemann in the 19th century[1-18]. In the sixteenth century, complex 

numbers were first studied. Girolamo Cardano discovered complex numbers in 1535 when he used 

an equation to get the square root of a negative number. Cardano, however, stopped researching this 

root[1-15]. Over the following 150 years, researchers focused on the distinction between this negative 

number's root and the typical root and attempted to depict this peculiar root on the coordinate axis. In 

the disciplines of algebra and geometry, "imaginary number" has now been differentiated for the first 

time from "real number." Over the following years, the definition of complex numbers was refined. 

The set of the complex number is x+iy [1-18]. People use this set to represent a number z, which is 

z=x+iy ∈ C. In this equation, x represents the real point, y represents the imaginary point, and i=√(-

1).   

Holomorphic functions, is the key object studied in the filed of complex analysis. These functions 

can be differentiated, have negative values, and are defined on the complex plane. Some of the ideas, 

concepts, and techniques frequently utilized in research include the residue theorem, Cauchy integral 

formula, Laurent series expansion, etc. Complex analysis has a wide range of uses and is essential to 

many other branches of physics and mathematics. encompassing applied mathematics, fluid dynamics, 

thermodynamics, and electrodynamics. Real function differentiability is easier to verify than 

complicated function differentiability. A power series, for instance, may be used to represent every 

open disk of every regular function in its domain. 
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2. Main works 

2.1. Complex Number and Complex Plane 

For these three operations, addition and multiplication are relatively simple in real numbers 

because they along with 𝑖2=-1, and in complex numbers, they are associative and admit identities (0 

and 1, respectively), admit inverse -z and 
1

𝑧
 (for z≠ 0), and satisfy the distributive law. Give some 

examples of the distributive law 

                                                      𝑧 + 𝑤̅̅ ̅̅ ̅̅ ̅̅ = 𝑧̅ + 𝑤̅                             (1) 

                              𝑧𝑤̅̅ ̅̅ = 𝑧̅ ∙ 𝑤̅                     (2) 

                            Re(z)=
1

2
(𝑧 + 𝑧̅)                     (3) 

                            Im(z)=
1

2𝑖
(𝑧 − 𝑧̅)                       (4) 

                              |𝑧| = (𝑧 ∙ 𝑧̅)
1

2                               (5) 

1

𝑧
=

𝑧̅

|𝑧|2
 is the last identity for all 𝑧, 𝑤 ∈ 𝐶  (𝑧 ≠ 0), which also derives by “conjugating the 

denominator ” 

                                             
1

𝑥+𝑖𝑦
=

1

𝑥+𝑖𝑦

𝑥−𝑖𝑦

𝑥−𝑖𝑦
=

𝑥−𝑖𝑦

𝑥2+𝑦2 =
𝑥+𝑖𝑦̅̅ ̅̅ ̅̅ ̅

|𝑥+𝑖𝑦|2
                   (6) 

From the identities shown before, it is clearly derive the value of |𝑧𝑤|2 

              |𝑧𝑤|2 = (𝑧𝑤) ∙ (𝑧𝑤̅̅ ̅̅ ) = 𝑧𝑤𝑧̅𝑤̅ → |𝑧𝑤| = |𝑧||𝑤|                (7) 

Also, because 𝑧𝜖𝐶, if z is real, 𝑧̅ = 𝑧, and if z is imaginary, 𝑧̅ = −𝑧. In the coordinate plane, to 

show the complex number. X-axis and y-axis respectively represent real axis and imaginary axis. 

Moreover, z is the coordinate point, and x, y in the equation are its coordinate. Thus, coordinate plane 

is called the complex plane. According to the prior R²’s distance formula, |𝑧| means the distance 

from z to the origin point. Likewise, |𝑧 − 𝑤| means the distance from z to w. Additionally, the 

operations of multiplication and addition are visualized in this way. Especially for multiplication, it 

needs to be described by polar coordinates and transit for C. For instance 

|
𝑧

|𝑧|
| = |𝑧| ∙ |

1

|𝑧|
| = |𝑧| ∙

1

⌈𝑧⌉
= 1                         (8) 

In the coordinate plane with the circle with an original central point, 𝜃 ∈ ℛ, so that  

                        
𝑧

|𝑧|
= cos 𝜃 + 𝑖 sin 𝜃                             (9) 

𝑧

|𝑧|
 can also be written as 𝑒𝑖𝜃. Then, it can be derived to get  

                                𝑧 = |𝑧|𝑒𝑖𝜃                                (10) 

This is the polar form of z. The angle 𝜃 ∈ ℛ (0 ≤ 𝜃 ≤ 2𝜋) is the argument of z, which is devoted 

arg z. By the polar form and distributive law,  

                𝑧𝑤 = |𝑧|𝑒𝑖∙𝑎𝑟𝑔𝑧 ∙ |𝑤|𝑒𝑖∙𝑎𝑟𝑔𝑤 = |𝑧𝑤| ∙ 𝑒𝑖(𝑎𝑟𝑔𝑧+𝑎𝑟𝑔𝑤)            (11) 

Therefore, the distance from 𝑧 to 𝑧𝑤 consists of rotating counterclockwise by 𝑎𝑟𝑔 𝑤 scaling z 

by 

|𝑤|. As same as 𝑧 to iz, 𝑎𝑟𝑔 𝑖 =
𝜋

2
. Above all, complex conjunction  

𝑥 + 𝑖𝑦̅̅ ̅̅ ̅̅ ̅̅ = 𝑥 − 𝑖𝑦                              (12) 

Is the reflection of the real axis. 2×2 matrices can prove the existence of i 
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     𝑖 = (
0 1

−1 0
) ∈ 𝑀2(ℛ)                            (13) 

                     𝑖2 = (
−1 0
0 −1

) = −1 ∙ (
1 0
0 1

)                        (14) 

Thus, a formula is summarized by this 

               {(
𝑥 0
0 𝑥

) + 𝑖 (
𝑦 0
0 𝑦

) : 𝑥, 𝑦 ∈ ℛ} = {(
𝑥 𝑦

−𝑦 𝑥) : 𝑥, 𝑦 ∈ ℛ}           (15) 

Owing to the meaning of absolute value in the coordinate plane, there is a triangle inequality 
|𝑧 + 𝑤| ≤ |𝑧| + |𝑤|. Likewise ||𝑧| − |𝑤|| ≤ |𝑧 − 𝑤|, accordingly 

                     |𝑅𝑒(𝑧)| ≤ |𝑧| and |𝐼𝑚(𝑧)| ≤ |𝑧|                    (16) 

The sequence (𝑧𝑛)𝑛∈𝑤∁ 𝐶 converges to 𝑤 ∈ 𝐶, if lim
𝑛→∞

|𝑧𝑛 − 𝑤| = 0, in which case, it writes  

                           lim
𝑛→∞

𝑧𝑛 = 𝑤                               (17) 

And w is called the limit of the sequence. In other words, (𝑧𝑛)𝑛∈𝑤∁ 𝐶 converges to w if ∀𝜀 >
0 ∃ 𝑁 ∈ 𝑁 so ∀𝑛 ≥ 𝑁 |𝑧𝑛 − 𝑤| < ℇ because  

                 |𝑅𝑒(𝑧)|, |𝐼𝑚(𝑧)| ≤ |𝑧| = (𝑅𝑒(𝑧)2 + 𝐼𝑚(𝑧)2)
1

2                     (18) 

Then 

               lim
𝑛→∞

𝑧𝑛 ⇔ lim
𝑛→∞

𝑅𝑒(𝑧𝑛) = 𝑤  𝑎𝑛𝑑 lim
𝑛→∞

𝐼𝑚(𝑧𝑛) = 𝑤                    (19) 

There is an important sequence—Cauchy sequence. The particular formula of this sequence is  

                              |𝑧𝑛 − 𝑧𝑚| < 𝜀                               (20)  

Cauchy is a convergent sequence. Since the term is close to the limit and eventually each other, it 

turns out the converse is true. By the Cauchy sequence converge, complex numbers are complete. If 

(𝑍𝑛)𝑛∈𝑁𝜖𝐶 as the Cauchy sequence, from |𝑅𝑒(𝑧)|, |𝐼𝑚(𝑧)| ≤ |𝑧|, (𝑅𝑒(𝑧𝑛))𝑛∈𝑁, (𝐼𝑚(𝑧𝑛)𝑛∈𝑁) ∈ 𝑅 

are also Cauchy sequences. At this point, real numbers are complete, and both imaginary and real 

parts, so it defines w=x+iy. Then, 

                     lim
𝑛→∞

|𝑧𝑛 − 𝑤| = lim
𝑛→∞

((𝑅𝑒(𝑧𝑛) − 𝑥)2 + (𝐼𝑚(𝑧𝑛) − 𝑦)2)
1

2 = 0              (21) 

Above this, (𝑍𝑛)𝑛∈𝑁𝜖𝐶 converge to w. 

The open disc of radius r centered at 𝑧0 is 

                   𝐷𝑟(𝑧0) ≔ {𝑧 ∈ 𝐶||𝑧 − 𝑧0| < 𝑟}                     (22) 

for 𝑧0 ∈ 𝐶 𝑎𝑛𝑑 𝑟 > 0, but the close disc is 

                         𝐷𝑟̅̅̅̅ 𝑧0 = {𝑧 ∈ 𝐶||𝑧 − 𝑧0| ≤ 𝑟}                       (23) 

And the circle of the radius r centered at 𝑧0 is 

                       𝐶𝑟(𝑧0) ≔ {𝑧 ∈ 𝐶||𝑧 − 𝑧0| = 𝑟}                       (24) 

For the topological properties, r can identify complex plane, and it has same notions of 

convergence and distance, but the limitation is that those properties are transaction from r to complex 

number. Ω⊂ 𝐶 is opened. Follow this, if all 𝑧 ∈ 𝛺 that r>0, then 

                               𝐷𝑟(𝑧) < 𝛺                               (25) 

However, if Ω’s complement Ω2 =
𝐶

Ω
, Ω is closed. There are some important points to remember. 

The first one is that both C and 𝜙  are open and closed. Next one is that 



Highlights in Science, Engineering and Technology TPCEE 2022 

Volume 38 (2023)  

 

133 

{𝑥 + 𝑖𝑦 ∈ 𝐶|𝑥 ≥ 0 𝑎𝑛𝑑 𝑦 > 0} is neither open nor closed. The last one is that 𝐷𝑟(𝑧0)is open and 

𝐷𝑟̅̅̅̅ (𝑧0) is close, and any 𝑧 ∈ 𝐶 𝑎𝑛𝑑 𝑟 > 0. Then, when 𝑧 ∈ 𝐷𝑟(𝑧0), 𝐷𝑟−|𝑧−𝑧0|
(𝑧) < 𝐷𝑟(𝑧0), and 

when 𝑧 ∈ 𝐷𝑟̅̅̅̅ (𝑧0), 𝐷𝑟−|𝑧−𝑧0|
(𝑧) < 𝐷𝑟̅̅̅̅ 𝑧0

0. Thus, open or closed is not a dichotomy, and sets can be 

open, close, either, or neither. It can also check if the sets is open or not by the definition. One of the 

ways to check it is that if any convergent sequence 𝑧𝑛𝑛∈𝜔
< Ω one has lim

𝑛→∞
𝑧𝑛 ∈ Ω, then the set 

Ω < 𝐶. This is because that if set Ω is closed and 𝑧𝑛𝑛∈𝑁
⊂ Ω be a convergent sequence. In 𝜔 ≔

lim
𝑛→∞

𝑧𝑛  (r>0), because Ω∁  is open, if 𝜔 ∉ Ω , 𝐷𝑟(𝜔) ⊂ Ω∁ . Let 𝑁 ∈ ℕ  be such that for 𝑛 ≥

𝑁, |𝑧𝑛 − 𝜔|. Then, form 𝑧𝑛 ∈ 𝐷𝑟 (𝜔) ⊂ Ω∁ to 𝑧𝑛 ⊂ Ω. Therefore, contradicting 𝜔 ∈ Ω.  

Moreover, some important closed and open sets are combined to Ω ⊂ 𝐶. In this formula, 𝑧 ∈ 𝐶 

is interior point of Ω that r>0, then 𝐷𝑟(𝑧) ⊂ Ω. The set of all interior points of Ω is denoted Ω. 

Also, if 𝑧𝑛𝑛⊆𝑁
⊂

Ω

{𝑧}
 with lim

𝑛→∞
𝑧𝑛 = 𝑧, z is limit point of Ω. The closure of Ω is also its union, 

limit point, and is denoted Ω̅. Lastly, the boundary of Ω is 𝜕Ω ≔
Ω̅

Ω𝜊.  

Ω ⊂ C is bonded is based on Ω ⊂ 𝐷𝑅(𝜊), if |𝑧| ≤ 𝑅(R>0) for all 𝑧 ∈ Ω. If Ω is bonded, the 

diameter shows that 𝑑𝑖𝑎𝑚(Ω) ≔ |𝑧 − 𝑤|𝑧,𝑤∈Ω
𝑠𝑢𝑝

  which can also be said it is compact if Ω is either 

closed or bonded. This might be different in different definitions, but in complex plane, they are 

equivalent. In another situation of Ω ⊂ C is an open cover, which is {𝑈𝑖 ⊂ Ω|𝑖 ∈ 𝐼} of open sets 

satisfying  

                             ⋃ 𝑈𝑖 ⊃ Ω𝑖∈𝐼                               (26) 

A subcover is a subcollection, {𝑈𝑖|𝑖∃𝐽, 𝐽 ⊂ 𝐼} is still covers Ω. Also, in this formula, every 

sequence 𝑧𝑛𝑛∈𝑁
⊂ Ω has a subsequence 𝑧𝑛𝑘∈𝑁

 converging to a point Ω, and every open cover 

{𝑈𝑖 ⊂ 𝐶|𝑖 ∈ 𝐼}  of Ω  has a finite subcover {𝑈𝑖1, 𝑈𝑖2, … , 𝑈𝑖𝑛} . However, Ω ⊂ C  can be 

disconnected with open sets 𝑈1, 𝑈2 ⊂ 𝐶, which respectively satisfying 𝑈1 ∩ 𝑈2 = 𝜙. It can also be 

connected, which is called region in open set in complex number. In Ω ⊂ C, if 𝑧, 𝑤 ∈ Ω, the path 

from z to w in the Ω is continuous that 𝑓: [𝑧, 𝑤] → Ω. Ω is path connected in z and w. therefore, 

being open is a necessary hypothesis in these properties. The topologists’ comb in the above example 

is connected but not open and one can show it is not path connected.  

2.2. Functions on the Complex Plane 

Functions are always considered to satisfy continuity or differentiability. As continuous, in 𝑓: Ω →
𝐶(𝜀 > 0) when Ω < 𝐶 is continuous at 𝑧0 ∈ Ω. Also, when 𝑧 ∈ Ω satisfies |𝑧 − 𝑧0| < 𝛿, 𝛿 > 0 

has existed. Then, there is |𝑓(𝑧) − 𝑓(𝑧0)| < 𝜀, which 𝑓 is continuous on Ω if it is continuous at 

every 𝑧0 ∈ Ω either. In the same way, 𝑓 is continuous to 𝑧0 if for any sequence (𝑧𝑛)𝑛∈𝑁 < Ω 

converging to 𝑧0 , the sequence (𝑓(𝑧0))𝑛∈𝑁 . As maximum or minimum, in 𝑓: Ω → 𝐶 , f attains 

maximum or minimum at 𝑧0 ∈ Ω  if |𝑓(𝑧)| ≥ |𝑓(𝑧0)|𝑜𝑟 |𝑓(𝑧)| ≤ |𝑓(𝑧0)|  for all 𝑧 ∈ Ω . The 

theorem is a useful method to analyze the features of compact sets.  

A continuous function can be bonded and attained extreme values on a compact set Ω < 𝐶. Let 

Ω < 𝐶 be an open set in function 𝑓: Ω → 𝐶, then 𝑓 is holomorphic at 𝑧0 ∈ Ω if  

                      lim
𝐶∋ℎ→0

𝑓(𝑧0+ℎ)−𝑓(𝑧0)

ℎ
                             (27) 

exists. In addition, if 𝜔 ∈ 𝐶  exists, for all 𝜀 > 0, 𝛿 > 0 has existed. So whenever ℎ ∈\{0} 
satisfies |ℎ| < 𝛿 then one has 𝑧0 + ℎ ∈ Ω and 

                           |
𝑓(𝑧0+ℎ)−𝑓(𝑧0)

ℎ
− 𝜔| < 𝜀                          (28) 

In this case, 𝑤 is the derivative of 𝑓 at 𝑧0 and write 𝑓′(𝑧0) ≔ 𝑤. From this formula, if 𝑓 is 

holomorphic on Ω, then all of f are holomorphic at every 𝑧0 ∈ Ω. 𝑓 is entire holomorphic when it 

is on 𝐶 , and a function on a closed subset ∨⊂ Ω either, if it is holomorphic on some open set 
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containing 𝑉. Definition of differentiability for real-valued functions relates to this theorem. By 

contrast, the definition which is mentioned is more explicitly because if 𝑓 is holomorphic on an open 

set then it is infinitely differentiable there. Thus, this is because ℎ is allowed to approach 0 from any 

path whereas for functions on 𝑅 which has ℎ ↓ 0 and ℎ ↑ 0. For example, 𝑓(𝑧) = 𝑧 is entire and 

its derivative is 𝐼, then 

                     |
𝑓(𝑧0+ℎ)−𝑓(𝑧0)

ℎ
| = |

𝑧0+ℎ−𝑧0

ℎ
− 1| = 0                    (29) 

Moreover, for any 𝑎0, … , 𝑎𝑛 ∈ 𝐶, the polynomial 𝑝(𝑧) = 𝑎0 + 𝑎1𝑧 + ⋯+ 𝑎𝑛𝑧
𝑛 is entire with 

𝑝′(𝑧) = 𝑎1 + ⋯+ 𝑛𝑎𝑛𝑧
𝑛−1. This follows from 𝑓′(𝑧) = 𝐼. 

To satisfy that 𝑓: Ω → 𝐶 is holomorphic, only if there exists 𝑎 ∈ Ω and 𝑟 > 0 so that for |ℎ| <
𝑟 

                 𝑓(𝑧0 + ℎ) = 𝑓(𝑧0) + 𝑎ℎ + ℎ𝜓(ℎ)                    (30) 

Where 𝜓:𝐷𝑟(0){0} → 𝐶 satisfies 𝜓(ℎ) → 0 as h → 0. If 𝑎 = 𝑓′(𝑧0) in this case and choose 

𝑟 > 0 so that 𝐷𝑟(𝑧) < Ω, and then there is a set 

                       𝜓(ℎ) ≔
𝑓(𝑧0+ℎ)−𝑓(𝑧0)

ℎ
− 𝑓′(𝑧0)                      (31) 

Because ℎ ∈ 𝐷𝑟(0)\{0}, lim
ℎ→0

𝜓(ℎ) = 0 become holomorphic at 𝑧0 obey the definition of 𝑓. 

Let 0 < 𝛿 < 𝑟 be such that |𝜓(ℎ)| < 𝜀 for |ℎ| < 𝛿 by given 𝜀 > 0, the |ℎ| < 𝛿 implies 

                       |
𝑓(𝑧0+ℎ)−𝑓(𝑧0)

ℎ
− 𝑎| = |𝜓(ℎ)| < 𝜀                      (32) 

This also means that if it is holomorphic at a point, which is also continuity at the same point 

             |𝑓(𝑧0 + ℎ) − 𝑓(𝑧0)| = |𝑓′(𝑧0) + 𝜓(ℎ)| ∙ |ℎ|ℎ → 0⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗0                 (33) 

If 𝑓 and 𝑔 are holomorphic on Ω, then 𝑓 + 𝑔 is holomorphic on Ω with (𝑓 + 𝑔)′ = 𝑓′ + 𝑔′, 

𝑓 ∙ 𝑔  is holomorphic on Ω  with (𝑓𝑔)′ = 𝑓′𝑔 + 𝑓𝑔′ , and 
𝑓

𝑔⁄  is holomorphic on 

Ω
{𝑧 ∈ Ω: 𝑔(𝑧) = 0}⁄  with (

𝑓

𝑔
) =

𝑓′𝑔−𝑓𝑔′

𝑔2 . Moreover, if 𝑓: Ω → 𝑈 and 𝑔: U → 𝐶 are holomorphic, 

then 𝑔 ∘ 𝑓 is holomorphic on Ω with  

                       (𝑔 ∘ 𝑓)′(𝑧) = 𝑔′(𝑓(𝑧)) ∙ 𝑓′(𝑧)                      (34) 

In Cauchy-Riemann Equations, 𝑓: Ω → 𝐶 always define real-valued functions 

                      𝑢(𝑥, 𝑦) ≔ 𝑅𝑒(𝑓(𝑥 + 𝑖𝑦))                        (35) 

                     𝑣(𝑥, 𝑦) = 𝐼𝑚(𝑓(𝑥 − 𝑖𝑦))                        (36) 

Then from the original formula, 𝑓(𝑥 + 𝑖𝑦) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦). Let 𝑓 is holomorphic at 𝑧0 =
𝑥0 + 𝑖𝑦0, and 𝑓(𝑥, 𝑦) ≔ 𝑓(𝑥 + 𝑖𝑦) as a function on 𝑅2, then for its partial derivatives 

                    
𝜕𝑓

𝜕𝑥
(𝑥0, 𝑦0) ≔ lim

𝑅∋ℎ→0

𝑓(𝑥0+ℎ,𝑦0)−𝑓(𝑥0,𝑦0)

ℎ
                    (37) 

                    
𝜕𝑓

𝜕𝑥
(𝑥0, 𝑦0) ≔ lim

𝑅∋ℎ→0

𝑓(𝑥0,𝑦0+ℎ)−𝑓(𝑥0,𝑦0)

ℎ
                    (38) 

Make sense. 𝑓′(𝑧0) relates to this by considering different paths 𝐶 ∋ ℎ → 0. First to consider 

𝑅 ∋ ℎ → 0 

        𝑓′(𝑧0) = lim
𝑅∋ℎ→0

𝑓(𝑧0+ℎ)−𝑓(𝑧0)

ℎ
= lim

𝑅∋ℎ→0

𝑓(𝑥0+ℎ,𝑦0)−𝑓(𝑥0,𝑦0)

ℎ
=

𝜕𝑓

𝜕𝑥
(𝑥0, 𝑦0)         (39) 

Then, after considering 𝑖𝑅 ∋ 𝑖ℎ → 0, 

     𝑓′(𝑧0) = lim
𝑖𝑅∋ℎ→0

𝑓(𝑧0+𝑖ℎ)−𝑓(𝑧0)

ℎ
=

1

𝑖
lim

𝑖𝑅∋ℎ→0

𝑓(𝑥0+ℎ,𝑦0)−𝑓(𝑥0,𝑦0)

ℎ
=

1

𝑖

𝜕𝑓

𝜕𝑥
(𝑥0, 𝑦0)      (40) 
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Ultimately, 

                          
𝜕𝑓

𝜕𝑥
(𝑥0, 𝑦0) =

1

𝑖

𝜕𝑓

𝜕𝑥
(𝑥0, 𝑦0)                            (41) 

From the complex number, 𝑓 = 𝑢 + 𝑖𝑣 included real and imaginary parts, which also obtains the 

Cauchy-Riemann equations that 

             
𝜕𝑢

𝜕𝑥
(𝑥0, 𝑦0) =

𝜕𝑣

𝜕𝑦
(𝑥0, 𝑦0) 𝑎𝑛𝑑 

𝜕𝑢

𝜕𝑦
(𝑥0, 𝑦0) = −

𝜕𝑣

𝜕𝑥
(𝑥0, 𝑦0)             (42) 

Therefore, if 𝑓 is holomorphic on an open set Ω ⊂ 𝐶, its real and imaginary parts satisfy all 

partial derivates on the Cauchy-Riemann equation. Also, because holomorphic functions are infinitely 

differentiable, their partial derivatives will be continuous. Even the converse of this is valid. Let Ω <
𝑅2 be an open subset, and suppose 𝑢, 𝑣: Ω → R have continuous partial derivatives that satisfy the 

Cauchy-Riemann equations 

                          
𝜕𝑢

𝜕𝑥
=

𝜕𝑣

𝜕𝑦
 𝑎𝑛𝑑 

𝜕𝑢

𝜕𝑦
= −

𝜕𝑣

𝜕𝑥
                          (43) 

on Ω. Then 𝑓 = 𝑢 + 𝑖𝑣 is holomorphic on Ω with 

             𝑓′ =
𝜕𝑢

𝜕𝑥
− 𝑖

𝜕𝑢

𝜕𝑦
=

𝜕𝑣

𝜕𝑦
+ 𝑖

𝜕𝑣

𝜕𝑥
=

𝜕𝑢

𝜕𝑥
(𝑥0, 𝑦0) − 𝑖

𝜕𝑣

𝜕𝑥
(𝑥0, 𝑦0)            (44) 

Power series centered at 𝑧0 ∈ 𝐶  is a function of the form𝑓(𝑧) = ∑ 𝑎𝑛(𝑧 − 𝑧0)
𝑛

𝑛=0  where 

(𝑎𝑛)𝑛∈𝑁 ⊂ 𝐶. Power series converges absolutely at 𝑧 if 

∑ |𝑎𝑛||𝑧 − 𝑧0|
𝑛

𝑛=0 < ∞                          (45) 

The domain of power series is the set of its absolutely converges points. Ther e are examples of 

holomorphic functions from power series. In these cases, every holomorphic function is locally equal 

to the power series. If the power series converges absolutely at 𝑧, then the partial sums become the 

Cauchy sequence: let 𝑁0 ∈ 𝑁 satisfies ∑ |𝑎𝑛||𝑧 − 𝑧0|
𝑛∞

𝑛=𝑁0
< 𝜀 for 𝜀 > 0, then for 𝑀 > 𝑁 ≥ 𝑁0  

|∑ 𝑎𝑛(𝑧 − 𝑧0)
𝑛 − | ∑ 𝑎𝑛(𝑧 − 𝑧0)

𝑛

𝑁

𝑛=0

𝑀

𝑛=0

| ≤ ∑ |𝑎𝑛||𝑧 − 𝑧0|
𝑛

𝑀

𝑛=𝑁+1

 ≤ ∑ |𝑎𝑛||𝑧 − 𝑧0|
𝑛 <

∞

𝑛=𝑁0

𝜀 

Thus, ∑ 𝑎𝑛(𝑧 − 𝑧0)
𝑛∞

𝑛=0  defines to the limit of this Cauchy Sequence, which exists by the 

completeness of 𝐶 . Moreover, the absolute convergence at 𝑧  depends on 𝑟 ≔ |𝑧 − 𝑧0|, so the 

domain of the power series contains 𝑧0.  

2.3. Radius of Converge 

The supremum of R is the radius of convergence of the power series. By the definition, when 
|𝑧 − 𝑧0| < 𝑅, the power series converges absolutely at 𝑧, and when |𝑧 − 𝑧0| > 𝑅, it diverges. For 
|𝑧 − 𝑧0| = 𝑅, the series may converge absolutely, diverge, or only conditionally converge on a subset 

of the circle 𝐶𝑅(𝑧0).  

                              
1

𝑅
= lim

𝑛→∞
|𝑎𝑛|

1

𝑛                           (46) 

is a useful formula for computing 𝑅, which gives the radius of convergence for a power series 
∑ 𝑎𝑛(𝑧 − 𝑧0)

𝑛∞
𝑛=0 . To prove this, let 𝐿 be the limsup in the statement to prove 0<L<∞. Given |𝑧 −

𝑧0 | <
1

𝐿
, let 𝜀 > 0 to small enough then 

                          𝑟 ≔ (𝐿 + 𝜀|𝑧 − 𝑧0|) < 1                       (47) 

By the definition, |𝑎𝑛|
1

𝑎 ≤ 𝐿 + 𝜀 for all sufficiently large 𝑛, then 

                  |𝑎𝑛||𝑧 − 𝑧0|
𝑛 ≤ (𝐿 + 𝜀)𝑛 ∙ |𝑧 − 𝑧0|

𝑛 = 𝑟𝑛            (48) 
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Thus, ∑|𝑎𝑛||𝑧 − 𝑧0|
𝑛  converges by comparison with the geometric series ∑𝑟𝑛 =

1

1−𝑟
 shows 

1

𝐿
≤ 𝑅 the radius of convergence. Next, if |𝑧 − 𝑧0 | >

1

𝐿
, choose 𝜀 > 0 so that  

                        𝑠 ≔ (𝐿 − 𝜀)|𝑧 − 𝑧0| > 1                        (49) 

Then, for each 𝑛 ∈ 𝑁 there exists 𝑘 ≥ 𝑛 so that |𝑎𝑛|
1

𝑘 ≥ 𝐿 − 𝜀. In this case,  

                  |𝑎𝑛||𝑧 − 𝑧0|
𝑛 ≥ (𝐿 + 𝜀)𝑘 ∙ |𝑧 − 𝑧0|

𝑘 = 𝑆𝑘 > 1             (50) 

Thus, the series ∑|𝑎𝑛||𝑧 − 𝑧0|
𝑛 diverges since there are infinitely many terms greater than 𝐼 . 

thus, we cannot have 
1

𝐿
< 𝑅 and 

1

𝐿
= 𝑅 as claimed. 

2.4. 𝒇 becomes differentiable on 𝑫𝑹(𝒛) 

As a general phenomenon, let 𝑓(𝑧) = ∑ 𝑎𝑛(𝑧 − 𝑧0)
𝑛𝑀

𝑛=0  be a power series with radius of 

convergence 𝑅 > 0. Then 𝑓 is holomorphic on 𝐷𝑅(𝑧0) with 

                     𝑓′(𝑧) = ∑ 𝑛𝑎𝑛(𝑧 − 𝑧0)
𝑛−1∞

𝑛=0                      (51) 

Moreover, 𝑓′  also has radius of convergence 𝑅 . It shows that a function analytic on Ω  is 

holomorphic on Ω. 

Let 𝑓(𝑧) = ∑ 𝑎𝑛(𝑧 − 𝑧0)
𝑛𝑀

𝑛=0  be a power series with radius of convergence 𝑅 > 0. Then 𝑓 is 

infinitely differentiable on 𝐷𝑅(𝑧) with 

                𝑓(𝑘)(𝑧) = ∑
𝑛!

(𝑛−𝑘)!
𝑎𝑛(𝑧 − 𝑧0)

𝑛−𝑘∞
𝑛=𝑘                  (52) 

Moreover, each 𝑓(𝑘) has radius of convergence 𝑅. For 𝑓: Ω → 𝐶, 𝑓 is analytic at 𝑧0 ∈ 𝐶, if 

there exists a power series ∑ 𝑎𝑛(𝑧 − 𝑧0)
𝑛∞

𝑛=0  with positive radius of convergence 𝑅 > 0  

                         𝑓(𝑧) = ∑ 𝑎𝑛(𝑧 − 𝑧0)
𝑛∞

𝑛=0                          (53) 

For all 𝑧 in a neighborhood of 𝑧0. In additional, if 𝑓 is analytic at all 𝑧0 ∈ 𝐶, it is analytic on 

Ω.  

3. Summary 

This essay examines complex analysis from three perspectives: the integral of a complex function, 

the integral of a complex line, and Cauchy's theorem. In this work, specific theorems are provided 

together with proofs. This study provides background information on complicated analysis before 

exploring this subject. The historical information and the general introduction of complex analysis 

are combined to demonstrate the relevance of complex analysis in this work. Following that, certain 

rules and theorems are employed to define complex numbers. Considering that complex numbers are 

a key concept used in complicated analysis. In this paper, firstly arithemetic properties of complex 

numbers are explored. Secondly, the properties of holomorphic functions are interpreted in detail. At 

last, charaterization of holomorphic function on the disc is given using techniques of power series. 

References 

[1] Lang, S., 1999. Complex analysis by Serge Lang. London: Springer-Verlag. 

[2] Stein, M. and Shakarchi, R., 2003. Princeton lectures in analysis, volume II: Complex analysis. Princeton: 

Princeton university press. 

[3] Brannan, D., Clunie, J. and Kirwan, W., 1973. On the coefficient problem for functions of bounded 

boundary rotation. Annales Academiae Scientiarum Fennicae Series A I Mathematica, 1973, pp.1-18. 



Highlights in Science, Engineering and Technology TPCEE 2022 

Volume 38 (2023)  

 

137 

[4] Barnard, R.W. (1990). Open problems and conjectures in complex analysis. In: Ruscheweyh, S., Saff, 

E.B., Salinas, L.C., Varga, R.S. (eds) Computational Methods and Function Theory. Lecture Notes in 

Mathematics, vol 1435. Springer, Berlin, Heidelberg. https://doi.org/10.1007/BFb0087893. 

[5] Barnard, R., Jayatilake, U. and Solynin, A., 2015. Brannan’s conjecture and trigonometric sums. 

Proceedings of the American Mathematical Society, 143(5), pp.2117-2128. 

[6] Aharonov, D. and Friedland, S., 1973. On an inequality connected with the coefficient conjecture for 

functions of bounded boundary rotation. Annales Academiae Scientiarum Fennicae Series A I 

Mathematica, 1973, pp.1-14. 

[7] Milcetich, J., 1989. On a coefficient conjecture of Brannan. Journal of Mathematical Analysis and 

Applications, 139(2), pp.515-522. 

[8] Roger W. Barnard, Kent Pearce & William Wheeler (1997) On a Coefficient Conjecture of Brannan, 

Complex Variables, Theory and Application: An International Journal, 33:1-4, 51-61, DOI: 

10.1080/17476939708815011 

[9] Udaya C. Jayatilake (2013) Brannan's conjecture for initial coefficients, Complex Variables and Elliptic 

Equations, 58:5, 685-694, DOI: 10.1080/17476933.2011.605445. 

[10] Szász, R. On Brannan’s Conjecture. Mediterr. J. Math. 17, 38 (2020). 

[11] Liu Shenghua, Pan Jifu, Zheng Jiyun, complex change function [M]. Changchun: Jilin Education 

Press,1988。 

[12] Zhong Yuquan, complex function Theory (second edition) [M]. Beijing: Higher Education Press,1988. 

[13] Tan Xiaohong, Wu Shengjian complex change function concise tutorial [M]. Beijing: Peking University 

Press,2006. 

[14] Jerrld E Maislen, Basic complex analysis[M]. Freeman W H and Company, 1973. 

[15] A Simple Proof of the Fundamental Cauchy-Goursat Theorem, Eliakim Hastings Moore, American 

Mathematical Society. 

[16] Complex variables and applications / James Ward Brown, Ruel V. Churchill.—9th ed. 1221 Avenue of 

the Americas, New York, NY 10020. 

[17] Taylor & Laurent theorem, Chandan kumar Department of physics S N Sinha College Jehanabad 

Introduction. 

[18] A Formal Proof of Cauchy’s Residue Theorem, Wenda Li and Lawrence C. Paulson Computer Laboratory, 

University of Cambridge. 

 

 
 


