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Abstract. As far back as the seventeenth century, Newton and Leibniz introduced and refined the 
idea of calculus, and the concepts of derivative and differentiation gradually entered the 
mathematical world as powerful tools. However, after the appearance of the theory of complex 
functions in the 18th century, the conventional methods used to analyze the properties of complex 
functions were somewhat limited. Thus, mathematicians Cauchy and Riemann came up with the 
idea of the “C-R equation” and provided the necessary and sufficient conditions in derivable complex 
functions based on the research done by d'Alembert. This equation laid the foundation for the 
analytic function. This paper introduces the idea of the limit of two variables function and shows both 
the concept of and graphical meaning partial derivative, paving way for the concept of complex 
function and that of C-R equation. In addition, the paper specifically proves the C-R equation by a 
much more rigorous method with the routes from the linear equation and applies this important 
equation to determine the number of and the locations of the differentiable points in a complex plane. 
It is also one of the factors to determine the analyticity of complex functions. At the end of the paper, 
an example will be provided to illustrate the application of the C-R equation. 
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1. Introduction 

The theory of simple complex functions is one of the most unique mathematical creations 

developed in the 19th century. It was once considered one of the most harmonious theories in science, 

and its ideas profoundly influenced twentieth-century mathematics. The complex function theory 

takes analytical functions as the research object. The main research object of mathematical analysis 

is the real function whose value is the real variable. However, complex functions are self-varying 

functions with complex numbers, so there are differences between the real function (i.e., the function 

of one or two variables) and the complex function [1, 2]. For instance, in complex functions, the 

differential mean value theorem doesn’t exist [3]. Therefore, the Cauchy-Riemann equation is an 

important part of the complex function theory because it deeply reveals the "structure" of analytical 

functions when the real and imaginary parts of analytical functions are differentiable and satisfy the 

Cauchy-Riemann condition [4]. 

In addition, in four-dimensional complex functions, some of the traditional methods (i.e., the way 

to determine the differential in the two-dimensional plane) in unary function seem to be useless in the 

complex plane, as the limits in the complex function can be traced by different routes [5, 6]. Although 

it is possible to use the definition of an analytic function to determine its analyticity, this is a very 

complicated process. However, the Cauchy-Riemann equation gives a much easier way to determine 

the differentiability of complex functions and is an extremely important formula for complex analysis. 

Even though the C-R equation can be proved in a much easier way, which is usually shown in 

textbooks, this method only considers two special cases, which are both from 𝑋-axis and 𝑌-axis [7]. 

Thus, this paper will use a more comprehensive method and show the feasibility of the C-R equation 

when it comes to different paths followed by any linear function (i.e., 𝑦 = 𝑘𝑥) on a complex plane. 

Since the complex function can be divided into two different functions of two variables (one is the 

real part 𝑣(𝑥, 𝑦), and another is the imaginary part 𝑢(𝑥, 𝑦)), the way determining the differentiability 

of complex function, to some extent, is similar to that of function of two variables [8]. Because the 

C-R equation can simply analyze the differentiability in complex plane, once the points in the 
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complex plane satisfy the two conditions of C-R equation (this part will be illustrated in 2.3), those 

points can be seen as “differentiable” [9]. Thus, due to the special properties of the C-R equation, it 

is much more effective and easier to determine the number of differential points in complex plane 

and their exact locations. In addition, the C-R equation is also one of the important factors to 

determine the analyticity of a complex function𝑓(𝑧). As a matter of fact, the C-R equation, as a 

mathematical tool, contributes a lot to the analytic function, especially to complex analysis.  

2. Organization of the Text  

2.1. Background information 

2.1.1 The limit of the function of two variables 

The definition of the limit of a binary function is much more complicated than that of unary 

function. In a unary function, the dependent variable is one-dimensional and has only two paths, 

which are either from the positive 𝑥-axis or negative 𝑥-axis, and once the independent value y from 

both 𝑥+ and 𝑥− direction is equivalent, the function at that point can be regarded to have “limit” 

[10].  

 

Fig.1 In this case, the function 𝑦 = 𝑥2 has limit everywhere because the value of 𝑦 is always 

same from either 𝑥−and 𝑥+. 

However, when two dependent values are involved in an x-y plane, on which a path can go from 

a single point to infinity, different paths being chosen may create different values of limits. For 

example, 𝑝(𝑥, 𝑦) can approach the fixed point 𝑝(𝑥0, 𝑦0) along any path regardless of its shape (see 

Figure 2) [11]. However, once all the values from different paths are the same, the function of two 

variables can be defined to have a “limit”.  

2.1.2 The graphic meaning of partial derivative 

In unary functions, the derivative is usually used to express the rate of change of the independent 

variable with respect to the dependent variable. Thus, the graphic meaning of derivative can be seen 

as a tangent line of the function of one variable at a given point. However, when it comes to 𝑓(𝑥, 𝑦) 
with two different independent variables 𝑥 and 𝑦, it seems to be complicated to express. Thus, it is 

necessary to fix one variable and treat it as a constant, and then do the derivative with respect to one 

another variable. The geographic meaning of the partial derivative with respect x is the slope of the 

tangent line along the X-axis at(𝑥, 𝑦, 𝑓(𝑥, 𝑦)) on a surface𝑧 = 𝑓(𝑥, 𝑦). Similarly, the geographic 

meaning of the partial derivative with respect to y is the slope of the tangent line along the Y-axis at 

(𝑥, 𝑦, 𝑓(𝑥, 𝑦))on a surface 𝑧 = 𝑓(𝑥, 𝑦) [12]. To be more specific, by paralleling the “fixed variable” 

axis, the partial derivative is a tangent line on the plane of dependent and a “unfixed variable” [13] 

(see figure 2).   
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Fig.2 This a a partial derivative with respect to y of a function of two variables 𝑦 = 𝑥2 + 𝑦4 

[13].   

The concept and methodology of partial derivative will be used to prove C-R equation discussed 

in part (2.4) 

2.2. The graphic concept of complex function 

Complex function, whose variable is complex number, consists of two parts, which are real part 

𝑢(𝑥, 𝑦) and imaginary part 𝑣(𝑥, 𝑦). While the independent variable 𝑧 is in a two-dimensional plane, 

complex function is in a totally different complex plane. Thus, by mapping its independent variable, 

or its domain, in the one complex plane 𝑓(𝑧) and its ranges in another complex plane, the graph of 

complex function can be expressed in two planes (see Figure 3). In addition, the four-dimensional 

complex function can be expressed in other way: using color to represent its imaginary part (see 

Figure 4) in three-dimensional curve.  

 
 

Fig.3 The left graph is the domain of complex function and maps to the right graph, the  range of 

complex function, by 𝑤 = 𝑧̅, which means that the original graph will be symmetric to  𝑥 − 𝑎𝑥𝑖𝑠 
[14]. 

 

Fig.4 This is four-dimensional graph of 𝑦 = √𝑧, where color represents Imaginary part [15].  
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In addition, the complex function also has a special property---analyticity. Analyticity means that 

if the function 𝑤 = 𝑓(𝑧)is differentiable and satisfies the C-R equation in region 𝐷, then 𝑓(𝑧) is 

regarded to be an analytic function (or holomorphic function, regular function) in region 𝐷.  

2.3. The concept and importance of C-R equation 

The Cauchy-Riemann condition plays an important role in complex functions and its application 

in complex function theory can be reflected in many important aspects, one of which is the search for 

differentiable points in complex functions. By utilizing this special property, the Cauchy-Riemann 

condition can be used to judge the analyticity of a complex function 𝑓(𝑧) easily when the 𝑓(𝑧) is 

continuous (the limit of certain point 𝑧0 is equal to the actual value). [16] 

2.4. The proof of C-R equation 

C-R equation can be proved by different routes being chosen, but the traditional, basic proof is to 

make the limit go along the x-axis and y-axis.[17] Since the variable of complex function can be 

written in the form 𝑧 = 𝑥 + 𝑖𝑦. Thus, the complex function can be expressed as: 

𝑓(𝑧) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦)                       (1) 

Where both 𝑢(𝑥, 𝑦)and 𝑣(𝑥, 𝑦)are two variables’ functions 

Based on the formula of derivative,  

       lim
Δ𝑧⟶0

𝑓(𝑧+∆𝑧)−𝑓(𝑧)

∆𝑧
 where ∆𝑧 = ∆𝑥 + 𝑖∆𝑦      (2) 

Thus, the derivative of complex function can be written as:  

           
𝑑𝑦

𝑑𝑧
=
𝑢(𝑥+∆x,y+∆y)−𝑢(𝑥,y)

∆𝑥+𝑖∆𝑦
+ 𝑖

𝑣(𝑥+∆x,y+∆y)−𝑣(𝑥,y)

∆𝑥+𝑖∆𝑦
                        (3) 

It is very complicated to handle variable ∆x and ∆y at same time, so the the paths can be chosen 

from either horizontal direction, the x-axis, and vertical direction, the y-axis.  

 

Fig.5 the limits from positive x-axis and positive 𝑦-axes converge into one point z.  

Horizontal direction from 𝑥 − 𝑎𝑥𝑖𝑠:  

Since the route starts from  (∆x, 0) → (0,0),  where ∆y stays constant.  

That is: 

𝑑𝑦

𝑑𝑧
= lim
∆𝑥→0

𝑢(𝑥+∆x,y+∆y)−𝑢(𝑥,y)

∆𝑥
+ lim
∆𝑥→0

𝑖
𝑣(𝑥+∆x,y+∆y)−𝑣(𝑥,y)

∆𝑥
       (4) 

Based on the rule of partial derivative in (2.1.2): 

    
𝑑𝑦

𝑑𝑧
=
𝜕𝑢

𝜕𝑥
+ 𝑖

𝜕𝑣

𝜕𝑥
         (5) 

Vertical direction from 𝑦 − 𝑎𝑥𝑖𝑠:  

Since the route starts from (0, ∆y) → (0,0),  ∆y stays constant. 
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That is:  

𝑑𝑦

𝑑𝑧
= lim
∆𝑦→0

𝑢(𝑥+∆x,y+∆y)−𝑢(𝑥,y)

𝑖∆𝑦
+ lim
∆𝑦→0

𝑖
𝑣(𝑥+∆x,y+∆y)−𝑣(𝑥,y)

𝑖∆𝑦
             (6) 

Since 
1

𝑖
= −1, the equation can also be written as:  

𝑑𝑦

𝑑𝑧
= lim
∆𝑦→0

𝑣(𝑥,   y+∆y)−𝑣(𝑥,   y)

∆𝑦
− 𝑖 lim

∆𝑦→0

𝑢(𝑥+∆x,y+∆y)−𝑢(𝑥,y)

∆𝑦
            (7) 

Based on the rule of partial derivative:  

𝑑𝑦

𝑑𝑧
=
𝜕𝑣

𝜕𝑦
− 𝑖

𝜕𝑢

𝜕𝑦
            (8) 

Thus, it is easy to know the two conditions of C-R equation are 

𝜕𝑢

𝜕𝑥
=
𝜕𝑣

𝜕𝑦
 and 

𝜕𝑣

𝜕𝑥
= −

𝜕𝑢

𝜕𝑦
         (9) 

By following the two “special” routes from either 𝑥 − 𝑎𝑥𝑖𝑠 𝑎𝑛𝑑 𝑦 − 𝑎𝑥𝑖𝑠, it is easier to get the 

result of C-R equation. 

However, it is not rigorous to prove and conclude the results of the C-R equation based on just two 

“special” routes because the limit can follow the different routes from any direction and with varied 

shapes. Thus, proving the feasibility of the C-R equation by taking different routes regardless of paths’ 

shapes is much convincing, and the following part will prove the C-R equation by two linear functions 

along which the limit goes. (e.g., 𝑦 = 𝑘1𝑥 and 𝑦 = 𝑘2𝑥, where 𝑘1 ≠ 𝑘2 ).  

 

Fig.6 the limit of point 𝑧0 is come by two 

linear functions, which are 𝑦 = 𝑘1𝑥 𝑎𝑛𝑑 𝑦 = 𝑘2𝑥 

Due to the fact the 𝑦 = 𝑘1𝑥, ∆y = 𝑘1∆x. If ∆x → 0, it is also true that ∆y → 0. This satisfies the 

condition of derivative, which is ∆𝑥 + 𝑖∆𝑦 = ∆𝑧 → 0.  

Thus, the derivative can be written as a form of:  

    
𝑑𝑦

𝑑𝑧
= lim

∆𝑦→0
∆𝑦=𝑘1∆𝑥

((
𝑢(𝑥0+∆x,   𝑦0+∆y)−𝑢(𝑥0, 𝑦0)

∆𝑥+𝑖𝑘1∆𝑥
) + 𝑖(

𝑣(𝑥0+∆x, 𝑦0+∆y)−𝑣(𝑥0, 𝑦0)

∆𝑥+𝑖𝑘1∆𝑥
))        (10) 

Then, separate the real part and imaginary part. 

For real part, it can be written as:  

        lim
∆𝑦→0

∆𝑦=𝑘1∆𝑥

(
𝑢(𝑥0+∆x,   𝑦0+∆y)−𝑢(𝑥0, 𝑦0)

∆𝑥+𝑖𝑘1∆𝑥
)          (11) 
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At first glance, it is hard to handle formula (9) containing two variables. However, the 

breakthrough here is to utilize 𝑢(𝑥0,  𝑦0 + ∆y) and put it on the numerator of formula (9).  

Sorting this out,  

    lim
∆𝑦→0

∆𝑦=𝑘1∆𝑥

(
𝑢(𝑥0+∆x,   𝑦0+∆y)−𝑢(𝑥0, 𝑦0)+𝑢(𝑥0, 𝑦0+∆y )−𝑢(𝑥0, 𝑦0+∆y )

∆𝑥+𝑖𝑘1∆𝑥
)     (12) 

Thus, by doing so, the real part of derivative of 𝑓(𝑧) can also be split into two parts, each of 

which is partial derivative with respective to 𝑥 𝑎𝑛𝑑 𝑦.  

One is:   

       lim
∆𝑦→0

∆𝑦=𝑘1∆𝑥

(
𝑢(𝑥0+∆x,   𝑦0+∆y)−𝑢(𝑥0, 𝑦0+∆y)

∆𝑥+𝑖𝑘1∆𝑥
)        (13)   

Another one is:  

       lim
∆𝑦→0

∆𝑦=𝑘1∆𝑥

(
𝑢(𝑥0,   𝑦0+ ∆y)−𝑢(𝑥0, 𝑦0)

∆𝑥+𝑖𝑘1∆𝑥
)        (14) 

Take the 
1

1+𝑖𝑘1
off from formula (11): 

        
1

1+𝑖𝑘1
( lim

∆𝑥→0
∆𝑦=𝑘1∆𝑥

(
𝑢(𝑥0+∆x,   𝑦0+∆y)−𝑢(𝑥0, 𝑦0+∆y)

∆𝑥
))       (15) 

Since the 
𝑢(𝑥0+∆x,   𝑦0+∆y)−𝑢(𝑥0, 𝑦0+∆y)

∆𝑥
 is a function only related to variable 𝑥  changing, the 

partial derivative form is: 

       
1

1+𝑖𝑘1

𝜕𝑢

𝜕𝑥
                      (16) 

Since ∆𝑦 = 𝑘1∆𝑥,  denominator can be written as 

       ∆𝑧=
∆𝑦

𝑘1
+ 𝑖∆𝑦            (17) 

Then, take the 
1

𝑖+
1

𝑘1

 off from formula (12):  

         
1

𝑖+
1

𝑘1

(

 
 
lim
∆𝑦→0

∆𝑥=
∆𝑦

𝑘1

(
𝑢(𝑥0,   𝑦0+∆y)−𝑢(𝑥0, 𝑦0)

∆𝑦
)

)

 
 

        (18) 

The partial derivative form is: 

                                       
1

𝑖+
1

𝑘1

(
𝜕𝑢

𝜕𝑦
)                (19) 

Thus, the real part can be expressed as:  

            
1

1+𝑖𝑘1

𝜕𝑢

𝜕𝑥
+

1

𝑖+
1

𝑘1

(
𝜕𝑢

𝜕𝑦
)          (20) 

The process of dealing with imaginary part is same as that of real part:  

         i(
1

1+𝑖𝑘1

𝜕𝑣

𝜕𝑥
+

1

𝑖+
1

𝑘1

(
𝜕𝑣

𝜕𝑦
))            (21) 

Sorting out the formula:   
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𝑑𝑦

𝑑𝑧
=

1

1+𝑖𝑘1
(
𝜕𝑢

𝜕𝑥
) +

𝑘1

𝑘1𝑖+1
(
𝜕𝑢

𝜕𝑦
) + 𝑖 (

1

1+𝑖𝑘1

𝜕𝑣

𝜕𝑥
+

𝑘1

𝑘1𝑖+1
(
𝜕𝑣

𝜕𝑦
))        (22) 

Since it is complicated to process if the coefficient is complex number, the numerator and 

denominator should time the conjugate of the denominator simultaneously.  

𝑑𝑦

𝑑𝑧
=

1

1 + 𝑘1
2 (
𝜕𝑢

𝜕𝑥
) +

𝑘1

1 + 𝑘1
2 (
𝜕𝑢

𝜕𝑦
) +

𝑘1

1 + 𝑘1
2 (
𝜕𝑣

𝜕𝑥
) +

𝑘1
2

1 + 𝑘1
2 (
𝜕𝑣

𝜕𝑦
) 

   +𝑖 (
𝑘1

1+𝑘1
2 (
𝜕𝑢

𝜕𝑥
) + 

−𝑘1
2

1+𝑘1
2 (
𝜕𝑢

𝜕𝑦
) +

1

1+𝑘1
2 (
𝜕𝑣

𝜕𝑥
) +

1

1+𝑘1
2 (
𝜕𝑣

𝜕𝑦
))            (23)   

The formula above is the derivative of complex function if it took its path from  

If the path is from 𝑦 = 𝑘2𝑥, the derivative is same because the only difference is the slope of 

linear equation: 

𝑑𝑦

𝑑𝑧
=

1

1+𝑘2
2 (
𝜕𝑢

𝜕𝑥
) +

𝑘2

1+𝑘2
2 (
𝜕𝑢

𝜕𝑦
) +

𝑘2

1+𝑘2
2 (
𝜕𝑣

𝜕𝑥
) +

𝑘2
2

1+𝑘2
2 (
𝜕𝑣

𝜕𝑦
) + 𝑖 (

𝑘2

1+𝑘2
2 (
𝜕𝑢

𝜕𝑥
) +

−𝑘2
2

1+𝑘2
2 (
𝜕𝑢

𝜕𝑦
) +

                                       
1

1+𝑘2
2 (
𝜕𝑣

𝜕𝑥
) +

1

1+𝑘2
2 (
𝜕𝑣

𝜕𝑦
))               (24) 

If the derivative of complex function exists, equation (17) must be equal to equation (18) because 

limit has to converge in one point from every direction. 

Using different symbols (𝑎, 𝑏, 𝑐) to represent each coefficient of each partial derivative makes 

sorting the equation out much easier.  

𝑎 =
1

1+𝑘1
2          𝑏 =

𝑘1

1+𝑘1
2          c =

𝑘1
2

1+𝑘1
2           (25) 

For the limit from 𝑦 = 𝑘2𝑥, using (𝑎1, 𝑏1, 𝑐1) to represent each coefficient: 

 𝑎1=
1

1+𝑘2
2    𝑏1=

𝑘2
2

1+𝑘2
2     𝑐1=

𝑘2
2

1+𝑘2
2        (26) 

𝑎
𝜕𝑢

𝜕𝑥
+b
𝜕𝑢

𝜕𝑦
+ 𝑏

𝜕𝑣

𝜕𝑥
+ 𝑐

𝜕𝑣

𝜕𝑦
= 𝑎1

𝜕𝑢

𝜕𝑥
+ 𝑏1

𝜕𝑢

𝜕𝑦
+ 𝑏1

𝜕𝑣

𝜕𝑥
+ 𝑐1

𝜕𝑣

𝜕𝑦
       (27) 

Sorting this out:  

𝑏 (
𝜕𝑢

𝜕𝑦
+
𝜕𝑣

𝜕𝑥
) +(𝑎-𝑎1) 

𝜕𝑢

𝜕𝑥
+(c-𝑐1) 

𝜕𝑢

𝜕𝑦
− 𝑏1 (

𝜕𝑢

𝜕𝑦
+
𝜕𝑣

𝜕𝑥
) = 0          (28) 

Combining similar item(
𝜕𝑢

𝜕𝑦
+
𝜕𝑣

𝜕𝑥
):  

      (𝑏 − b1) (
𝜕𝑢

𝜕𝑦
+
𝜕𝑣

𝜕𝑥
) +(𝑎-𝑎1) 

𝜕𝑢

𝜕𝑥
+(c- 𝑐1) 

𝜕𝑢

𝜕𝑦
= 0       (29) 

For imaginary part:  

    −𝑏
𝜕𝑢

𝜕𝑥
− 𝑐

𝜕𝑢

𝜕𝑦
+ 𝑎

𝜕𝑣

𝜕𝑥
+ 𝑏

𝜕𝑣

𝜕𝑦
= −𝑏1

𝜕𝑢

𝜕𝑥
− 𝑐1

𝜕𝑢

𝜕𝑦
+ 𝑎1

𝜕𝑣

𝜕𝑥
+ 𝑏1

𝜕𝑣

𝜕𝑦
         (30) 

Sorting this out: 

       𝑏 (
𝜕𝑣

𝜕𝑦
−
𝜕𝑢

𝜕𝑥
) + (𝑐1 − 𝑐)

𝜕𝑢

𝜕𝑦
+ (𝑎 − 𝑎1)

𝜕𝑣

𝜕𝑥
−𝑏1(

𝜕𝑣

𝜕𝑦
−
𝜕𝑢

𝜕𝑥
) = 0      (31) 

Combining similar item(
𝜕𝑣

𝜕𝑦
−
𝜕𝑢

𝜕𝑥
)： 

      (𝑏 − 𝑏1) (
𝜕𝑣

𝜕𝑦
−
𝜕𝑢

𝜕𝑥
) + (𝑐1 − 𝑐)

𝜕𝑢

𝜕𝑦
+ (𝑎 − 𝑎1)

𝜕𝑣

𝜕𝑥
= 0       (32) 

Thus, after sorting this out, it is much easier to look for the relationship between the two equation 

(30) and (31).  
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      𝑐 − 𝑐1 =
𝑘1
2

1+𝑘1
2 −

𝑘2
2

1+𝑘2
2 =

𝑘1
2−𝑘2

2

(1+𝑘1
2)(1+𝑘2

2)
                      (33) 

And  

         𝑎 − 𝑎1 =
1

1+𝑘1
2 −

1

1+𝑘2
2 =

𝑘2
2−𝑘1

2

(1+𝑘1
2)(1+𝑘2

2)
               (34) 

Thus,  

𝑐 − 𝑐1 = 𝑎1 − 𝑎    or   𝑐 − 𝑐1 + 𝑎 − 𝑎1 = 0             (35) 

For real part:  

           (𝑏 − 𝑏1)(
𝜕𝑢

𝜕𝑦
+
𝜕𝑣

𝜕𝑥
) + (𝑎 − 𝑎1)(

𝜕𝑢

𝜕𝑥
−
𝜕𝑣

𝜕𝑦
) = 0                  (36)  

Since 𝑏 − 𝑏1 ≠ 0 and 𝑎 − 𝑎1 ≠ 0, which means that the coefficient of each term is none-zero, 

the formula has to satisfy the following equation:  

         {

𝜕𝑢

𝜕𝑥
−
𝜕𝑣

𝜕𝑦
= 0

𝜕𝑣

𝜕𝑥
+
𝜕𝑢

𝜕𝑦
= 0

                    (37) 

For imaginary part, it uses same method used to deal with real part:  

       (𝑏 − 𝑏1)(
𝜕𝑣

𝜕𝑦
−
𝜕𝑢

𝜕𝑥
) + (𝑎 − 𝑎1)(

𝜕𝑢

𝜕𝑦
+
𝜕𝑣

𝜕𝑥
) = 0              (38) 

And the result also gets:  

{

𝜕𝑢

𝜕𝑥
−
𝜕𝑣

𝜕𝑦
= 0

𝜕𝑣

𝜕𝑥
+
𝜕𝑢

𝜕𝑦
= 0

              (39) 

Based on the two identical results obtained by the equations of both real part and imaginary part, 

the C-R equation is always true regardless the limit paths. From the result of additional proof listed a 

above, it is as same as the result from C-R equation proved by tradition method (the one following 

𝑥 − 𝑎𝑥𝑖𝑠 and 𝑦 − 𝑎𝑥𝑖𝑠) 

2.5. The application of C-R equation  

With the help of C-R equation, it is much easier to find out the number of differentiable points and 

their positions in complex plane based on the two conditions of C-R equation.  

For example:  

Consider the complex function:  

      𝑓(𝑧) = 𝑥3 + 𝑖(2 − 𝑦)3 where 𝑧 = 𝑥 + 𝑖𝑦       (40) 

Thus,  

𝑢(𝑥, 𝑦) = 𝑥3  and  𝑣(𝑥, 𝑦) = (2 − 𝑦)3            (41) 

The partial derivatives of 𝑢(𝑥, 𝑦) with respect to x and y are:  

𝜕𝑢

𝜕𝑥
= 3𝑥2 and 

𝜕𝑢

𝜕𝑦
= 0            (42) 

The partial derivatives of 𝑣(𝑥, 𝑦) with respect to x and y are:  

𝜕𝑣

𝜕𝑥
= 0 and 

𝜕𝑣

𝜕𝑦
= −3(2 − 𝑦)2           (43) 

The two conditions of C-R equation are:  
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{

𝜕𝑢

𝜕𝑥
=
𝜕𝑣

𝜕𝑦

𝜕𝑣

𝜕𝑥
= −

𝜕𝑢

𝜕𝑦

            (44) 

The second condition in formula (41) is always true for every point because 0 is always equal to 

0. 

If the condition of C-R equation is satisfied, 
𝜕𝑢

𝜕𝑥
=
𝜕𝑣

𝜕𝑦
must be workable.  

Thus,   

         3𝑥2 + 3(2 − 𝑦)2 = 0                      (45) 

Only when 𝑥 = 0 𝑎𝑛𝑑 𝑦 = 2, the C-R equation is satisfied (because (2-y) cannot be negative 

number), which means that the only differentiable point in complex plane is when 𝑧 = 2𝑖. By C-R 

equation, it is easy to discovery that differentiability of 𝑓(𝑧) = 𝑥3 + 𝑖(2 − 𝑦)3. 

In addition, the C-R equation can be used to determine the analyticity of complex function. If a 

complex function is analyticity, it has to both satisfy C-R equation and must be continuable 

everywhere. However, since 𝑓(𝑧) = 𝑥3 + 𝑖(2 − 𝑦)3 is differentiable only in one point, 𝑓(𝑧) is not 

analytic everywhere.  

3. Conclusion 

The paper showed the concept of limit of two variables function and the graphic meaning of partial 

derivative. In addition, the paper also introduced the four-dimensional complex function with real 

part and imaginary part. Based on the information discussed above, it is true that the C-R equation 

could be proved by traditional method, which makes the limit approach the x-axis and y-axis. 

However, its proof wasn’t so rigorous because conventional method only considered two special 

cases. Thus, this paper gave an additional proof of the C-R equation by taking routes from 𝑦 = 𝑘1𝑥 

and 𝑦 = 𝑘2𝑥.The C-R equation was strong in application in analytic function because this equation 

could easily the number of differentiable points and their positions in complex planes. Although this 

paper provides more rigorous, additional proof of C-R equation by following the route 𝑦 = 𝑘𝑥, this 

method has certain limitations. To be more specific, it cannot prove the feasibility of C-R equation 

by curved routes (i.e 𝑦 = 𝑥2). Thus, it is ongoing research.  
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