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Abstract. In practical applications, there are always a lot of complex functions, which often make
physicists and mathematicians very headache. It is a very important idea to use a polynomial function
to approximate a complex function. This paper is about the Laurent series of complex functions,
which includes holomorphic functions and meromorphic functions, and tries to derive a general
formula or a general way to compute the Laurent series. This paper also includes several basic
examples of different types of complex functions and the process to derive the Laurent series of
these functions. By finding similarities and summarizing the process, a general method for each or
overall function is shown. Examples include common fractional functions, Trigonometric functions,
and exponential functions. Some of them include different ways of computing according to it's
characteristics. An analytic function can be extended to a function obtained by analytic extension of
the Taylor series defined on an open region on the complex plane, and this method of complex
analysis is feasible.
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1. Introduction

In the complex functions, some new definitions are not in normal real functions, such as modulus,
argument, and the circular range of the function [1]. Complex functions also have the similar process
of computing derivatives and integrals, but there are some differences that make people use new
methods to do with it [2].

Laurent series is an important and basic knowledge related to complex functions [3]. It shows the
function in a term of the sum of infinite terms. In a closed ring range, the Laurent series is very
important [4-6]. By using the Laurent series, residue can be easily found and used to compute integrals
of the closed area [7]. In the negative power part of the Laurent series, the -1 term represents the
residue of the function and that is used to calculate integrals of the closed area by time residue to
[8]. In some of the calculations, using residue to calculate integral is a much easier way than
calculating directly [9].

Even though the connection with complex functions is cleared, it is not easy to compute the
Laurent series of a complex function [10]. Holomorphic functions are the same as analytic functions,
and the rest of the content may main about analytic functions. The author tries to find out a general
way to solve the function in Laurent series form.

2. Basic Concepts

2.1. Taylor Series and Laurent Series

The Taylor series is the function that shows the sum of infinite terms expressed by the derivatives
at a single point of a function. It is similar to the Laurent series which does not have negative power
terms. The general equation of the Taylor series is
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Laurent series represents functions in a form for the sum of infinite terms of derivatives in the
function. It contains infinite positive power terms and infinite negative power terms. It can also be
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used to find the residue and the integral of the complex function. Usually, it is expanding in a ring
region but sometimes there are exceptions. Below is the general equation of the Laurent series

f(z2) = X y-—wan(z — zy)™, where the coefficient a,, = Zim,gﬁc f(2 m As mentioned above,

the general equation of the Laurent series actually contains the positive power term part and the
negative power part, i.e.,

o
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2.2. Analytic Functions/Holomorphic Functions

When a complex function is “differential”, it is called analytic. Some functions have points or part
which is not analytic, the part is called the singularity. When a function is analytic in all parts of it's
domain, or the function does not have any singularity, it is called an analytic function or holomorphic
function.

3. Methods to Obtain Laurent Series

3.1. Fractional Equation

Taylor series and Laurent series have similarities. When computing Laurent series, some of the
common Taylor series may be used in order to simpler compute Laurent series. There is an equation
of Taylor series which can be used to solve the function. It is useful because of lots of fractional
equations, such kinds of functions can simply solve by changing their denominator to the form that
is similar to it. In addition, in this kind equations, in other words, the term of at the same place in this

equation should has a modulus less than 1, no matter what it is. For example, 1—; =Ym0Z" Asa
first example, this article considers the function

1
@ = G=pe=e ©)

The domians of this question are:(1) 0 < |z] < 4, (2)4 < |z| <9 and (3) 9 < |z| < +o0. The

first several steps are some for those 3 domains. First, it can be separated into two fraction= — %%4 +
11 1 11

P Then this article times -1 for the second part and combine the function= = i T io The thing

is, the denominator of the processed function is not as same as the Taylor series, and it must turn to a
form of 1-z (z can be other forms). The next step is going to change the form of the denominator so
it can be processed easily. Next, this article separates the function into two parts and process them
separately. But when changing the form of the denominator, it should be fixed into the domains that
are given. In both parts of the functions, the coefficient will not be considered in the first time. It will
be timed into the function in the last step, in order to simplify the computing process.

Firstly, this article considers the first domains 0 < |z| < 4. In the front part of the function, %
will not be considered in the first time, and the rest parts is divided by 4 on its molecular and
1

denominator % = it
4

2

already stated that |Z| < 150 |z| < 4. Even though it is not fully contained by 0 < |z| < 4, but it

contains 0 < |z| < 4, so this answer is still acceptable. The second part of the function undergoes
1

9 1 1 1
the same processs2; = - X — = S
A ™

the domain 0 < |z| < 4, because |z| < 9 comtains the required domain so it is the correct way.
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Then in the first part, this article can replaces g in to the place z in the Taylor series equation, then

the answer should be %Z?{;O(i)”. To combine the two parts of the equation together and time the
initial coefficient of each part of function, the totally answer should be:

1 C z\v 1 < Z\"
— -] ——= —) 0<|z|] < 4. 4
20 Z (4) 45 (9) d )
n=0 n=0
Seconly, this article focuses on the second domain 4 < |z| < 9. The former steps are same, so it

can be started at here f(z) = L =11 11 , the coefficient will not be considered in the

(z—4)(z—9) T 54-z 59-7
first time. For the first part of the function, it should be firstly tested by the first approach. 4—; =

ix ﬁ |§| < 150 |z| < 4. Obviously, it is not in the domain of 4 < |z| <9 any more, so it
4
needs another way to process the function in order to fit into the domain. In this case, z of 4-z of the

denomitor can change to 1 by deviding z on denominator and molecular, to make the denominator to

meet the condition. ﬁ = —i X é §| < 150 |z| > 4. Then it fits into the domain of 4 < |z| < 9.
Then, this article tests the second part of the function by using the first approach. 9712 = % X 1%5 g <
9

1,s0 |z| < 9. Itisstill fit into the domain of 4 < |z| < 9, so it does not need to change. In this case,
it is the correct answer because it is in the domain, so the overall answer should be

S XC RO CREE
5z z 45 9 z
n=0 n=0
Finally, this article studies for the third domain 9 < |z| < 4oo0. It can also start with the middle
1 11 11 : ) .
step f(z) = D=9 512 595 Still, the first part of the function should be test with the
approach used in the former question. ﬁ = —i X ﬁ §| < 150 |z| > 4. Then this article turns to
test the second part by using the same way used in the former question. 9712 = % X ﬁ g <
9

1,50 |z| < 9.However, in this case, this method is not acceptable anymore because it is out of domain,
s0 the method should be changed. —— = —~x — 3| < 1so |z| > 9. Now this function is fitted

1
PR
zZ

into the domain of 9 < |z| < +oo. Therefore, the overall answer should be

1w /4" 1xwv /9"
S S of ) PR ©
5z z 5z z

n=0 n=0

On the other hand, there is another example where

VA
f(Z) = m(l)o < |Z| < 1(2)1 < |Z| < 4o0. (7)
Sometimes the numerator is also included when processing the function. In this function, and some
simliar functions, there are some ways to cancel out the numerator in order to simplify the function
in the first time. In this function, obviously, the denominator can be rewritten into z%(z% — 1) =
z%(z + 1)(z — 1) and the numerator can also be changed in order to help for cancelling out by z+1-

. . . . 1 1 .
1. So totally this function can be seperated into two parts: eI Then keeping
processing the function: ziz(ﬁ - %2%1 + %ﬁ) the functions inside the quote can convert series

form, by using the Taylor series of i The modulus of the value at the place of z is less than 1 (|z| <
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1). Following computing is focused on the function inside the quote and ziz will be includeD in the
computing in the last step.

Firstly, this article considers the first domain 0 < |z| < 1. No matter the fraction is ﬁ or :11
they are no need to change to form of the z term in the denominator to fit in to the Taylor series of
1—;. The only thing needed to do is to change the sign on the denominator to arrange the order. So
firstly the domain of this function should be sure to fit it the domain required. In the Taylor series of
1_;’ |z| < 1, itis already be acceptable in the domain of 0 < |z| < 1, so it is acceptable. The series

form of the function inside the quote should be:

Z(—l)”z” — %Z(—l)”z” — %Zz” (8)

Seconly, this article focuses on the second domain 1 < |z| < +oo. In the second domain, the form
of the denominator must be change, because |z| < 1 is not in the domain any more. So it should be
processed in different way. Similar with the former question, the second domain. If |z| > 1 , by

. - . 1 1 . 1 .
deviding z on the denominator, for example, — tumns to pE! while |E| < 1 is acceptable becasue
z

inthiscase |z| > 1 and the itis fitting in the domain. And the other steps undergo the same process.
The final answer should be:

S D" I (D 1w 1

(-1) __Z( ) +_z_ ©
zn 2 zn 2 zn

n=0 n=0 n=0

Before ending this part, this article summarizes the way to process fractional functions. Firstly, the
first kind of complex function, fractional function, is harder to compare with other kinds of functions
because it is hard to separate the function into several shorter and easier fractions. Normally, it is easy
to separate the denominator of the function into several factors, while it is hard to determine the
numerator of each factor. Here is a general way of this process:

1 __A B
(x—n)x-m) x-n x-m

(10)

While using this method, the numerator is not included in thinking, but only replaced with A and
B after the fraction is separated. Then conduct the fractions to a common denominator, so A and B
are timed with the other fraction’s denominator and the value of A and B can be known because A
and B should be able to make their value correspond to the original numerator. When the function is

factorization successfully, then i =X 0z" |z| <1 is used to do the final calculation. The

domain of the function is very important because the Laurent series is expanded in a ring range and
some functions have more than one singularity while some do not have any. Obviously, in the first
question of 3.1, the different domains caused completely different results. In order to change the form
of the fraction to fit the domain, the main thing needed to take care of is that the “|z|” must be smaller

than 1 (any term of z is acceptable, if only the same place of z in i), and fit into the domain.

3.2. Trigonometric Functions

There are some other kinds of functions that can be solved easily when compared to the Taylor
series, such as trigonometric functions. It will be much more complex than the example just
mentioned. There is an example of the trigonometric functions

sin(zfz),z< 2] < . (11)
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z—2+2
) z—2
the new equation to the original equation sin(1 + Z)' In order to seperate the equation and make it
simpler, here is an equation which can speperate the equation into two parts which is:
sin(a + b) = sin(a) cos(b) + cos(a) sin(b). So the equation can be seperated into two parts:

sin(1) cos( ) + cos(1) sm(—) As sin(1) and cos(1) turn to be two constant value, it will

not be include of computation for a while. Here are two equations of Taylor series of sine and cosine,
which will be to compute

Firstly, it will be simple the fracion inside the quote of sine — = =1+ ﬁ Then replace

2n+1 2n

sin(z) = Z(— T cos(z)—Z(— " G (12)

Then replace — o the place of z in the upper equations

Zn 22n+1

sin(1) Z( 1)" — 2z (zn)] + cos(l)nz:(;(—l)” Z =2 2n+ D! (13)

Before ending this part, this article summarizes the way to process trigonometric functions. The
way to compute trigonometric function is also required to change the original function and allow it
to be replaced by the Taylor series. The unique part of trigonometric functions is that there are some
equations that represent the sum of angles, the difference of angles, the product of angles, and so on.
Then in the same step, replace the Taylor series into the function and finally arrange the function to
the Laurent series.

3.3. Exponential Functions

The symbol e is a constant value, and it is usually included in the functions and it also has unique
characteristics. It also has the Taylor series which can be use to help computing Laurent series. The

Taylor series related to it is e* = Y, 0 . Here is an example:
i
ez?
— 0 <|z| < +oo. (14)

In this question, in order to simplify the function, this function is very similar with the derivative

1 1
of ez (the negative sign is missed when compared to the actual derivative of ez?). In this case,

obviously if the function can turn to the term before the derivative, it will be much easier to process.
1

2z S . ES
So the function can be rewrite as ez—3 = —%ezz. The Laurent series of ez? is 2,‘;‘;0% , SO the
) !
22
function should turns to be 92—3 = —Zn OZZnn|
After the calculation, the final answer of the Laurent series of this function should be:
- 1
z zZn+l(n — 1) (15)
n=0

Before ending this part, this article summarizes the way to process exponential functions. When
processing exponential functions, especially the exponential functions related to  (natural constant),
sometimes it can be simplified by finding out that they are differential of another exponential function.
The exponential functions usually contain part of its original function before taking derivative, so

when the function is reversed to its original form, this equation e* = Z;‘{;Oi—, can be used.
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3.4. Laurent Series of Holomorphic and Meromorphic Functions

The definition of holomorphic functions and meromorphic functions have already been explained.
Laurent series contains positive and negative power terms because it represents both the analytic part
of the function and the unanalytic of the functions. Sometimes the Laurent series does not have
negative power terms, it is possible because that means the function is analytic. Here are two examples

of the holomorphic function and meromorphic function e* = Z;’f’zo’;—' and

1 1w /4" 1,2\
f(Z):(z—4)(z—9):_5_zZ(E) A (g) A<zl <9 (16)

n=0 0

These two are the Taylor series and the example shown in the former contents. e* is analytic in
the plain, so there are negative power terms appeared. In other words, this function does not have
singularities so it is analytic, indicating that it does not have negative power terms.

In the second example, an example question shown before, even though n start at O rather than

—oo, but in this part of Laurent series of the function Z;;‘;O(g)”, when n increase, the power of z is

negative and continuously increase negatively. In the domain of 4 < |z| <9 , the function is
expanding in a ring range, and does have sigularities, so it has negative power terms in this domain
but not in the domain of 0 < |z| < 4.

4, Summary

Generally, when computing Laurent series of complex functions, one should know its connection
with the Taylor series as the latter is easy to process or already known. In order to simplify the
function, Taylor series are always including in computing the complex function turn to Laurent series.
From the upper content, it is easy to find out that the main things needed to do is to convert the
original function to the form that can be easy to solve by using Taylor series. In addition, the way of
simplifying the function is not limited in one, several ways are acceptable in algebra. When
processing the final step, the series is related to the domain of the function. It needs to be followed
the domain of |z| in the original Taylor series. It should be carefully processed because the domain
changes and the answer are not fit in all domains.

This essay is mainly focused on the simple equations that are easy to simplify with algebra-based
knowledge or simple calculus. However, there are still other kinds of questions that are the
combination of different kinds of the question shown in the former contest. When it happens, the
combination of the methods should also be used during the computation.
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