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Abstract. This paper starts by introducing the application of the Fourier analysis and divides the
Fourier analysis into four cases according to the difference between physical space and frequency
space: discrete points on a circle < discrete points on a circle, n€ Z & 6 € [0,2n], 6 € [0,2r] &
n€Z,and x € R & 4 € R. The four cases are then grouped into three parts: the discrete Fourier
transform (DFT), the Fourier series, and the Fourier transform. For each part, this paper discusses
its characteristics and basic theory, and selectively deals with the proof and application examples.
This paper will promote some research related to Fourier analysis by analyzing Fourier analysis in
three different spaces as a whole.
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1. Introduction

Fourier analysis is very important in physics (heat equation), mathematics (harmonic analysis),
engineering and so on. And the basic idea is that represent an “arbitrary function” as a sum of
exponentials

F(x) = 7 f (De**da (1)

For x € R and A € R. And our function f(x) will be complex valued.

Fourier analysis takes place in different situations: the N roots of unity, the circle, or the real line.
The first case presents no technical difficulties and is the topic in part 1. The circle has some technical
considerations involving infinite series and is the topic in part 2 and 3. For the last case, the real line,
we will ignore technical considerations and concentrate on applications which is contain in part 4.

Now we will show the difference between these three cases by comparing them into four cases
according to physical space and frequency space.

(1) The case 1 is what will be said in part 2. In this case, with a fixed N, the domain of physical
space and the domain of frequency space is both on a circle. That is, which have already defined

2T,
above by w :=en', 0% 0!, w?.., "L
Table 1 Case 4 of Fourier analysis

Physical space Freguency space
Domain | On a circle but discrete | On a circle but discrete
Range R R
N-1
Function a 1 z kj
j = a; w
] \/]V - k

(2) The second case is the independent variable n € Z in physical space and 6 on a circle in
frequency space, which is associated with case 3.
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Table 2 Case 2 of Fourier analysis

Physical space Frequency space
Domain n ez @ isonacircle (6 € [0,2r])
Range R R
21
Function f(n f (8)e"Pdp
0

(3). Contrary to the previous case, the case 3 is the independent variable 6 on a circle in physical
space and n € Z in frequency space. And a detailed discussion of case 2 and case 3 will appear in
the unification section.

Table 3 Case 3 of Fourier analysis

Physical space | Frequency space
Domain | 6 is on a circle nez
Range R R
Function £(6) Z f(n)en?
n=—oo

The details of the infinite summation in this case will be said in part 3.
(4) The domain of physical space and the domain of frequency space is R and R. The details of
the anomalous integral in this case will be said in part 4.

Table 4 Case 4 of Fourier analysis

Physical space | Frequency space
Domain x €ER A€ER
Range R R
Function f(x) J f (De**da

2. The N roots of unity
Firstly, let’s compare them. Fourier analysis can be done in 4 different situations. Actually, way
No.2 and way No.3 is the same, that depend on what way you look at them.

2.1. Some about complex numbers

2T,
Now picking a positive integer N = 1,2,3,4,5 .... Define w := e™"' which modulus equal to 1. It
satisfies wV =1, w1 = 0wV 1 = w1, V2 =w™? and so on. Then we can get 1+ w! +
1-wl

w?+ -+ oVl = — =0 which called n-th unit root. The following diagram will graphically
show the relationship between the upper corner scale of x and its position on the circle.
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2m;
(1)1 =eN

(lwl=1)

N )
wZ=em=-1
(if N is even)

Figure 1. The graph of w inacircle

2.2. Discrete Fourier Transform (DFT)

Suppose there is a function defined on the set 0,1,2,3.. N—1 corresponds to
w® 0!, w? w3, ...,V 1 one by one. Using denote on our function a,,a,,as ...,ay_;.These are
functions defined on the domain of complex numbers, which is very important.

We define the DFT of this finite sequence by the following formula @, @y, @3, ..., @y—; Where

~ _ 1 @on- i
a = WZIILOI a ' ()

DFT .
for 0 <j <N -—1.Thatmeans a,,a,, as ...,ay_, — @y, @y, a3, ..., Ay_;. It IS €asy to know the

inversion formula is

1 .
4 =75 R0 @ w™ 3)

After defining the discrete Fourier transform, here are one of the main properties. Think of two set
of sequences

a={aga,..ay_1} 4)
b = {bg, by, ...by_1} (5)

where aj, b, € C,j,k € N. The C as a vector space over the complex numbers and N is the

natural number field.
Define the inner product as

(a,b) =X 4 (6)

Suppose we have a and b and we complete the DFT of each one of them. That is
a = (@, a, az, ..., ay-1) (7
b = (B, by, by, -, by 1) ®)
Now let us compute (@,b). Since |w|=1=w-@ =w-w™?!, it is clear that @ = w™!. Set
6(n) = {(1) z;z z g . As the definition, (a,b)=Y)}a ’}b] =
K=o §v 01 ag w" Zlig;&glw_lj = _leg (}Zl o Ak bl 2?’;01 w/ =D Zﬁ S0 X0 aK "N+
6(k ~-) = ;(Zk=o axby) N =Y¥-}a,b, =(ab). Now a speCIaI result Inner product
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(@,b)=(a, b) has been proved. It is time to see another important Fourier property of DFT. The
convolution is defined of the sequences(a  b); = ] a] «br-Then it is necessary to prove

@by, =5,
Proof St m=k-1 We hae (axDb) = i YN-d(a* b)) 0¥ =

ZoCi5t ax—iby) 0™ :\/1— =0 4y Xi= (}bk zw(k D wl] E] Zz =0 LY )ity lb
We have already said that YN -1 b, 0™ = YN -1 p @™ /
Finally, we get the conclusion (a x b b) = —ZN oY N byw™ =a, - b,

Here is another property of DFT. We knowa, = WZ’,X;O a,. And what happen if we do the DFT
lifn=0
0ifn+0
ZNoa] wk ZN 3 Nolalw wk —ZN alZN > k(lﬂ)_ﬁ oal N&(L+)) =

Nota, =a_;. It |s an interesting conclusion. For the initial sequence ay, a4, a,, ... ay_1, if you do

the DFT tW|ce you change the sequence to ay, ay_1,ay—2,..-a;. The following graph shows the
change in the position of w on the circle after two DFT.

of @ ? Let’s compute & . Set &(n) ={ and from the definition there is @, =

a3

Figure 2. The circle of a; and g

And if we do the DFT four time, the sequence doesn’t change and still is ay, a;, a,, ... ay_,. That
is, (DFT)* = Identity.

Moral: as a linear transformation, DFT has the property that define DFT:ay, a4, ...ay_1 =
ag, @y, ..., ay_7 .. then DFT* =1 . Therefore, the only possible coefficients of DFT are
1,i,—1,—i..... This will be important in part 4 and now we know four important things:

1) inversion formula

2) (@, b)=(a,b)

3) (axb); =3 -b,

4 d=a

In addition, there is an another property: (cya + c;b); = ¢; - @ + ¢, * b,.

3. The 0 on acircle

3.1. The changes

This is the second case, and we will replace the sequence {0,1,2,..., N — 1} by the circle 6 €
[0,27], like the red dot (line) in the figure below.
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Figure 3. The point in sequence and circle

First let's see how the Fourier transform form changes. Define Fourier coefficients of f(0):c; :=
%foznf(e) e~U9de where j € Z, 6 €[0,2m].

This formula shows that the 6 is define on a circle and the Fourier coefficients is a collection of
values. And now there is a big question: can one recover f(68) from the collection of its Fourier
coefficients? The answer is YES, namely do the following thing: f(6)~ X7 _o ¢; elj®

It is not “=" for several reasons.

1)The r.h.s is an infinite sum.

2)The formula may be easy to justify for some kind of functions f(6) and harder to justify for

others.
None of these problems arise when dealing with the DFT. So, we are talking as out Fourier Series.

3.2. Fourier Series

One difference with DFT is that physical space is different from frequency space. However, most
of properties of the DFT hold in the case of Fourier Series. Now consider the inner product, the
equality of (a,b) = {(a,b) . For f,(0) and f,(8) , define as before: (f;(0),f,(0)) =
1 2 — 1 (27 oo 0w oY . —i 1 oy (2T (i
Efo nfl(e) £,(0)de = ;fo ﬂz_oo Cj(l) eli® Y. Ck(Z) e~k 49 = Ezj,k Cj(l) Ck(Z) fo T ei(-K0 4p

lifn=0
0ifn#0 ©)
. . lifn=0
where nmeN . Applying equation (7) and set d&§(n) = {0 ifnz0 ' we can
derive % YD @ fOZ” el000dg =3, Ve, @6 —k) =32 _,, Cj(l)@ =
(cM, c@), Finally, the conclusion is {f;(0), f>(8)) = (¢, c@). There is another special case.
When f,(0) = £,(0) = f(6), the inner product turns to be(f; (), f>(0)) = %foznlf(ts?)l2 do =

j’;_oo|cj|2 where f(0) = Xz« ¢ e'?. It is not a good idea to try this integral because it is very
hard to solve exactly, but now we know it is equal to the equation on the right finite summation. This
famous formula is called Parseval identity.

Back to the main question we will see 3 different ways of making sense of ¥%_. ¢; ell®,

Eventually we will see a 4" way. Now let us see a little bit history.

In fact, %fozn ein® 4o = {

3.3. Three ways to deal with Fourier Series

In this section, we study various other methods of Fourier series summation of function. In 1832,
J.Fourier tried to solve something[1]. This will be repeatedly mentioned later in the heat equation,

and we will be using the word “filters” in electrical engineering.
a) defined
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(SO =T} _ycje? (10)

and picked N=0,1,2,3...
That means, in the frequency space, we have all the coefficients c;, and multiply all the Fourier
coefficients by the function
LljIsN
0,jl >N

In another words, ignore the figure when j > N or j < —N, Keeping only the middle part.

Filter ={ (11)

————————————o —0 —¢ —m —0 —0 —0 —————————————@
: 1 ;

ciltor < [LUISN

ilter =1 il > N
| 1 1 _! 1 1 ]
-N €3 €5 €1 |% ¢ ¢ ¢ N

Fig. 4 The filter in frequency space in (Syf)(6)

b) Deflne (FNf) (0) — (Sof+51f+52f+'“5Nf)(9)

N+1
and picked N=0,1,2,3....
This means that the averaging is done for (Syf)(6). By some simply calculation we can know if
jE[-N—-1,N+1], filter=1 when j=0, filter=0 when j=N+1 and Filter =
0,j <—-N-1

1+ ,-N-1<j<o0
N+1

i . Now, it is time to look how does the filter look in frequency space.
1-——,0<j<N+1

0,j=N+1
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0,j<-N-1

~N-1<j<0

)i ,
1-— _ 0<j<N+1
N+1 o

0,j=N+1

Fig. 5 The filter in frequency space in (Fyf)(6)

c) Defined (P.f)(0) = X2, c;rlilet®

and picked N=0,1,2,3....,0 <r < 1.

This equation shows that the summation term in xxx is decayed according to the exponential, with
a decay factor of r. After some calculation we can know filter =1 when j =0, filter =r"
when |j| = n,and Filter = rlUl. Soitis important to see how does the filter look in frequency space.

i — Al
r Filter = r

re

Fig. 6 The filter in frequency space in (Pyf)(6)
From the graph we can see that when |[j| becomes large, Filter convergesto 0 extremely quickly.
Now there is a very important question: what can we say about convergence either when N — oo

or r — 1. Let's look at the conclusion here.
Let us start with the 3 filter (B-f)(8). If f(8) is continuous as a function on the circle and in

particular case f(6) = f(2m) , then y_r)x}(Prf)(e)ef(e) uniformly in 6 . That means
max |[(B.f)(0)—-f(O)| =0 as r—>1.

0<0<2m
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The next is the 2nd filter (Fyf)(8). Under the same condition, f(8) is continuous, then
max |(P-f)(8) — f(6)] >0 as N — oo,

0<f=<2m
The last is the 1st filter (Syf)(0). Under the same condition that f'(6) exists at every points.

One proved that ,max [(S-f)(@)—f(6)] >0 as N — oo,
<0<2m
The process of proving the above theorems is not very difficult, but here we omit them.
Now come back to the basic question: how to simplify ¥ _. c;e el® by these three ways.To

beginning with, from Fourier Series we can know, if we have a function f(8) where 6 € (0,2m),
there is no need to put any other conditions and then we can get

f(O)~ X% cje® (12)
Which the Fourier coefficient
= [T f(@) e 0db (13)
And i =+/—1. When in a circle, we can rewrite formula (11) to
¢ = [T F(6) xe U0do (14)

(132
~

From formula (10), why we use instead of “="? There are one of the reasons as follow: It is
“danger” to do an infinite summation. To avoid this problem, we define

(SnO) = XNy cieT s (15)
And hope that when N — o , then (Syf)(6) — f(6). We also define
(Fnf)(0) s= SR ESWDO) L (16)

And hope that when N — oo , then (Fyf)(@) — f(0). For the third way, we define
(Pf)(0) ==X 2 cirllell i (17)

And hope that when r — 1 , then (B.f)(8) — f(6).In addition, there is a property of c;:
If

f(O)~ 2% celi® (18)
g(0)~ X% cj(g)e”e (19)
And define
h(®) = — [" f(t)g(6 — t)dt (20)
Finally, the h(8) will become
R(O)~ £2 ¢ cDeil® @1
Il—f|ence, we can get the conclusion:
h(O)~ X% ¢ el (22)

) _ (N (g)
Then ¢ =¢G

This conclusion means that the convolution on the circle is the same as multiplication on the side
of the Fourier coefficients. Now, it is time to come back to our problems. It has been said that one
problem which need to be solved is a finite summation like

YN, eind (23)
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Which equal to

i 1—eif(@2N-1)
eliné — (24)
since
i 1—gN+1
Tl = = (25)
and
sina =2 ;f_ (26)
Finally, the result is
. [’}
. sin(2N+1)-
ZIXNelnB — ~ 2 (27)

sin—
2

After finished this question, let us pay attention to the summation
Yo rlileii® (28)
By some complex calculation process, including substitution method and after using formula
(17)(18), we finally get

1-r2

o |jlyije — 7T
rlte =
2% 1-2r cos 6+r2

= F.(6) (29)

It is simply to see the Fourier coefficient of P.(8) is rl/l.
Now, it is time to give a conclusion. Firstly, we have three formulas.

The first is

f(O)~ X2 cjetb (30)
which the Fourier coefficient is G-
The second is

P.(0) = ¥, rlilei® (31)
which the Fourier coefficient is /1.
The last is

(P-)(0) = X2 cjrlilet® (32)

which the Fourier coefficient is ¢;r !,

We have also said that “the convolution on the circle is the same as multiplication on the side of
the Fourier coefficients”.

So finally, we can get

(BLIO) =5 [ FOP(0 — t)dt (33)

This means if we want to deal with PB.f(8), we just need to focus on B.(6). Next, it is necessary
to pay attentionto P.(8).

To begin with, to see more clearly, the MATLAB has been used to draw the picture of P.(6)
when r is equal to 0.3, 0.5 and 0.99 respectively. The x is limited to (—m, ).
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Fig. 7 r=0.3

Fig. 8 r=0.5

20+ J L -
- 3 2 1 0 1 2 3 4

Fig. 9 r=0.99
It is clearly to see the x takes the minimum value at -& and =, and by calculation we can get the
. 1-r .. . 1+r
value is = Similarly, we can see the x takes the maximum value at 0 where the x equal to —

From the formulas and these figures, or by some simply calculate, we can get some other properties
of B.(0).
1. B.(6) > 0.
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N

. B.(=0) = P.(6).

. B.(6) 1 for x € (—m,0) and B.(6) | for x € (0, ).

: iffn P.(8) d6 = 1.(use the series to prove)

. For afixed 6 # 0, Li_r)rll p-(0) =0

And the property 5 can be used to prove the follow formula:

g1~ W

lim |(Pf)(8) = f(6)] = 0 (34)
Here we just give a simple proof. We have the conclusion
(B)(0) = = [} F(OPR(6 — )t (35)
and
f0) = - f," f(6)do (36)
So

2T 21
BNG) =1®) = 3= [ FORO -0t =7 [ reras
1 2n
= 5| O - r@1R0 - 0

1 p6+m

= [f(®) = F(6)]P-(6 — t)dt (37

- z 0—m
As f(0) is continuous, forany & > 0, we can find 6§ = §(¢) > 0 suchthat |f(t) — f(0)]| < 2
if [t—6]|<6.Then

1
BHO O] =I5 [ 1O -F@1R0 -

Oecircle
1
21

[f(®) = F(6)]P.(6 — t)dt + ] [f () = f(&)]P-(6 — t)dt}

{BEcircle,lt—Blsé‘(s) Becircle,|t—0|>6(¢)

S-+-=¢ (38)

Finally, it showed that for any given & > 0, we can find r close enough to 1 which means p,.(6)
close enough to 0 such that |(B-f)(6) — f(8)| < €. Then the formula “”i |(B-f)(@)—f(O)]=0
T—

has been proved with the conditions that 6 is fixed and f(6) is continuous. And in the last, there
is a formula without proof:

lim P-(6) = f(6) (39)

4. The 6 on real line (Fourier Transforml)

First topic is Gibbs phenomena. Last part we discussed that if there is a function f(8) where 6 €
(0,2m),and f (@) iscontinuous and differentiable, at a point 6, we can prove that lin}(srf) 6y) =
Y ad

f£(68). Then the question is, what will happen when f(8) is discontinuous at 6,? We define a
function which is not continuous at 6, = 0 :
—1,x € (—m,0)
y=f(0) = 0,x=0 (40)
1,x € (0,m)
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The MATLAB is used to draw the picture of the function.
Square wave function

1571
‘ O  y=-1(x<0) & y=0(x=0) & y=1(x>0) ‘
1r L]
05+
> 0F o
051
-1 G
-15 : !
-50 0 50

Fig. 10 Square wave function
Now the Fourier coefficient is

cn = _f(6) e U0do (41)
and

(Snf)(6) = Xy cpe™® (42)
With some complex calculation process, we finally can get
; 2 (24 sing
(Sf)(O) = XNy cpe™® =2 [ 72 " adr (43)

T

To see more clearly, we use the MATLAB to get the picture when N is equal to 50 respectively
which includes original function, integral function and objective function image.
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12 original function, integral function and objective function
- I I I I I

X 3.13868
Y 1.08949

—
~—

_——T e T e

v
08
06

04

02

F(x)=(2fm)*sin(x)/x
f(x)= [ F(x)dx for n=50
g(x)=-1(x<0) & y=0(x=0) & y=1(x>0)

02 \ \ \ \ |
20 30 40 50 60
e

Fig. 11 three functions

By MATLAB we can know the maximum of (Syf)(6) which exactly the
integral function of f(8) equal to 1.089490...1t is meaning that there always exist

70 80

maximum of the
a 9% error. When

f(6) take the maximum value, 6 is close to 0. Actually, from the function (5) we can see the bigger
N is, the closer to 0 6 is. It is easy to know if N —» o, 8 — 0. Hence, (Syf)(0) — f(6) is true.

That is all about Gibbs phenomena.
Now let us start the part of Fourier Integral.
If we have a function f(6) where 6 € R, define

f) = [ f(x)e ™ dx
and it is simply to know
fG) =[5 F(e*dx
It can also be written by
f) = 7 f(x)e ™M dx
fe) = [, f(De2m*dx

There are two vector spaces should be stated.
1. Firstis L?(R).If f(x) € L?(R), it means

[ If@)Pdx < oo
And f(x) € I*(R) & f(x) € L2(R).

(44)

(45)

(46)

(47)

2.Second is C°. f(x) € C® ifandonly if f(x) satisfies following two conditions:

(1) f™(x) existfor n =1,2,3...
Q)h@|ﬂﬂﬂ&N=OWMnn=LZ&wp=LZ&“
X— 100

eg, e eC® and e *l g C.
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Similarly, f(x) € C° & f(x) € C°. Actually, C° c L*(R).

If there is a map from L#(R) to L?(R)(or from C;° to C;°)by Fourier Transform, then it is one
to one and onto.After have known these two spaces, let see some details of Fourier Transform.

1. What is the F.T. of f'?

With a simply integral we can get the answer: If f € C;°, then f/@) = (iA)"f. This property can
help us solve some problems. Here is an example.

Question: Show that the solution to the differential equation

U"(x) —U(x) = —f(x) (48)
IS given by
U) =55 e Yf()dy (49)
Proof Set g(x) = e~*I, then
UGx) =5 % e " fG)dy = 2 f(x) * g () (50)
Because f(x) * g(x) = f(x) - g(x), itis simply to see
U@ =5 fQ)*g() =5 F0) g0 =3 F() - e (51)
Since
e~IXl = f(d) = J.O:oe‘“‘I e M Xdx = fle‘x‘i’lxdx + flex‘ilxdx
= —(1-0)+——=0-1)=—5 (52)

Substitute equation (66), the result will be U(x) = 13)2 ie., 22-U() + U®) = f(x). Now the
formula f™ = (i2)"f can be used where n =2, i.e., U"(x) = —A2U(x). Finally, the above
equation turns to be U"(x) — U(x) = —f(x) which is the original equation. That result tells us
that U(x) = %f_"ooo e =YIf(y)dy is the solution of U"(x) — U(x) = —f(x).

From this example we can see that the use of this property in the Fourier transform can be used

wisely to simplify the calculation.
2. Parseval ldentity:

[2 AMWEM L = [2 (DA (53)
by the help of §(a) = ["._e~¥?dA and
I= g@If” e~*adA] da = g(0) (54)

It is means that < f; (1), /(1) >=< £, (1), /(1) >. i.e., Parseval Identity.

3. Some important examples:
x2 A2g2

(1) Set f(x) = e o where ¢ > 0. It is easy to know f(x) =+vmo-e~ = The MATLAB has
been used to draw the picture of f(x) when o isequal to 0.25 and 25 respectively. The x is limited
to (—50,50).
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Before F.T.

0.9

0.8

0.7

0.6

> 05

04

0.3

0.2

0.1

Figure. 12.before F.T.
After the F.T., the image turned to be the opposite result:

After F.T.
1.5 T T T T T
e (7=(]) .25
0=2.5
1 - 4
>
051 7
0 L / 1 1 1 \
3 -2 -1 0 1 2 3

Figure. 13.after F.T.
(2) Heisenberg Principle:
Forany f(x) € C;°, the product
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(2, 2?1 01Pdx) « (17 22| da) = 2 (55)
(3) Schwarz inequality
<fg=| feogGIdx
s(f |f(x)|2dx> (f |g<x>|2dx>
=|I£1] *|19l| (56)

4. Heat equation
If we have a Heat equation U(x,t) where z € R, t > 0, and it satisfies U; = U,,. Define

U0 = [ U(x,t)e Y*dx (57)
And
U,=0U; = fooUt(x, t)e U*dx
= [0 Upe(x,t)e 9%dx = (i1)20 (58)
This is an ODE
20,0 = -2U@A 1) (59)

Just solved it and the answer is (4, t) = e=**t0(1,0), and it is fact that f;  /, = f,f, Where
“*” means convolution. By the calculation above, the result is

UL t) = e~#2t « U(x,0) (60)
i.e.
1 e A
U(x,t) = ﬁf_me 2t U(x,0)dy (61)

5. Conclusion

In this study, the Fourier analysis was divided into three interrelated parts. In the first part, DFT,
the basic transformation laws are described, the properties of inner product and convolution are
derived and extended, and the properties of even-order DFT, namely "symmetry" and "reduction”,
are explored. In the second part, we explain that the use of "~" instead of "=" is related to infinite
summation, compare the Fourier series with the inner product and convolution in DFT, and finally
derive the Parseval identity, and introduce the three treatments of J Fourier's three treatments. After
deeply studying their fitting properties, it is concluded that they converge to the objective function
and are compared through images. In the Fourier transform, the study looks at its application and
analyzes the error of its simulation of discontinuous functions, obtaining through detailed calculations
that the simulation of a square wave will show an error of about 9%. Some other properties of the
Fourier transform are illustrated by examples, such as a demonstration of its use for solving heat
conduction problems, showing its power to simplify operations.
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