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Abstract. Numerical analysis benefits from spectral methods. The Fourier series and Chebyshev 
polynomials were initially used to solve ordinary differential equations by Cornelius Lanczos. For the 
first time, spectral approaches were employed by Kreiss, Oliger, Orszag, and other scholars in the 
1970s to resolve the partial differential equations of fluid mechanics. In Fourier analysis, general 
functions are expressed as the sums of a variety of fundamental function options, such as sines and 
cosines.This paper gives an introductory analysis on Fourier Series. Starting with the basic definition 
of Fourier coefficients and Fourier Series, the paper introduces the concept and properties of 
convolution. It also talks about different kernels and good kernel family, analyzing the relationship 
between these kernels and the original function. Then the paper will combine these ideas and prove 
the uniqueness and convergence of Fourier Series. 
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1. Introduction 

1.1. History and application of Fourier Transform 

Have you ever noticed that pressing the number keys on your phone during a call results in a 

distinct sound for every phone model? This is due to the fact that each button is made up of two 

distinct sinusoids, which may be used to distinguish one button from another. The other person can 

determine what keys you hit when using your phone to navigate a menu by doing a Fourier transform 

on the input and analyzing the frequencies. Physics problems frequently include oscillations and 

vibrations. Usually, the oscillatory motion is straightforward and may be expressed as a single sine 

or cosine function (e.g., weights on springs, pendulums, harmonic waves, etc.). However, the wave 

forms are not always straightforward and, unlike sines and cosines, can be challenging to address 

analytically in many situations (electromagnetism, heat conduction, quantum theory, etc.)  A wave 

varies its speed as it passes through a heterogeneous medium in response to variations in the rate of 

wave propagation in the medium. So one may determine the extra time delay, which in turn informs 

you how much the wave speed has changed in the medium, by detecting a shift in phase between 

what is predicted and what is measured. Of course, this is a pretty basic explanation for laypeople, 

yet it serves as the foundation for tomography.Scientists have a set of effective tools for describing 

any periodic function as the sum of sines and cosines thanks to Fourier techniques. The idea of Fourier 

Series was first introduced in a classical Physics problem to solve the heat equation. Discussing about 

the solution of this problem, Mathematician Joseph Fourier pointed out that every function can be 

written as combinations of trigonometric functions. And from then on, the study on Fourier analysis 

began [1-21]. Fourier Analysis is a useful tool to solve the differential equation. It is also broadly 

applied in the fields of signal processing, image processing .etc.  

1.2. Constrains on functions 

Before talking about Fourier Series, it is necessary to put some constrains on functions that one 

might analyze later. Below are some types of functions that will basically talk about: 

Everywhere continuous function: continuous at every point on the interval. 

Piecewise continuous function: functions only have finite discontinuities on the interval  

Riemann integrable function: a function on the interval [0, L] is Riemann integrable if 
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it is bounded and  the upper and lower sum of function converge to some number F, that is, for 

every 𝜀 > 0, there is 0 = 𝑥0 < 𝑥1 < ⋯ < 𝑥𝑁 = 𝐿 , so that the lower sum: 𝑈 =
 ∑ [𝑠𝑢𝑝𝑥𝑗−1≤𝑥≤𝑥𝑗𝑓(𝑥)](𝑥𝑗 − 𝑥𝑗−1)𝑁

𝑗=1 , and the upper sum:  ℒ =  ∑ [𝑖𝑛𝑓𝑥𝑗−1≤𝑥≤𝑥𝑗𝑓(𝑥)](𝑥𝑗 −𝑁
𝑗=1

𝑥𝑗−1) satisfy that 𝑈 − ℒ <  𝜀. After talking about types of functions that will discuss later, some 

properties of function on circle are also necessary to be introduced. Each point on a unit circle can be 

represented as 𝑒𝑖𝜃 , if F is a function on the circle, define function f on the real line such that: 𝑓(𝜃) =
𝐹(𝑒𝑖𝜃), one can get 𝑓(𝜃 + 2𝜋) = 𝑓(𝜃)(periodicity). Notice that functions on a real line that is 

2𝜋 periodic and the functions on a real line that has interval [0, 2𝜋] which have same value at two 

end-points, are the same description to illustrate functions on a circle. With these understandings, the 

formal definition can be given:If f is an integrable function on interval [a, b] of length L, then Fourier 

coefficients of nth element is: 𝑎𝑛 =  
1

𝐿
∫ 𝑓(𝑥)𝑒−

2𝜋𝑖𝑛𝑥

𝐿 𝑑𝑥,
𝑏

𝑎
 𝑛 ∈ ℤ . The function f is: 

𝑓(𝑥) ~ ∑ 𝑎𝑛
∞
𝑛=−∞ 𝑒

2𝜋𝑖𝑛𝑥

𝐿 . Specifically, if the function is on the interval [- 𝜋, 𝜋 ], then 𝑎𝑛 =

 
1

2𝜋
∫ 𝑓(𝑥)𝑒−𝑖𝑛𝑥𝑑𝑥,

𝜋

−𝜋
 𝑛 ∈ ℤ and the Fourier Series is 𝑓(𝑥) ~ ∑ 𝑎𝑛

∞
𝑛=−∞ 𝑒𝑖𝑛𝑥. Notice that Fourier 

Series is a member of trigonometric series which satisfy the form ∑ 𝑐𝑛
∞
𝑛=−∞ 𝑒

2𝜋𝑖𝑛𝑥

𝐿 , 𝑐 ∈  ℂ.  

2. Uniqueness of Fourier Series 

One meaningful discussion about Fourier Series is its uniqueness, that is, whether a function can 

be uniquely determined by its Fourier coefficients. Elaborating on this topic, below are some 

insightful conclusions that can be drawn. If 𝑓 is an integrable function on the circle with 𝑓(𝑛) = 0 

for all 𝑛 ∈ ℤ, then 𝑓(𝜃0) = 0 whenever 𝑓 is continuous at 𝜃0 [1]. To proof this theorem, suppose 

there is a function 𝑓  that satisfies the assumption of 𝑓(𝑛) = 0  for all 𝑛 ∈ ℤ  on the interval 
[−𝜋, 𝜋]. Also, when 𝜃0 = 0, 𝑓(𝜃0) > 0. If this type of function cannot exist, then the theorem is 

proved by contradiction. By assumption, 𝑓 is continuous at 𝜃 = 0. Thus, one can pick 0 < 𝛿 <

𝜋/2 satisfying the condition: 𝑓(𝜃) >
𝑓(0)

2
 if |𝜃| < 𝛿. Set 𝑝(𝜃) = 𝜖 + cos 𝜃. Choose positive 𝜖 to 

be small enough that |𝑝(𝜃)| < 1 −
𝜖

2
 when 𝛿 ≤ |𝜃| ≤ 𝜋. Then choose positive 𝜂, 𝜂 < 𝛿 such that 

𝑝(𝜃) ≥ 1 +
𝜖

2
 for 𝜂 < |𝜃|. Since 𝑓 is integrable, it is also bounded. One can choose B such that 

|𝑓(𝜃)| ≤ 𝐵  for all 𝜃 . Set 𝑝𝑘(𝜃) = [ 𝑝(𝜃)]𝑘 , then 𝑝𝑘(𝜃) is trigonometric polynomial. Because 

𝑓(𝑛) = 0 for  𝑛 ∈ ℤ, ∫ 𝑓(𝜃)
𝜋

−𝜋
[ 𝑝(𝜃)]𝑘𝑑𝜃 = 0 for all k. 

But, |∫ 𝑓(𝜃)
𝛿≤|𝜃|

[ 𝑝(𝜃)]𝑘𝑑𝜃| ≤ 2𝜋𝐵(1 −
𝜖

2
 )𝑘. ∫ 𝑓(𝜃)

𝜂≤|𝜃|<𝛿
[ 𝑝(𝜃)]𝑘𝑑𝜃 ≥ 0, 

∫ 𝑓(𝜃)
|𝜃|<𝜂

𝑝𝑘(𝜃)𝑑𝜃 ≥ 2𝜂
𝑓(0)

2
 (1 +

𝜖

2
)𝑘. Thus, ∫ 𝑓(𝜃) 𝑝𝑘(𝜃)𝑑𝜃 → ∞ 𝑎𝑠 𝑘 → ∞, contradiction.  

Above is when 𝑓 is real-valued function. When 𝑓 is complexed-valued function, one can write 

𝑓(𝜃) = 𝑢(𝜃) + 𝑣(𝜃), 𝑤ℎ𝑒𝑟𝑒 𝑢(𝜃) =
𝑓(𝜃)+𝑓(𝜃)̅̅ ̅̅ ̅̅ ̅

2
, 𝑣(𝜃) =

𝑓(𝜃)−𝑓(𝜃)̅̅ ̅̅ ̅̅ ̅

2𝑖
, since both 𝑢(𝜃)  and , 𝑣(𝜃) 

vanish, so does 𝑓(𝜃). The theorem above also implies that if 𝑓 is continuous on the circle, then 

𝑓(𝑛) = 0 for all 𝑛 ∈ ℤ suggests that 𝑓 = 0 [1]. The next corollary states that if 𝑓 is continuous 

on the circle the Fourier Transform of 𝑓 satisfied that ∑ |𝑓∞
𝑛=−∞ (𝑛)| < ∞ (absolutely convergent), 

then, the Fourier Series converge uniformly to original function 𝑓 :  lim
𝑁→∞

𝑆𝑁(𝑓)(𝜃) = 𝑓(𝜃) 

uniformly in 𝜃 [1]. To prove this corollary, notice that since ∑ |𝑓∞
𝑛=−∞ (𝑛)| < ∞, 𝑆𝑁(𝑓)(𝜃) also 

converge uniformly and absolutely. Thus, 𝑔(𝜃) = lim
𝑁→∞

∑ 𝑓(𝑛)𝑒𝑖𝑛𝜃𝑁
𝑛=−𝑁  is a continuous function on 

the circle, and the Fourier coefficient for g is just 𝑓(𝑛). Since 𝑓(𝑛) = 𝑔̂(𝑛), based on the previous 

property, 𝑔 =  𝑓. Before talk about the third corollary, notation 𝑂 is introduced. For some constant 

𝐶, if it is true that |𝑓(𝑥)| ≤ 𝐶|𝑔(𝑥)| as 𝑥 approach 𝑎, then it can be represented as below: 𝑓(𝑥) =
𝑂(𝑔(𝑥)) as 𝑥 → 𝑎. If 𝑔(𝑥) = 1, this means the function the function is bounded.  Knowing this 
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notation, here is another corollary: If function 𝑓 is twice differentiable on the circle, then  𝑓(𝑛) =
𝑂(1/|𝑛|2) as 𝑛 → ∞ 

So Fourier series of 𝑓 converges absolutely and uniformly [1].The proof process is integrating 

by part, and find that 2𝜋𝑓(𝑛) = ∫ 𝑓(𝜃)𝑒−𝑖𝑛𝜃𝑑𝜃
2𝜋

0
=

−1

𝑛2 ∫ 𝑓′′(𝜃)
2𝜋

0
𝑒−𝑖𝑛𝜃𝑑𝜃 . 2𝜋|𝑛|2|𝑓̂(𝑛)| ≤

|∫ 𝑓′′(𝜃)
2𝜋

0
𝑒−𝑖𝑛𝜃𝑑𝜃| ≤ ∫ |𝑓′′(𝜃)|

2𝜋

0
𝑑𝜃 ≤ 𝐶 |𝑓̂(𝑛)|≤ 𝐶|1/|𝑛|2|, 𝐶 =  2𝜋𝐵 (B is the bound of 𝑓′′) 

as 𝑛 → ∞. One important property one can notice is that: 𝑓′(𝑛)̂ = 𝑖𝑛𝑓(𝑛). 

3. Kernels and Convolution 

3.1. Important Kernels in Fourier Analysis 

Below are some important kernels that will be useful when discuss about Fourier Series.  

The first one is Dirichlet Kernel:  𝐷𝑛(𝑥) = ∑ 𝑒𝑖𝑘𝑥
|𝑘|≤𝑛 = 𝑒−𝑖𝑛𝑥 ∑ 𝑒𝑖𝑘𝑥2𝑛

𝑘=0 = 𝑒−𝑖𝑛𝑥 𝑒(2𝑛+1)𝑖𝑥−1

𝑒𝑖𝑥−1
=

𝑒

𝑒
−

1
2

𝑖𝑥

−𝑖𝑛𝑥−
1

2
𝑖𝑥

∙
𝑒(2𝑛+1)𝑖𝑥−1

𝑒𝑖𝑥−1
=

𝑒
𝑖𝑥(𝑛+

1
2)

−𝑒
−𝑖𝑥(𝑛+

1
2)

𝑒
1
2

𝑖𝑥
−𝑒

−
1
2

𝑖𝑥
=

2𝑖𝑠𝑖𝑛(𝑛+
1

2
)𝑥

2𝑖𝑠𝑖𝑛
𝑥

2

=
𝑠𝑖𝑛

(2𝑛+1)

2
𝑥

𝑠𝑖𝑛
𝑥

2

. The second one is Poisson 

Kernel: 𝑃𝑟(𝜃) =  ∑ 𝑟|𝑛|𝑒𝑖𝑛𝜃∞
𝑛=−∞ ,    0 < 𝑟 < 1 =  ∑ 𝑟𝑛𝑒−𝑖𝑛𝜃∞

𝑛=1 +    ∑ 𝑟𝑛𝑒𝑖𝑛𝜃∞
𝑛=0  =  

𝑟𝑒−𝑖𝜃

1−𝑟𝑒−𝑖𝜃 +

 
1

1−𝑟𝑒𝑖𝜃  =  
1−𝑟2

1−2 rcos 𝜃+𝑟2 . And the third type, Fejer Kernel: 𝐹𝑁(𝜃)  = 
1

𝑁+1
∑ 𝐷𝑁

𝑁
𝑛=0 =

1

𝑁+1
∑

𝑠𝑖𝑛
(2𝑛+1)

2
𝜃

𝑠𝑖𝑛
𝜃

2

𝑁
𝑛=0 =

1

𝑁+1
(

sin2𝜃

2

𝑠𝑖𝑛2𝜃

2

+ ⋯ +
sin

(2𝑛+1)

2
𝜃 ∙ 𝑠𝑖𝑛

𝜃

2

𝑠𝑖𝑛2𝜃

2

) , sin
(2𝑛+1)

2
𝜃 ∙ 𝑠𝑖𝑛

𝜃

2
=

1

2
(cos(nx) − cos(n +

1)x).𝐹𝑁(𝜃)  =  
1

𝑁+1
(

1

2
(1−𝑐𝑜𝑠(𝑁+1)𝑥)

𝑠𝑖𝑛2𝜃

2

)  =  
1

𝑁+1

𝑠𝑖𝑛2(𝑁+1)𝜃

2

𝑠𝑖𝑛2𝜃

2

. 

3.2. Convolution 

Suppose there are two functions 𝑓 and 𝑔 which are 2𝜋 periodic integrable on the real line, then 

the convolution of two functions on the interval [−𝜋, 𝜋], denoted by 𝑓 ∗ 𝑔 can be calculated as 

following: (𝑓 ∗ 𝑔)(𝑥) =
1

2𝜋
∫ 𝑓(𝑦)𝑔(𝑥 − 𝑦)𝑑𝑦

𝜋

−𝜋
. Since two functions are periodic, one can change 

variables inside and get (𝑓 ∗ 𝑔)(𝑥) =
1

2𝜋
∫ 𝑓(𝑥 − 𝑦)𝑔(𝑦)𝑑𝑦

𝜋

−𝜋
. Convolution in some sense can be 

seen as the weighted average of the value of function. It is also useful when one try to analyze the 

kernel. For example, for the partial sum (𝑆𝑁𝑓)(𝑥),  it can be written as: 𝑆𝑛𝑓(𝑥) =

 ∑ 𝑓(𝑛)𝑒𝑖𝑛𝜃𝑛=𝑁
𝑛=−𝑁  =  ∑

1

2𝜋
 ∫ 𝑓(𝑡)𝑒−𝑖𝑛𝑡𝑑𝑡  

2𝜋

0
𝑒𝑖𝑗𝑥𝑛=𝑁

 𝑛=−𝑁  =  
1

2𝜋
∫ (∑ 𝑒𝑖𝑛(𝑥−𝑡)𝑁

𝑛=−𝑁 )
2𝜋

0
𝑓(𝑡)𝑑𝑡 =

  
1

2𝜋
∫

𝑠𝑖𝑛
(2𝑛+1)

2
(𝑥−𝑡)

𝑠𝑖𝑛
𝑥−𝑡

2

2𝜋

0
𝑓(𝑡)𝑑𝑡 =   

1

2𝜋
∫ 𝐷𝑛(𝑥 − 𝑡)

𝜋

𝜋
𝑓(𝑡)𝑑𝑡   = (𝑓 ∗  𝐷𝑁)  (𝑥).  𝐷𝑁  here is the nth 

Dirichlet kernel: 𝐷𝑁(𝑥) = ∑ 𝑒𝑖𝑛𝑥
|𝑛|≤𝑁  

3.2.1 Properties of convolution 

Below are several main properties of convolution 

If 𝑓, 𝑔 are two periodic integrable functions, then: 

1. Linearity: 𝑓 ∗ (𝑔 + ℎ) = (𝑓 ∗ 𝑔) + (𝑓 ∗ ℎ) 

2. Associativity: (𝑐𝑓) ∗ 𝑔 = 𝑐(𝑓 ∗ 𝑔) = 𝑓 ∗ (𝑐𝑔) for any 𝑐 ∈ ℂ 

3. Commutativity: 𝑓 ∗ 𝑔 = 𝑔 ∗ 𝑓 

4. Associativity: (𝑓 ∗ 𝑔) ∗ ℎ = 𝑓 ∗ (𝑔 ∗ ℎ) 

5. 𝑓 ∗ 𝑔 is continuous 

6. 𝑓 ∗ 𝑔̂ (𝑛) =𝑓(𝑛)𝑔(𝑛).  

While the first 4 properties are on the algebraic level, the fifth one suggests that 𝑓 ∗ 𝑔  is 

continuous even if the two functions individually are only integrable. And the last one tells that the 
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Fourier transform can take convolution into multiplication. First 4 theorems are relatively easy to 

prove. To prove property 6, just do the integration: 𝑓 ∗ 𝑔̂(𝑛) =
1

2𝜋
∫ (𝑓 ∗ 𝑔)(𝑥)𝑒−𝑖𝑛𝑥𝜋

−𝜋
𝑑𝑥 =

1

2𝜋
∫

1

2𝜋
(∫ 𝑓(𝑦)𝑔(𝑥 − 𝑦)

𝜋

−𝜋

𝜋

−𝜋
𝑑𝑦)𝑒−𝑖𝑛𝑥𝑑𝑥 =

1

2𝜋
∫ 𝑓(𝑦)𝑒−𝑖𝑛𝑦(

1

2𝜋
∫ 𝑔(𝑥 − 𝑦)

𝜋

−𝜋
𝑒−𝑖𝑛(𝑥−𝑦)𝜋

−𝜋
𝑑𝑥)𝑑𝑦 =

1

2𝜋
∫ 𝑓(𝑦)𝑒−𝑖𝑛𝑦(

1

2𝜋
∫ 𝑔(𝑥)

𝜋

−𝜋
𝑒−𝑖𝑛(𝑥)𝜋

−𝜋
𝑑𝑥)𝑑𝑦 = 𝑓(𝑛)𝑔̂(𝑛). In order to give proof for property 5, one 

need to first write: (𝑓 ∗ 𝑔)(𝑥1) − (𝑓 ∗ 𝑔)(𝑥2) =
1

2𝜋
∫ 𝑓(𝑦)[𝑔(𝑥1 − 𝑦) − 𝑔(𝑥2 − 𝑦)]

𝜋

−𝜋
𝑑𝑦. Assume 

𝑓  and 𝑔  continuous, then this implies that given 𝜀 > 0, there exists 𝛿 > 0 such that for any 
|𝑠 − 𝑡| < 𝛿 , it is true that |𝑔(𝑠) − 𝑔(𝑡)| < 𝛿 . Then for any |𝑥1 − 𝑥2| < 𝛿 , |(𝑥1 − 𝑦) − (𝑥2 −

𝑦)| < 𝛿  for any y.Thus, |(𝑓 ∗ 𝑔)(𝑥1) − (𝑓 ∗ 𝑔)(𝑥2)| ≤
1

2𝜋
∫ |𝑓(𝑦)||[𝑔(𝑥1 − 𝑦) − 𝑔(𝑥2 −

𝜋

−𝜋

𝑦)]| 𝑑𝑦 ≤
𝜀

2𝜋
∫ |𝑓(𝑦)|𝑑𝑦

𝜋

−𝜋
≤

𝜀

2𝜋
2𝜋𝐵. It proves that 𝑓 ∗ 𝑔 is continuous.What if the functions are not 

continuous but just integrable? Then some Lemma need to be introduced: If function 𝑓  is an 

integrable function on circle and it has a bound B. Then there exists a sequence {𝑓𝑘}𝑘=1
∞  of 

continuous functions such that sup(𝑥 ∈ [−𝜋, 𝜋]) |𝑓𝑘(𝑥)| ≤ 𝐵  for k=1, 2, 3…And ∫ |𝑓(𝑥) −
𝜋

−𝜋

𝑓𝑘(𝑥)| 𝑑𝑥 → 0 as 𝑘 → ∞ 

Thus for functions f and g, one can have following sequences 𝑓𝑘, 𝑔𝑔. Then one have:𝑓 ∗ 𝑔 − 𝑓𝑘 ∗

𝑔𝑘 = (𝑓 − 𝑓𝑘) ∗ 𝑔 + 𝑓𝑘 ∗ (𝑔 − 𝑔𝑘) .Based on the property of sequence, |(𝑓 − 𝑓𝑘) ∗ 𝑔(𝑥)| ≤
1

2𝜋
∫ |𝑓(𝑥 − 𝑦) − 𝑓𝑘(𝑥 − 𝑦)||𝑔(𝑦)|

𝜋

−𝜋
𝑑𝑦 ≤

1

2𝜋
sup|𝑔(𝑦)| ∫ |

𝜋

−𝜋
𝑓(𝑦) − 𝑓𝑘(𝑦)𝑑𝑦 → 0 𝑎𝑠 𝑘 → ∞ 

Thus, one can conclude that (𝑓 − 𝑓𝑘) ∗ 𝑔 goes to 0 uniformly as k goes to infinity, and 𝑓𝑘 ∗ (𝑔 −
𝑔𝑘) is the same case. 𝑓𝑘 ∗ 𝑔𝑘 goes uniformly to 𝑓 ∗ 𝑔. Since 𝑓𝑘 ∗ 𝑔𝑘 is continuous, then so does 

𝑓 ∗ 𝑔. 

3.3. Good kernel family 

When discussing about Fourier Series, the family of good kernels are very useful for recovering 

the original function. In general, Good kernels {𝐾𝑛(𝑥)}𝑛=1
∞ should satisfy these properties below: 

1) 
1

2𝜋
∫ 𝐾𝑛

𝜋

−𝜋
(𝑥)𝑑𝑥 = 1, n>1 

2) for all n>1, there exist M>0 such that ∫ |𝐾𝑛(𝑥)|
𝜋

−𝜋
𝑑𝑥 ≤ 𝑀 

3) ∫ |𝐾𝑛(𝑥)|𝑑𝑥 → 0
𝛿≤|𝑥|≤𝜋

 as 𝑛 → ∞ for every 𝛿 > 0, 

For most of time, people will use good kernels 𝐾𝑛(𝑥) > 0, thus |𝐾𝑛(𝑥)| = 𝐾𝑛(𝑥), which means 

the first property directly lead to the validity of the second one. One way to understand good kernels 

is the weight distribution on the circle. Property one means 𝐾𝑛(𝑥) assigns weight to the whole circle, 

and the property three implies that as n becomes larger, the mass will concentrate more around the 

origin.  

Good kernels have insightful relationship with convolution, which leads to the following theorem: 

If {𝐾𝑛(𝑥)}𝑛=1
∞  belongs to good kernels family, and 𝑓 is integrable, then  

lim
𝑛→∞

(𝑓 ∗ 𝐾𝑛)(𝑥) = 𝑓(𝑥)  whenever 𝑓  is continuous at 𝑥 . If function 𝑓  is continuous 

everywhere, then the limit is uniform. This is why family 𝐾𝑛(𝑥) is also called the approximation to 

identity [1]. If one interprets the convolution as the weighted average, then (𝑓 ∗ 𝐾𝑛)(𝑥) =
1

2𝜋
∫ 𝑓(𝑥 − 𝑦)𝐾𝑛

𝜋

−𝜋
(𝑦)𝑑𝑦 is the weighted average of 𝑓(𝑥 − 𝑦). According to the previous property, 

as n becomes large enough, 𝐾𝑛 will tend to distribute all the mass at 𝑦 = 0. Thus, 𝑓(𝑥) is assigned 

the full mass as 𝑛 → ∞ .Below is the proof of the theorem:(𝑓 ∗ 𝐾𝑛)(𝑥) − 𝑓(𝑥) =
1

2𝜋
∫ 𝑓(𝑥 −

𝜋

−𝜋

𝑦)𝐾𝑛 (𝑦)𝑑𝑦 − 𝑓(𝑥) . Since 
1

2𝜋
∫ 𝐾𝑛

𝜋

−𝜋
(𝑦)𝑓(𝑥)𝑑𝑦 = 𝑓(𝑥)

1

2𝜋
∫ 𝐾𝑛

𝜋

−𝜋
(𝑦)𝑑𝑦 = 𝑓(𝑥) , (𝑓 ∗ 𝐾𝑛)(𝑥) −

𝑓(𝑥) =
1

2𝜋
∫ 𝐾𝑛

𝜋

−𝜋
(𝑦)[𝑓(𝑥 − 𝑦) − 𝑓(𝑥)]𝑑𝑦 . |(𝑓 ∗ 𝐾𝑛)(𝑥) − 𝑓(𝑥)| = |

1

2𝜋
∫ 𝐾𝑛

𝜋

−𝜋
(𝑦)[𝑓(𝑥 − 𝑦) −

𝑓(𝑥)]𝑑𝑦|. By assumption, 𝑓 is continuous at point 𝑥, thus one can pick 𝛿 such that whenever 
|𝑦| < 𝛿 , |𝑓(𝑥 − 𝑦) − 𝑓(𝑥)| < 𝜀 . Therefore, the previous expression can be written as: |(𝑓 ∗
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𝐾𝑛)(𝑥) − 𝑓(𝑥)| = |
1

2𝜋
∫ 𝐾𝑛

𝜋

−𝜋
(𝑦)[𝑓(𝑥 − 𝑦) − 𝑓(𝑥)]𝑑𝑦|  =  

1

2𝜋
∫ |𝐾𝑛|𝑦|<𝛿

(𝑦)||𝑓(𝑥 − 𝑦) −

𝑓(𝑥)|𝑑𝑦 +  
1

2𝜋
∫ |𝐾𝑛𝛿≤|𝑦|≤𝜋

(𝑦)||𝑓(𝑥 − 𝑦) − 𝑓(𝑥)|𝑑𝑦 ≤  
𝜀

2𝜋
∫ |𝐾𝑛(𝑦)|

𝜋

−𝜋
𝑑𝑦 +  

2𝐵

2𝜋
∫ |𝐾𝑛𝛿≤|𝑦|≤𝜋

(𝑦)|𝑑𝑦 .  

The first part is due to the continuity of function 𝑓, which implied that |𝑓(𝑥 − 𝑦) − 𝑓(𝑥)| < 𝜀. And 

the second part is because 𝑓  is integrable, which means |𝑓(𝑥 − 𝑦) − 𝑓(𝑥)|  is bounded. Now 

according to property 2, 
𝜀

2𝜋
∫ |𝐾𝑛(𝑦)|

𝜋

−𝜋
𝑑𝑦 ≤

𝜀𝑀

2𝜋
. Also, according to property 3, 

2𝐵

2𝜋
∫ |𝐾𝑛𝛿≤|𝑦|≤𝜋

(𝑦)|𝑑𝑦 → 0  as 𝑛 → ∞ . Thus the theorem has been proved. If 𝑓  is continuous 

everywhere, then 𝛿 can be chose independently, causing the limit to be uniformly converge to 𝑓. 

Remember the Dirichlet Kernel: 𝐷𝑁(𝑥) = ∑ 𝑒𝑖𝑛𝑥
|𝑛|≤𝑁 . Does this kernel belong to the good kernel 

family? If it does, then one can conclude that the Fourier Series converges to 𝑓(𝑥) as long as 𝑥 is 

continuous. However,  ∫ |
𝜋

−𝜋
𝐷𝑁(𝑥)|𝑑𝑥 ≥ 𝑐 log 𝑁 as 𝑁 → ∞, which violates the second property. 

Dirichlet Kernel is not a good kernel. But it does satisfy the first property, that is: 
1

2𝜋
∫ 𝐷𝑛

𝜋

−𝜋
(𝑥)𝑑𝑥 =

1. These facts suggest that Dirichlet Kernel vibrates rapidly across the y-axis as N becomes large. 

But one can prove that the Fejer Kernel and the Poisson Kernel are both good kernels.  

4. Convergence and Summability 

4.1. Cesaro mean and Cesaro summation 

Since sometimes Fourier Series does not converge, one need to use different methods to analyze 

the problem. This is when Cesaro mean and summation are introduced. Given a complex-valued 

series: ∑ 𝑐𝑘
∞
𝑘=0 , the nth partial sum, 𝑠𝑛 =  ∑ 𝑐𝑘

𝑛
𝑘=0 . The average of the first N partial sums are given 

by: 𝜎𝑁 =
𝑠0+𝑠1+⋯+𝑠𝑁−1

𝑁
, where 𝜎𝑁 is the Nth Cesaro mean of sequence {𝑠𝑘}, or Nth Cesaro sum of 

series ∑ 𝑐𝑘
∞
𝑘=0 . If 𝜎𝑁 converge to some 𝜎 as N goes to the infinity, then series ∑ 𝑐𝑘

∞
𝑘=0  is Cesaro 

summable to 𝜎. If a series converges to 𝑠, then it is also Cesaro summable to 𝑠. Although Dirichlet 

Kernel is not a gook kernel, its average does belong to family of good kernel. In fact, the nth Cesaro 

sum of Fourier series is: 𝜎𝑁(𝑓)(𝑥) =
𝑆0(𝑥)+⋯+𝑆𝑁−1(𝑥)

𝑁
=

(𝑓∗𝐷0)(𝑥)+⋯+(𝑓∗𝐷𝑁−1)(𝑥)

𝑁
= 𝑓 ∗

(
𝐷0(𝑥)+⋯+𝐷𝑁−1(𝑥)

𝑁
) = (𝑓 ∗ 𝐹𝑁)(𝑥)  where ( 𝐹𝑁)(𝑥) =

𝐷0(𝑥)+⋯+𝐷𝑁−1(𝑥)

𝑁
. One can prove that Fejer 

Kernel is a family of good kernel.  

4.2. Abel means 

Beside the Cesaro means, there is another average called Abel means. Consider  

𝐴(𝑟) = ∑ 𝑐𝑘𝑟𝑘 ∞
𝑘=0 ,where ∑ 𝑐𝑘

∞
𝑘=0  is a series of complex number, 𝐴(𝑟) is the Abel means of the 

series and 0 ≤ 𝑟 < 1. If  lim
𝑟→1

𝐴(𝑟) = 𝑠, then the series ∑ 𝑐𝑘
∞
𝑘=0  is Abel summable to s when 0 ≤

𝑟 < 1. If one series is Cesaro summable, then it is Abel summable. However, Abel summable does 

not imply Cesaro summable. Now define the Abel means of function 𝑓(𝜃)~ ∑ 𝑎𝑛
∞
𝑛=−∞ 𝑒𝑖𝑛𝜃 : 

𝐴𝑟(𝑓)(𝜃) = ∑ 𝑟|𝑛|𝑎𝑛
∞
𝑛=−∞ 𝑒𝑖𝑛𝜃 , where 𝑐0 = 𝑎0, 𝑐𝑛 = 𝑎𝑛𝑒𝑖𝑛𝜃 + 𝑎−𝑛𝑒𝑖𝑛𝜃, 𝑛 > 0.  Notice that 

𝐴𝑟(𝑓)(𝜃) = ∑ 𝑟|𝑛|𝑎𝑛
∞
𝑛=−∞ 𝑒𝑖𝑛𝜃 ∑ 𝑟|𝑛|(

1

2𝜋
∞
𝑛=−∞ ∫ 𝑓(𝜑)𝑒−𝑖𝑛𝜑𝑑𝜑)

𝜋

−𝜋
𝑒𝑖𝑛𝜃 =

1

2𝜋
∫ 𝑓(𝜑)(∑ 𝑟|𝑛|∞

𝑛=−∞ 𝑒𝑖𝑛(𝜃−𝜑))𝑑𝜑
𝜋

−𝜋
= (𝑓 ∗ 𝑃𝑟)(𝜃) where 𝑃𝑟(𝜃) = ∑ 𝑟|𝑛|𝑒𝑖𝑛𝜃∞

𝑛=−∞  is called the 

Poisson kernel. If 𝑓 is integrable on the circle, then the Fourier series of  𝑓 is Cesaro summable to 

𝑓 whenever 𝑓 is continuous. If 𝑓 is continuous, then the Fourier series is uniformly summable to 

𝑓 . If 𝑓 is integrable on the circle and 𝑓(𝑛) = 0 for all n, then 𝑓 = 0 at all points of continuity. 

This is because when 𝑓(𝑛) = 0, the Cesaro sum of Fourier series is also 0 for N.  If a function is 

continuous, then it can be approximated by trigonometric polynomials, which means that for such 

function 𝑓 and 𝜀 > 0, there exists trigonometric polynomial P such that: |𝑓(𝑥) − 𝑃(𝑥)| <  𝜀. This 

is because the Cesaro sum is trigonometric polynomials. Poisson Kernel is also a good kernel, thus 



Highlights in Science, Engineering and Technology TPCEE 2022 

Volume 38 (2023)  

 

549 

another important theorem can be drawn:For an integrable function 𝑓 on the circle, the Fourier series 

is Abel summable to  𝑓 whenever 𝑓 is continuous. If 𝑓 is continuous on the circle, the Fourier 

series is uniformly Abel summable to 𝑓.  

5. Summary 

Spectral approaches provide benefits for numerical analysis. Cornelius Lanczos was the first to 

employ the Fourier series and Chebyshev polynomials to resolve ordinary differential equations. In 

the 1970s, Kreiss, Oliger, Orszag, and other researchers used spectral methods to solve the partial 

differential equations of fluid mechanics for the first time. The sums of a range of fundamental 

function choices, such as sines and cosines, are how general functions are expressed in Fourier 

analysis.In this article, the analysis on Fourier Series are based on several conditions. The paper gives 

a definition of Fourier coefficient and Fourier Series as well as good kernel families. The uniqueness 

of Fourier Series is proved with conditions; The convergence of Abel mean and Cesaro mean are also 

proved.  
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