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Abstract. The idea of Fourier analysis is to express general functions as sums of other choices of
basic functions such as sines and cosines. One can interpret it as decomposing a vector into a set
of basis vectors in the context of linear algebra. This paper will discuss differential equations
and specifically focusing on approximating solutions using Fourier analysis. In modern times, Fourier
analysis is not only used in the field of signal processing. As an important subfield of mathematical
analysis, Fourier analysis has been broadly applied to various engineering fields, such as image
processing, vibration analysis, acoustics, etc.
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1. Introduction

Numerical analysis can benefit from using spectral approaches. The first person to use Fourier
series and Chebyshev polynomials to solve ordinary differential equations was Cornelius Lanczos.
Additionally, spectral techniques are introduced to solve the partial differential equations of fluid
mechanics in the 1970s by Kreiss and Oliger, Orszag, and others. As time went on, the use of spectral
methods equaled that of their well-known equivalents, the finite difference and finite element
approaches. Spectral techniques, however, are less well known [1-20]. The three basic sub-
approaches used in spectral techniques are "Galerkin," "tau," and "collocation™ (or "pseudospectral”)
[1-20].

2. Main works

Basic idea of Fourier analysis is that expressing a function f(x) as the sum of exponentials
f) =" f(D) e**dA. Where x € R in physical space and 1 € R in frequency space. For an

6 € R onthecircle and n € R as integers, the formula becomes:f(6) = f_c’ooof(n) e"dp, w is
i2m 3
defined as w =en, wV = e = cos(2m) + isin(2m) = 1. It states that f(8) continues the
circle, then lin} Prf(0) = f(6). Let’s denote out function by a0, al, a2, and all the way to an-1. The
T

define the DFT of this finite sequence by the following formula: &, N=2a,wki] where 0 «

-
VN
j < N—1. Take an example, when N =2, @, = %(aow0 +a,wlay = \%(aow0 + a;wl).

Inversion formula for General N is a; = % N akw"f The proof of this formula is based on
combining w  series. Firstly, substitute a; as: @ = Zk tapw™ . The left-hand side
becomes: %_ K Oer L aw* aw '=12N le awM | where M=l-j. Since the

determinant is zero, for a fixed integer M, the value of YN-lw™ becomes zero.Yy_dwM
(WM)O + (WM)l 4o (WM)N 1 _ 1- (W )

1-wM
(’)VOV;’,’Z:;‘V;;L = a;. Hence, proved. Here are some main properties of Fourier transform. Denote a set
of sequences a= {a0, al, ... aN-1}, a; € N asavector. Letb= {b0, bl, ..., bN-1}, suppose that both
a and b come to place and then compute the DFT of each of them:a, = (a,,a;, ... m)E] =

(bo,by, ... by—1) . Now compute (&, b):<ab=¥Y¢a;«b <a, by>=%¥V4a b =

= 0. Thus, the right-hand side becomes:ﬁ Nola; *
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1 «py— _ N ST o~ o~ 1 — (k=1 N
ﬁzyzol 1Y¥=0 apw™ Y153 byw™Y . Rearrange terms and get:< @, b, > S XX agb; (k -1 0).

Only k=1 left non-zero. Thus, have proven then moral convolution, with <a, 5]>=
N-day, « =k =< a,b >. Define the convolution of two sequences a and b as: (a*b)j =
N3 aj_ by Another property of DFT is that if DFT has been done twice:&, = \%Z’,}’;& azw™ On

the circle, double DFT reflects the position of the point aj according to the horizontal diameter. Thus,
computing the DFT four times doesn’t change the position. Express it in equation (DFT)* =1

Fourier transform of circle to the frequency space is:C; = if_";f(e) e~J9d6 Where jis an integer.
Inner product is defined as< f;(8), f(6) > = ifozn f1(0) = f,(6)dé Usingthe equation f(8) =
[7.CeU%dg to deduce that: < £(8), £(8) > = o= [T (TF—co Cf €U0 (Bi—co Ce e~ 0)dO =

1 2w i . P 1 p2m
Yk G'Ctfy €UT%d6 Integral  part could be simplified: — [™e™’do =

n=20 1

ing127 . Using this important trick, easily write < £,(0),1,(6) =
e _ ) 1 yJ2 =

(n;tO [in]o _0>

Yoo lesz = < C%,C? >. The Fourier filter is a type of filtering function that is based on the

manipulation of specific frequency components of a signal. The first filteris Syf = YN__, C,e™,
where N is non-negative integers. This filter sets up a boundary and simply cuts the remaining parts

that are located outside the boundary. The second filter is Fyf = ﬁ N _nSyf. This filter has an

N+1-|j| .
<
expression:Filter = ( N+1 :]: B N) Fyf(0) = SOHSl,{:l *S8In frequency space, the graph
0 jl =N

lies on two equations y; =1 — ﬁx and y, =1+ ﬁx in the first two axis. Randomly select a

number R between 0 and 1:P.f(6) = Y- _o 77IC;e". It reaches maximum at N=0 and decrease
gradually as |N| increases. The first theorem states that if f'(8) exists, then |S,f(6) — f(6)]| =

0 as N approaches infinity. Define Dy(6) =YY _yeY? , immediately obtain that
1 r2m
= " Dy (0)d0 =1
1 (2 1 (2
Hence, —Js "Dy(6 —D)f(8)dt = f6) - J; "Dy(6 —T)dT = f(8) S,f(8) — f(B) =

% fozn Dy (6 — v){f (r) — f(08)}dt. By Riemann-Lebesgue theorem, this whole equation equals zero.

sin(2N+1)§

Convolutionof f(0) with §y(§) = ———=—=2is S,f(0). Thus |S,f(8) — f(6)| >0 as N -

2

oo. Theorem states that if f(8) is continuous on the circle then lirq P.f(0) = f(O)B.f(O) =
T
Yo _wrlilel®  Split the sum into Y1 o rllCie® and ¥y ,rVICie? . According to the

; ; re”10 1 1-r2 1+7
exponential sum equation, P.(6) = —p+ % = 75052 When 6 =0, P.(6) = — .
P.(6) decreases when 6 moves further from the origin. The minimum of the function is when 6 =
m and 6H=-m . For a fixed wvalue 6 lin} P.(0) =0 . Similarly,

r—

ifozn P.(8)de =if02"2;‘f=_oor|”|ei”9 d#. Since integral of periodic function has the following
property, fOZ"e"”f’de = (2(;1 Z ;:t 8) Hence, %fozn P.(6)d6 =1. If f'(#) exists, want to find
IP.£(8) = f(O)]:P.f(8) = — [ (6 — D)f (D)dz. Thus, f(6) = [ P.(2)f(8)}dz P.f(B) -
f©) =" RO -1) - f(O)}dr

The right-hand side is smaller than if_"anr(r)l{f(e — 1) — f(6)}dt. Because an absolute sign

increases the range and flips the negative parts. % ffanr(r)l{f(O—r)— f(@)}dr =
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an_ |P.(D){f(6 —1) — f(@)}dr+ f |P.(D){f (6 —1) — f(B)}dt The definition of f(0)

being “continuous function” is that for all e, there exists 6(e) such that for any |7| < 6(¢),
H{f(0—1)—fO)} < § Apply this restriction law, attain%f_SSIPr(r)l{f(B — 1) — f(0)}dt <
s
if_glpr(f)ldf
|6()]| is less than 7, could infer that if_‘SSlPr(r)ldr < if_”anr(r)ldr. Also, since function f
is continuous, could also find a number M such that [{f (6 —7) — f(8)}| < M. Therefore, the second
equation if_rflPr(r)l{f(H —17) — f(8)}dr < %f;lPr(r)ldr.Given lim P(z) = 0, forany 7 # 0,
r—
there exists n(z) such that P.(7) < % if |r — 1| <n. Must have &’ such that P.(7) < j for
any P. (r) < 5 , and thus combining those steps give ifT IP.(DI{f (6 — 1) — f(8)}dT <

ey

- . Overall, for all ¢, there exists 6'(¢). If |r — 1] < §’, then

| B f(e) f(@)l < €. Get back to the same expression of being continuous at r approaches 1. Thus,
lirqlPrf(e) — f(8)] = 0. Gibbs phenomenon refers to the case when f is discontinuous at certain
-

points. Errors accumulates with N, so it results in an error comparing to the function f at the jump.

Consider the function f(8) = (_11 _Oﬂs<xx<<n0

0Syf(6) =%ffnf(r)DN(9 —1)dt . Again, split the range from the middle Syf(8) =
%[— f_On Dy(0 —1)dt + fon Dy(6 — r)dr]. Next, changing the variable from 6 —t to 6 alters
the range of integral Syf(6) = i[— f6+”DN( Ydt +f DN(r)dr] = —[f_gg Dy (1)dt —
f_ggfn DN(r)dr] Rearranging terms and obtain Syf(6) _Ef—e Dy(@)dt = Eff:nDN(r)dr.

. 2N+1
n——-—-1 - 1
Has shown above that Dy(7) = ]__N et = szz , and the function ™

2

approximate to one over N for a large N. After some trivial mathematical computation involving

), the function is discontinuous at 6 =

0+m
f—9+1'r

Dy(t)dt is

integration by substitution, finally obtainSy £ () = 2 f 2 05T 40 The lower boundary is fixed, the

upper boundary is set to be the point when the flrst mtersectlon between the function and x-axis.
il . Syf(8) = —f” SINT 47 = 1.09. Error is around
9 percent Using the formula for the Fourler coefficients Syf(x) = F_NC]e”x Replacing ¢; =

YonGoly F@e ™ dy)e Sy f(x) = o= [ Ty f e I dy = — [T f(y)Dy(x —
y)dy, where {Dy} is called the Dirichlet kernel and will be discussed it later. Such an expression is
named as convolution of fand the function {Dy}. If the family of functions is indeed the “good
kernel”, then the convolution Syf(x) will converge to f(x) as n — oo, which means that
|S,.f(68)—f(@)] >0 as n - o . Fourier coefficients of f(x) are defined as a, =

2minx

—f f(x)e L dx, where f is complex valued on [0, L]. Functions do not necessarily confine to

real values. Functions in ascending order of catholicity is introduced below. First, those functions that
are continuous at each single point on the segment is continuous is defined as Everywhere continuous
functions. Second, if the functions have finite number of disjoints over the range [0, L], it’s called
the piecewise continuous functions. The main concern with Fourier series is to determine whether the
function is integrable or not. A real-valued function f(x) defined on [0, L] is Riemann-integrable if
V € > 0, there exists a list of numbers x,, x;, x,,..., xy that satisfy 0 <xy <2x; <x, <+ <
xy < L such that the upper sum U and lower sum L iscloser than & distance apart. Another word
is that upper sum and lower sum matches when there are infinite subdivisions in range [0, L].
Generally speaking, integrable functions are not characterized by discontinuous segments.
Discontinuities will count as “zero” in mathematical computation and usually they are not
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considerable enough. For most cases, always presume that those functions are integrable, at least on
the segment where integrals apply. If the function satisfies the condition f(0) = f(L), determine
that the function is on the unit circle. A better way to express a point on the unit circle is e™®. For a
real number @, a function F on the circle is defined as: f(8) = F(e™?) Function f is periodic on
R of period 2w, in another word, f(6 + 2m) = f(6) for all 6. Then, function F inherits all
properties of f. For example, if f has a continuous derivative, then F is also differentiable. Since
function f is periodic, then it makes no difference to shift the interval [0, 2r], as long as the difference
in range is 2rr. When considering a function on the circle, simply replace the variable from x to 6.
If f isan integrable function, then the nth fourier coefficient of f ontheinterval [a, b] of length

L is defined by the following: f(n) ——f f(x)e d9 Substituting f(n) by a,. Fourier

series of f is defined by fO)~Ym_ o ane =1 de. To illustrate, if the function f is given on interval
[0,1], then f(n) = fo f)e 2™ dx, f(x)~ ¥ _o a,e?™*dx. If f is the full period the unit

circle, then the nth Fourier coefficient is simplified to: f(n) = %f_ﬂn Be~9 do. In a broader scope,
every function g has the following expression is called trigonometric series:

2minx

g~ Yo _cpe L dx Trigonometric polynomial is a trigonometric series that contains finite
non-zero terms, which literally means that ¢, = 0 for larger n. The degree of trigonometric
polynomial is the maximum value of |n| for n # 0. Finally, introduce the nth partial sum of the

2minx

Fourier series, denote as Syf(x), Syf(x) =¥N__f(me T

Based on the Fourier coefficient, the partial sum is symmetric over the origin. Need to prove that
Syf(x) convergentto f(x) as N — oo. Before solving that problem, it’s necessary to understand
the properties of Fourier analysis. Take an example, take f(8) = 6. Calculate the Fourier

coefficients by the formula f(n) = if" fe~9de. If n =+ 0, using integration by parts to
compute f(n) = [~Zem0]" 4 L7 o-ino g = TV 4t =0, find that f(0) =

in - Zmn - in

%f_"ﬂ@d@zo . Therefore, the fourier series of f can be approximate to:

D™ e _ o n+1 Sinnd L . .
f(O)~Ynzo —e =2)4(-1) —— The second equation is obtained by employing
(m—6)?

Euler's formula. The above Fourier series converges to f(8). Next, define the series f(6) = 2

for take 0 < 6 < 2m. Same as the previous example, two integrations by parts ultimately eliminate
2

the 8 f(6)~ 71T_2 + Xy C.;ls—ne. Now it’s time to introduce a new series. The Nth Dirichlet kernel is

2
a trigonometric polynomial. In frequency space, a particular filter sets up a boundary N and simply
cuts the remaining parts. Fourier coefficients possess the property that a, =1 if |In|] <N and
a, = 0 everywhere else. The Dirichlet Kernel defined as:Dy(x) = ¥N__ye™
w is defined as w = e, First separate DN (x) into two parts, which isDy(x) = ¥,1_ye™ +
N_oe™. Thus, the function can be viewed as Dy(x) = ¥, yw"+¥N_ w™ The sum of

_wN+1

1 _ N_q
geometric sequences gives the answer of each parts ¥¥_,w" = ——.3-1  w' =2 . The

11—w N ) 1-w
- - - - > -N-3_ N+5
sum is 1-wN+1 +w Nog  wN_wN+L o NN+ =Ny Nty 2w 2w "Bv emplovin
1-w 1-w 1-w 1-w - 1w - -1 y ploying
1 w 2—w2

w2
2N+1

X
%—. Hence, the closed form

2

sin

the Euler’s Formula e = cosz + isinz, substitute Dy(x) =

. 2N+1

% ” The Poisson kernel is defined as: B.f(0) =
2

Yo _writleimd Again, we split the sum into B.f(8) = Ypl_ o 7VICie% + X, rliC;e?.

formula for the Dirichlet kernel is Dy (x) =
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Note that r is an fixed parameter ranging from 0 to 1,so the sum converges in 8 P.(8) =

YN w+ YN _wh, where w is defined as w =re'®. According to the exponential sum

N+1
n_1-w

equation, Yi_ow" = —
function has a unique expression of Fourier coefficient. If fand g share the identical Fourier
coefficients, then function f and g are equal. Suppose that f is integrable along the circle. For
alln € Z, replacing f(n) =0 with f(n) =0. Then f(6,) = 0 whenever f is continuous at
the point 6,.

Start our proof by stating that f is real-valued function. The function has meaning on the range
[, —m], and set that 6, = 0 and the function is positive at f(0). Ideally, create a trigonometric
polynomial {p,} with peakat p,(0) inorder to generate contradiction with the theory that integrals

are equal to zero. Choose a value 0 <6 <§ such that f(8) is more than half of the peak
whenever 8] < 5. Letp(8) = € + cos8, p,(8) = p(8)*. Choose a positive e value that is small
enough to satisfy p(0) <1 —% whenever § < || < m. Symmetrically, choose another positive

. Fourier coefficient is “one to one” matched with the function. Every

value ¢ thatis smaller than &. This time, p(8) > 1 +§ for |8] < . Next, choose an upper bound

C for all 6. Presumably f(n) = 0. For every k and trigonometric polynomial pj(#), must satisfy
ffnf(e)pk(e)de = 0. Here, the contradiction occurs:When 6 < |6], ffnf(e)pk(e)de is upper

bounded; When (<1|6| <6 , f_’;f(e)pk(e)de is upper bounded; When |6]<¢ ,

k
J= f(@)pi(6)do ~ (1 + g) ;Thus, J” f(6)px()df — oo if k approaches infinity. Write f(6)

in terms of real part u(f) and imaginary part v(6), where w,veR . Then, u(f) =

m; v(60) ZW' In conclusion, Fourier coefficients are eliminated and f =0 in

continuous area. If a sequence of continuous functions converges uniformly, then its limit is also
continuous. The concept of “smoothness” describes the speed of decay of Fourier coefficients. The
faster the decay of Fourier coefficient, the smaller the gap between Fourier series and the function. A
relatively smooth function can be approximate to the Fourier series. Here, introduces the big “O”
notation. It is an asymptotic upper bound on the order of magnitude of a function described by another
simpler function. f(x) = 0(g(x)). As x > a means that for some constant C, f|x| < C|g(x)| as
x — a. Given a function f that is twice continuously differentiable function on the circle. Then
Attempt to prove that the Fourier series of function f converges absolutely and uniformly to itself.
Let’s consider the case where n # 0f(n) = %foznf(e)e_ing do = ﬁfoznf’(e)e‘me de =
1
T on2m
and f'(6) are 2m periodic. foznf’(e)e‘i”" d@. The function above is equal to f'(n). Before, this
paper had made an approximation that if f is infinitely differentiable, then
f~Ya,e™ f'~Y a,ine™ f'~y —a,n?e™® """~y —a,in%e™. In addition, the term e~"¢
doesn’t boost the function, can prove that the function is bounded by a constant C, such that
|f02”f”(9)e“'”9| de < fozn |f"(6)|d6 < C. Choose two functions f and g on R, they are both

2n-periodic integrable. Define their convolution f* g by f x g(x) = ifoznf(y)g(x —y)dy. The

foznf”(e)e‘ine d6. The remaining parts in integration by parts are eliminated because f(8)

functions are 2m-periodic, which means that it can swipe variables to f * g(x) = % fozn flx—

y)g(y) dy. Without altering the results. Convolution can be interpreted as calculating the average of
two functions. Again, denote the partial sum of Fourier series Syf(x) = ¥N__, f(n)e™*. Replacing

fm) by — [ f(y)e"™dy. Partial sum becomes Syf(x) = [" f(y) ZN__y e Ndy =
(f * Dy)(x)

Dy(x) is:Dy(x) = ¥N__ e™*. Convolutions satisfy many properties. Given functions and their
properties above, f * g is continuous everywhere. It also satisfies the laws of addition and
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multiplication. More importantly, f* g(n) = f(n)g(n) and this equation holds if it substitute the
product of the two functions f and g by their convolution.In order to prove the continuity, write
down (f * g) (1) — (f * 9) () = 5- [ F()[g(xs —y) — g(x, — y)]dy Under the condition
that both functions are continuous and periodic. Continuity implies that for any given & > 0, there
exists 6 >0 so that |g(a) — g(b)| <& whenever |s—t|<d§ (f*xg)(x)—(f*g)(xy) <
— |7 FO)Igl —y) — 8lxz — ] dy| < — [T IF I8t —y) — 8l — ] dyl. Now it’s
time to simplify the long term in the bracket, (f * g)(x;) — (f * g)(x,) < %f_”nlf(y)l dy <

%ZnC, where |f(y)| is upper bounded by C.Using the lemma to prove the proposition property.
sup
xe[—, T[]|fk(x)| <
B. For all positive integersk f x g — fi * g, = (f — fi) * g — fi * (g — gx)- Complete the proof of
the proposition as follows: |(f — fi) * gG)| < —|f" F3IgCey — y) — gCr, — 1 dy| <
1
2
approaches to infinity. Thus, the (f — f;) * g(x) converges to zero uniformly on x. As an analogy,
fi * (g — gx) converges to zero uniformly. Hence, f; * g, converges to f * g. Since f, * gx
converges uniformly to f * g, for each fixed integer n, will obtain  fi * g,(n) = f * g(n) when
k tends to infinity. In a broader sense, the Fourier series of f converges absolutely and uniformly

to f if f satisfies a Holder condition of order a such that Sgplf(e +t) — f(8)| < Alt|*. For

any selected t value with a > % Now, introduce a new notation CX. If f is n times continuously

differentiable, then feCX Recall that the Dirichlet Kernel Dy (x) is:Dy(x) = ¥N__, ™. 1t’s not
the good kernel. Although it satisfies the first property as the convolution will converge to f(x) as

n — oo, and then know that if_”ﬂ Dy (x) dx = 1. However, the function Dy (x) oscillates rapidly

There exists a sequence of continuous 2m periodic functions {f;};-,, then

Sl;plg(y)l f_”nl f(y) — fk(y)|dy. The later part, according to the lemma, tends to zero when k

above and below the axis as N gets large, and thus violates the second property ffn |Dy(x) |dx =

N_q re—to 1 _ 1-1r2

w-
- Thus, Pr(e) T 1-re-i® ' 1-rei®  1-2rcosO+r?

clog N. For large N value. Y1 _\w" =

1-w

3. Summary

This article provides a thorough explanation of the concept and associated features of Fourier
series as well as a brief history of how Fourier series and its related theories were developed. The
paper also teaches the concepts of covolution and excellent kernels in a suitable manner. And using
these ideas in a methodical manner, the theory of the Fourier series' uniqueness and convergence is
provided. In conclusion, the article provides a thorough explanation of the Fourier series, an
introduction to related concepts, and examples of straightforward Fourier series applications.
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