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Abstract. The significance of this study is to classify and identify the types of ancient glass products
according to their chemical composition. The data were selected from the proportion of chemical
compositions that have been analyzed for ancient glass, and the best number of clusters (k) for the
division was roughly determined using the elbow rule for the five chemical compositions of high
potassium and lead barium, respectively, and brought into the k-means++ algorithm for cluster
analysis, and then the final determination of k and the evaluation of the rationality of clustering were
performed using the contour coefficient, and finally the Fisher discriminant analysis method based
on variable meritocracy combined with eigenvalues, Wilke Lambda, and classification function
coefficients to identify unknown categories of glass artifacts. The model used was analyzed and
evaluated with good results, and the model is applicable to the classification of ancient glass artifacts
and identification of the type to which they belong.
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1. Introduction

The main chemical composition of ancient glass, as a valuable physical evidence of early trade
transactions, is silica [1], which is subject to change due to the weathering process. At present, the
classification and identification of ancient glass mainly use isotope labeling method [2], however, the
drawbacks such as the high instrumentation requirement for stable isotope determination and the
small variety of stable isotopes that can be used as tracers, as well as the high price, make this method
not very efficient. In this paper, based on the weathering of glass artifacts, a mathematical model is
developed to classify and identify the chemical composition of different categories of glass artifacts.

2. Materials and Methods

2.1. Data acquisition and pre-processing

The data selected for this paper were obtained from the 2022 National Student Mathematical
ModelingCproblem(http://www.mcm.edu.cn/html_cn/node/5267fe3e6a512bec793d71f2b2061497.h
tml).

The preprocessing is divided into two steps in total in order to improve the accuracy of the
experiment.

Step 1: The data whose component ratios may be cumulative and between 85% and 105% due to
testing methods are considered as valid data. We performed an initial screening of the data in Form
2 and removed two sets of useless data, leaving 67 sets of valid data.

Step 2: The glass artifacts in the high potassium and lead-barium categories were classified by the
presence or absence of weathering on the surface, and the four categories into which they were
divided were counted using the entropy weight method combined with the optimization method of
the topsis [3-5] model for the chemical composition content. After analyzing the results, it was found
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that the difference between the entropy weights of the unweathered points of the weathered lead-
barium class and the unweathered lead-barium class was very small, and it was decided to classify
the unweathered points of the lead-barium class as the unweathered class.

2.2. Introduction to the method (advantages, principles)

2.2.1 k-means++ algorithm clustering analysis steps and advantages

K-means++ algorithm [6-7] is a division-based clustering algorithm, using the elbow rule to
determine the optimal number of clusters (k) for the division of the five chemical components of high
potassium and lead barium, respectively. k value is established, and then brought into the k-means++
algorithm for cluster analysis to obtain the results of the division of high potassium and lead barium
glass artifacts. k-means++ clustering algorithm steps (for high potassium glass as an example, and
the same for lead-barium glass) is as follows.

1) Enter the data set of the 5 chemical components of high potassium glass in the attached Form
.

W = {xq, x5, X3, ... X} 1)

2) Randomly select a point from the datasetW as the first cluster center, e.g. ¢; = x; .

3) Calculate the distance between the other sample points and the cluster centerg,, in turn, noted
asL(x;) ; the probability that the other sample points will be selected as the next cluster center
L(x;)?
iy Lx)?

4) Repeat step 3 untilk clustering centroids are selected.
5) Calculate the Euclidean distance between each samplex; andk clustering centers, and assign
them to the class corresponding to the clustering center with the smallest distance .

d(x,y) =0 — 92+ (a — @2 + - (xy — @) (i =12,k) )
6) Recalculate the cluster centers for each category ;.

using the roulette wheel method to select the next cluster center.

1
(pk = @inEQDk xi (3)

Repeat steps (5) and (6) until the clustering centerg, no longer changes, then stop the cycle.

Pros.

1) K-means clustering algorithm is widely used in the field of cluster analysis, and has good
classification classification effect, which can meet most of the classification requirements.

2) The elbow rule is used to determine the K-value of K-means++, which reflects the optimization
and improvement of the K-means++ algorithm and improves the performance of the algorithm.

3) The fast nature of the K-means++ algorithm can be used to handle big data, making the model
available for big data analysis.

2.2.2 Introduction to the principle and advantages of Fisher's discriminant method

Fisher's discriminant method [8-10] is based on the classification criteria of existing data, first
classify the research object, then further select a number of variables that can provide a
comprehensive description of the research object, then according to certain discriminant criteria,
combined with eigenvalues, Wilke Lambda, classification function coefficients, identify and establish
one or more discriminant functions, use the discriminant function to go to the unknown category of
samples The discriminant function is then used to classify samples of unknown categories.

Pros.

1) Fisher's discriminant method reduces the dimensionality of the data, removes redundant
variables to improve the accuracy of the algorithm and saves the training computation time of the
model.

2) Fisher's discriminant analysis method can be widely used in medical, chemical, food and
production fields because of its simplicity and high accuracy of ideas.
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2.2.3 Flow chart of Fisher's discriminant method based on variable meritocracy
The flow chart of Fisher's discriminant method is shown in Figure 1.
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Figure 1. Flow chart of Fisher's discriminant method

2.3. Model evaluation metrics

2.3.1 Sensitivity

Sensitivity is used to test the stability of the model by floating all data up and down continuously
by 5% at the same time, and then substituting the data into the model. If the obtained results do not
change much in the floating of -5% to 5%, it means that the model is more sensitive and more stable;
on the contrary, it means that the model is less sensitive and unstable.

2.3.2 Contour coefficient

The profile coefficient combines the cohesiveness and separation of clusters and is used to evaluate
the clustering effectiveness. It is an evaluation of the effectiveness of the division results for the K-
means++ clustering algorithm. The value of the contour coefficient is between [-1,1], and the larger
the value of the contour coefficient, the better the clustering effect; conversely, the smaller the value
of the contour coefficient, the worse the clustering effect.

2.3.3 Wilke Lambda

The Wilke Lambda value is used to test the influence of Fisher's discriminant function. The smaller
the Wilke Lambda value, the greater the influence; conversely, the larger the Wilke Lambda value,
the smaller the influence.

2.3.4 Significance

When the significance of this discriminant function is lower than 0.05, it means that the
significance level of this discriminant function is high and the corresponding discriminant ability is
stronger; on the contrary, when the significance of this discriminant function is higher than 0.05, it
means that the significance level of this discriminant function is lowl and the corresponding
discriminant ability is weaker.
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3. Results and Analysis

3.1. Calculating the number of clusters using the elbow rule

All the data of high potassium and lead-barium from Form 11 were imported into python separately
and two distortion curves were generated as shown in Figure 2.
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Figure 2. distortion curve graph

The left graph shows the aberration curve for the high potassium class, and the right graph shows
the aberration curve for the lead-barium class. Since the value of k changes abruptly when it is close
to the true number of clusters, it can be seen from the graph that k=2 or k=3 is the "elbow" of the total
aberration, so 2 or 3 is the best number of clusters to divide the subclasses of high potassium. From
the right figure, we can see that k=3 or k=4 is the "elbow" of the total aberration, so 3 or 4 is the best
number of clusters for the subclass of lead and barium.

3.2. Clustering classification results

1) K-means++ clustering algorithm clustering division.

The K-means++ clustering algorithm was used to calculate the initial cluster centers, the final
cluster centers, and the distances between the final cluster centers of the five chemical components
by spss. Only the final clustering classification results are discussed. For the high potassium class
artifacts, the first class contains all weathered and two non-weathered class artifacts for k=2. For k=3,
the first class contains all weathered and one unweathered artifacts, the second class contains all
weathered and one unweathered artifact, and the third class contains all unweathered artifacts.

According to Table 1, the analysis knows that the categories classified with the K-means++
clustering algorithm consider the presence or absence of weathering as the basis for classification.

Table 1. Specific division of high potassium class relics

k=2 k=3
1 2 1 2 3
03 01 01 07 18
07 03 03 09 21
09 04 04 10
. 10 05 05 12
ﬁﬁ}:ﬁgﬁ 12 06 06 22
18 06 06 27
21 13 13 03
22 14 14
27 16 16
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For the lead-barium class artifacts, according to the above table, the analysis knows that the
categories classified by K-means++ clustering algorithm also consider unweathered, normal
weathering, and severe weathering as the basis for classification.

Table 2. Specific division of lead and barium artifacts

k=3 k=4
1 2 3 1 2 3 4
02 11 08 02 11 39 08
19 20 08 19 20 40 08
30 23 24 25 23 43 24
30 25 26 30 28 51 26
34 28 26 30 29 54 26
36 29 34 31 54
38 31 36 32
39 32 38 33
40 33 41 35
41 35 43 37
Artifact 43 37 49 42
Number 43 42 50 42
49 42 50 44
50 44 51 45
51 45 52 46
51 46 55 47
52 47 56 48
54 48 57 49
54 49 58 53
56 50
57 53
58 55

2) Analysis of the reasonableness of the contour coefficient on the results.

There are 18 artifact numbers in the high potassium category, and the distribution of high
potassium glass contour coefficients is shown in Figure 3, using the number of classifications as the
horizontal coordinate and the contour coefficient corresponding to that classification as the vertical
coordinate.
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Figure 3. Distribution of contour coefficients of high potassium glass

Since the value of the contour coefficient is between [-1,1], the larger the value of the contour
coefficient, the better the clustering effect is indicated. From the above figure, we can see that the
value of the contour coefficient is the largest when the number of classifications k=2, so 2 is the best
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number of clusters for the high potassium class artifacts. The reasonableness of the model is better
reflected.

There are 41 artifact numbers of lead-barium class artifacts, with the number of classification as
the horizontal coordinate, the corresponding contour coefficient of that classification number as the
vertical coordinate, to make the distribution of lead-barium glass contour coefficient as shown in
Figure 4.
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Figure 4. Profile coefficient distribution of lead-barium glass

According to the same criterion for judging the contour coefficient, we can see from the above
figure that the value of the contour coefficient is the largest when the number of classifications k=3,
so 3 is the best number of clusters for the lead barium class artifacts. The reasonableness of the model
is better reflected.

3.3. Fisher discriminant analysis to establish the discriminant function

The data from Form Il were classified as weathered or unweathered, and Form Il was classified
according to the same criteria. All 14 chemical constituents of weathered and unweathered Form 11
data were substituted into spss for Fisher's discriminant analysis based on variable merit, assuming
high potassium type 1 and lead-barium type 2.

1) Fisher's discriminatory process for form Il weathering of this category.

The summary table of the discriminant function of the canonical rule was obtained as shown in
Table 3. From Table 3, the eigenvalue of the discriminant function is 58.394 It can be seen that the
discriminant function has a good representation of the mean squared deviation. Wilke Lambda is
0.017 is smaller, the smaller the value, the greater the influence. The significance is 0, which is
significantly smaller than 0.05, indicating that the discriminant function has a high level of
significance and the corresponding discriminatory power is stronger.

Table 3. Weathering Fisher's discriminant characteristic values

Function Eigenvalue Wilke Lambda Significance

1 58.394% 0.017 0.000

Note: a. The first 1 canonical discriminant function is used in the analysis.

Since the program only gets a judgment function, the coefficients of the classification function are
used to determine the classification. The discriminant functions on class 1 (high potassium) and class
2 (lead barium) can be obtained at y,, y, respectively.

Y =—355.835 +812.817x; — 3918.238z, — 4730.314z; + 8283.5052, +1030.623z5 + 4312.281x, — 1878.0462;
Yo = —33.933 + 238.325z, —999.689z, — 1487 .262; + 3180.071z, + 316.288x5 +1331.784z, — 506. 1632,
X1 18 S104;x, is Na,0; x3 is K,0; x4 is ST0; x5 is SO,; x is MgO; x5 is Al,03

2) Fisher's discriminations for the category of non-weathering.
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The summary table of the canonical discriminant function is obtained as shown in Table 4. From
Table 4, the eigenvalue of the discriminant function is 6.371 It can be seen that the discriminant
function has a good representation of the mean squared deviation. Wilke Lambda is 0.136 is smaller,
the smaller the value, the greater the influence. The significance is 0, which is significantly smaller
than 0.05, indicating that the discriminant function has a high level of significance and the
corresponding discriminant ability is stronger.

Table 4. Non-weathering Fisher's discriminant characteristic values

Function Eigenvalue Wilke Lambda Significance
1 6.317a 0.136 0.000

Note: a. The first 1 canonical discriminant function is used in the analysis.

Since the program only gets one judgment function, the coefficients of the classification function
are used to determine the classification. The discriminant functionsw; ,w, can be obtained for class
1 (high potassium) and class 2 (lead barium), respectively.

w; = —9.086 + 179.879a, + 0.345a,
w, = —6.102 + 2.874a, + 48.951a,
Judgment equation ina, is K,0; a, is PbO .

3.4. Classification results from discriminant function

1) Fisher's discriminatory results for this category of form three weathering
The data corresponding to the four groups of weathered artifact numbers A2, A5, A6, A7 in Form
3 were substituted into the determination functionsy; ,y, asshown in Table 5.

Table 5. Judgment results of weathering

Number yl y2 Classification (1/2)
A2 -92.7551 44.2411 2
A5 -18.9441 75.0931 2
A6 318.1169 163.1394 1
A7 242.1942 142.6985 1

Comparing the larger value ofy; ,y, , the artifact belongs to the classification where the larger
value is located. It is known that A2 and A5 belong to the lead-barium category, and A6 and A7
belong to the high-potassium category. (1 is high potassium, 2 is lead-barium).

2) For the form three no weathering this type of Fisher discriminant results.

The data corresponding to the four groups of weathered artifact numbers A1,A3,A4,A8 in Form 3
were substituted into the determination functionsw; ,w, as shown in Table 6.

Table 6. Judgment results of no weathering

Number yl y2 Classification (1/2)
Al -9.086 -6.102 2
A3 -6.5031 13.3119 2
Ad -7.5812 5.806 2
A8 -8.599 4.3018 2

If you compare the larger value ofw, andw, , the artifact belongs to the classification where the
larger value is located. It is known that Al, A3, A4, and A8 are all lead-barium classes. (1 is high
potassium, 2 is lead-barium).
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3.5. Sensitivity analysis of classification results

By floating all the data in Form Il up and down continuously by 5% at the same time, and
substituting the data classification into the discriminant function of weathering and no weathering,
the classification results obtained are basically unchanged, so the sensitivity of the model is good.

4. Conclusions

In this paper, we classify ancient glass products and identify the types to which they belong
according to their chemical compositions. In terms of classification, the elbow rule is used to make
distortion graphs for the five chemical compositions of high potassium and lead barium respectively,
and the best clustering number k values for the division of high potassium and lead barium subclasses
are roughly derived, which is optimized and improved for the subsequent algorithm. k values are
brought into the k-means++ algorithm for clustering analysis, which can quickly and accurately solve
the specific classification of the artifacts, and finally the contour coefficient is used to finally
determine the k values and conduct The reasonableness analysis of the clustering concluded that the
model is better. Fisher's discriminant analysis can be used to identify the type of glass by combining
the eigenvalues, Wilke's Lambda, and the coefficients of the classification function, and can be widely
used in medical, chemical, food, and production fields because of its simplicity and accuracy. In
summary, this thesis makes a reasonable answer in subclassifying and identifying glass types by
establishing a mathematical model and using intelligent algorithms starting from the chemical
composition of glass to make some contributions to contemporary research on glass weathering
prevention, application and digitization.
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