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Abstract. The aim of this study is to investigate the open problem of classification laws and results. 
First, a comprehensive research method of quantitative analysis-Bayesian discrimination is used to 
reasonably and accurately investigate the classification laws of high potassium glass and lead-
barium glass, obtaining the Bayesian discriminant for high potassium glass 𝐹1 = 2.909𝑥1 - 0.117𝑥2 

+ 4.487 𝑥3 + 2.432𝑥4 + 1.097𝑥5 + 3.352𝑥6 + 3.403𝑥7 + 6.303𝑥8 + 2.669𝑥9 + 0.897𝑥10 + 1.882𝑥11 
- 4.543𝑥12 + 5.002𝑥14 - 150.381 with the lead-barium glass Bayesian discriminant 𝐹2 = 2.447𝑥1 - 

1.195𝑥2 + 42.807𝑥3 + 2.117𝑥4 + 1.0971.534𝑥5 + 3.221𝑥6 + 3.299𝑥7 + 4.830𝑥8 + 2.513𝑥9 + 
1.226𝑥10 + 1.590𝑥11 - 5.628𝑥12 + 3.087𝑥13-111.481. Then, using the clustering process-Bayesian 
discrimination method, the number of sample clusters was roughly determined using systematic 
clustering, and the data were categorized in detail using K-Means clustering, resulting in the 
possibility of classifying each of the high-potassium and lead-barium glasses into Three subclasses 
were identified, and Bayesian discriminant functions were derived for each subclass, and the data 
were tested to justify the subclasses. 
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1. Introduction 

Our ancient glass in the absorption of foreign technology, and foreign glass chemical composition 

is not the same [1, 2]. 

The main raw material for glass is quartz sand, the main chemical composition of which is silicon 

dioxide, and the stabilizer is limestone, which is converted to calcium oxide after calcination. 

Commonly used fluxes include grass ash, natural bubble soda, saltpeter and lead ore, etc. Different 

fluxes will produce different main chemical compositions [3]. Lead barium glass is fired with lead 

ore as a flux, which has a high content of lead oxide and barium oxide, while potassium glass is fired 

with substances containing high levels of potassium such as grass wood ash as a flux [4-6]. 

Weathering due to the burial environment can affect the judgement of the glass by altering the 

proportions of the elements in its composition. The colour and decoration of the artefacts is evident 

on the surface of the unweathered artefacts, and the surface weathered artefacts contain large grey-

yellow areas of obvious weathering and purple areas of general weathering [7-9]. Unweathered areas 

also exist on weathered surfaces. Scholars have classified our samples of ancient glass artefacts into 

two types, high potassium glass and lead-barium glass, based on their chemical composition and other 

means [10]. 

This study analyses the classification patterns of high potassium glass (K2O-CaO-SiO2) and lead-

barium glass (PbO-BaO-SiO2); for each category the appropriate chemical composition is chosen to 

classify them into subclasses, and specific classification methods and results are given, followed by 

an analysis of the reasonableness and sensitivity of the classification results. 
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2. An integrated research approach to quantitative analysis- Bayesian 

discriminant 

2.1. Qualitative and quantitative analysis of data 

Based on the data in Form 2, the artefact samples were divided into two types of glass, high 

potassium glass and lead-barium glass, and their chemical content was characterized. Preliminary 

observations of the data revealed that the weathering of the same type of glass had a significant effect 

on the chemical content of some of the components, and it was decided to use average values to 

further characterize the differences in chemical content between the high potassium glass and the 

lead-barium glass. The results are shown in Figure 1. 

 

Figure 1. Average values for each chemical composition of the two types of glass 

By looking at the line graph it can be concluded that the SiO2 content of the high potassium glass 

is much higher than that of the lead barium glass, but the PbO content of the lead barium glass is 

much higher than that of the high potassium glass. This can be explained as being mainly due to the 

different raw materials used in the preparation of the two types of glass, such as high potassium glass 

(K2O-CaO-SiO2), which was made by selecting appropriate oxalic ash, potassium-containing ores 

(potassium feldspar, saltpeter, potassium mannite), with quartz sand and other raw materials, and 

firing; whereas the production of lead-barium glass (PbO- BaO-SiO2) was based on the early use of 

lead for smelting bronze, and the ancients in In the production of silicate glass, lead ore, such as lead 

ore (PbS), and barium ore, such as barite (BaSO4), were used as fluxes, resulting in a higher PbO and 

BaO content in lead-barium glass than in high-potassium glass. 
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Figure 2. Chemical composition content of high potassium glasses 

 

Figure 3. Chemical composition content of lead-barium glass 

The results obtained from the pie chart show that in the high potassium glass, SiO2 accounts for 

the largest proportion, followed by K2O and Al2O3. This difference in content is ultimately due to 

the different raw materials and production processes of the two types of glass. 

2.2. Solving for Bayesian discriminant functions 

In order to investigate the classification of high potassium glass and lead-barium glass in more 

depth, it was decided to give a Bayesian discriminant function that could classify the samples more 

specifically and accurately. The Bayesian discriminant function was solved using SPSS software. The 

Bayesian discriminant function can be used to classify samples of unknown types of glass artefacts 

in a more accurate, reliable and reasonable way. 

Using SPSS software, the results of the Bayesian discriminant function were solved as follows. 

High Potassium Glass: 

 

            (1) 

 

Barium lead glass: 
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       (2) 

 

The chemical content of each glass artefact is brought into the function to obtain the data. If F1> 

F2, then the glass artefact is a high potassium glass; if not, then it is a lead-barium glass. 

After the SPSS software calculations, the Wilke Lambda coefficient test was tabulated: 

Table 1. Wilke Lambda coefficient test table 

Wilke Lambda 

Function Check Wilke Lambda Card Parties Freedom Significance 

1 0.159 107.663 13 0.000 
 

The p-values given in Table 1, p=0.00<0.05, indicate that there is reason to reject the original 

hypothesis that there is a significant difference between the mean Bayesian discriminant function 

values of the two groups at the 0.05 level of significance. This indicates that the Bayesian discriminant 

function equation derived above for high potassium glass and lead-barium glass meets the 

significance test. Moreover, the Wilke Lambda is small, demonstrating that the group means between 

the two classifications are unequal and widely different, proving that there is some difference between 

the two types of data. In summary, it can be shown that the above Bayesian discriminant function is 

reasonable. 

3. Cluster processing - a Bayesian discriminant approach 

3.1. Analysis of the problem 

The two glasses were divided into subclasses by selecting the appropriate chemical composition as 

an indicator for the two glasses. We first continued with the first question and initially divided the two 

glasses into four sections: high potassium weathered glass, high potassium unweathered glass, lead-

barium weathered glass and lead-barium unweathered glass. However, the observed data revealed that 

some of the unweathered glass contained certain sample indicators similar to weathered glass, or that 

there were outliers in the weathered glass. This led to a systematic clustering process for both glass 

types, which was judged to be classifiable into subclasses into several classes, the results of which 

were used as a reference for determining the number of classes in the K-Means clustering analysis. 

This was followed by K-Means clustering analysis to analyse the samples for appropriate subclasses 

and to present data to demonstrate the reliability and accuracy of the classification. 

In order to test the reasonableness of the classification, the data was processed and the Bayesian 

discriminant function was derived using SPSS software and tested for significance. This would justify 

the resulting classification results. The analysis flow chart is shown in Figure 4. 

 

Figure 4. Analysis flow chart 

3.2. Systematic clustering analysis algorithms 

Systematic cluster analysis: consists of Q-type cluster analysis and R-type cluster analysis. Q-type 

cluster analysis is the clustering of samples and is based on the following algorithm. 

For a group of sample points to be classified that need to be described by p variables, each sample 

point can be considered as a point in Rp space. Then for samples x1, x2, x3, ..., xn, each of their 

corresponding p variables is represented as a matrix [

𝑥11 ⋯ 𝑥1𝑝

⋮ ⋱ ⋮
𝑥𝑛1 … 𝑥𝑛𝑝

]. For Q-type cluster analysis, 
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the essence is to use distance distance to measure the degree of similarity between sample points. In 

this paper, we use the squared Euclidean distance, which is the most commonly used distance between 

samples 𝑥𝑖 and 𝑥𝑗. 

Squared Euclidean distance. 

 

𝑑𝑖,𝑗 = ∑ (𝑥𝑖𝑙 − 𝑥𝑗𝑙)2𝑝
𝑖=1                             (3) 

 

Class-to-class similarity between classes is measured using the class averaging method. 

 

𝐷(𝐺1𝐺2) =
∑ ∑ 𝑑(𝑥𝑖,𝑥𝑗)𝑥𝑗∈𝐺2𝑥𝑖∈𝐺1

𝑛1𝑛2
                         (4) 

 

For any two samples, the final sample clustering results are derived from the squared Euclidean 

distance between the samples for all variables, combined with a similarity measure function between 

each category. 

3.3. Bayesian discriminant algorithm 

Let there be k p-dimensional aggregates G1, G2..., GK, each with a different probability density 

function, and suppose that the k The probability of occurrence of each of the k aggregates is q1, q2..., 

qk (a priori probability), satisfying qi≥0, i=1, 2..., k, ∑ 𝑞𝑖 = 1𝑘
𝑖=1 . If the loss caused by misclassifying 

a sample belonging to aggregate GI to aggregate Gj is known to be C(j|i), i, j=1, 2..., k. For any i, j=1, 

2..., k, we have C(i|j)=0, C(i|j)≥0. Let k aggregates G1, G2..., GK. The corresponding p-dimensional 

space of GK is divided into R1, R2..., RK, which can be abbreviated as a discriminant rule R=(R1, R2,..., 

RK). 

In such a case the following discriminant criterion is established to minimise the total average loss, 

where the total average loss is 

 

𝑔(𝑅) = ∑ ∫ (∑ 𝑞𝑖𝐶(𝑗|𝑖)𝐾
𝐼=1 𝑓𝑖(𝑋))𝑑𝑋

𝑅𝐽

𝑘
𝑗=1                     (5) 

 

(R1, R2,..., RK) is 𝑅𝑡 = {𝑋: ℎ𝑡(𝑋) < ℎ𝐽(𝑋), (𝑗 ≠ 𝑡), {𝑗 = 1,2, … , 𝑘}, {𝑡 = 1,2, … , 𝑘}     (6) 

 

Where ℎ𝑖(𝑋) = ∑ 𝑞𝑖𝐶(𝑡|𝑖)𝑓𝑖(𝑋)𝑘
𝑖=1 . 

3.4. Q-Type Cluster Analysis 

The data were systematically clustered using SPSS, with the clustering method being "component 

linkage" and the measurement method being "squared Euclidean distance". The results are shown in 

Figures 5 and 6. 
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Figure 5. All high potassium glass samples plotted on a spectrum 

 

Figure 6. Pedigree diagram of all lead-barium glass samples 
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K-Means clustering analysis 

From the above spectral diagram, it is possible to first classify the high potassium glass into 3 

classes and the lead-barium glass into 4 classes for K-Means clustering analysis. In this paper, K-

Means clustering analysis was applied to SPSS software, using an iterative and classification method 

with 100 iterations, and the results were obtained as follows. 

For the high-potassium glass samples, considering the small amount of data given in the title, the 

results were combined with the results obtained from the systematic cluster analysis and divided into 

three subclasses, which we named: the first subclass, the second subclass and the third subclass. The 

degree of weathering of the artefact samples included in each subclass is shown in Figure 7 below. 

 

Figure 7. High potassium glass subclass weathering degree diagram 

Interpretation of the image: it extends infinitely from the origin to the left and right. The sample is 

located in the area to the right of the origin, the further it is from the origin, the more weather-free it 

is; the closer it is to the origin, the less weather-free it is 

(i. e. biased towards weathering). The sample is located to the left of the origin and the further it is 

from the origin, the more weathered it is; the closer it is to the origin, the less weathered it is. It is 

suggested that the first sub-category contains some of the less weathered and weathered samples; the 

second sub-category contains the moderately weathered samples; and the third sub-category contains 

the more weathered samples. 

The following are the sample numbers of the artefacts included in each subcategory. 

Subcategory I: 07, 09, 10, 12, 22, 27, 03 Part 1, 7 samples in total. 

Subcategory II: 01, 03 part 2, 04, 05, 06 part 2, 13, 14, 16, 8 samples in total. 

Subclass III: 06 part 1, 18, 21, 3 samples in total. 

The above classifications show that the same sample was taken from different parts of the sample, 

resulting in different subclasses. It is reasonable to assume that there is no problem with these 

classifications, given the different external environments surrounding the same sample before it was 

excavated. 

For the lead-barium glass samples, the results of the systematic cluster analysis were combined to 

classify them into four subclasses, and during the qualitative analysis of the subclasses, it was found 

that there was a problem with sample number 48, which was defined as a weathered sample in the title, 

but the content of its chemical indicators tended to be more consistent with an unweathered sample. 

The final number of data involved in the K-Means clustering analysis was 48. The results of the 

systematic clustering analysis were then reapplied to the K-Means clustering analysis and we decided 

to classify the lead-barium glass into three subclasses, each containing the degree of weathering of the 

samples as shown in Figure 8 below. 

 

Figure 8. Diagram showing the degree of weathering of subclasses of lead barium glass 

Image interpretation: Interpretation of the axes is as above, for lead-barium glass, subcategory I 

contains samples with low and no weathering; subcategory II contains samples with moderate 

weathering and subcategory III contains samples with high weathering. 
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Category I Weathered plus unweathered: 02, 11, 19, 34, 36, 38, 39, 40, 41, 43 parts 

1, 43 Part 2, 49, 50, 51 Part 1, 51 Part 2, 52, 54, 54 Severe weathering, 56, 56,57, 24, 30 part 1, 30 

part 2, 24 samples in total. 

Category II Unweathered: 23 Unweathered, 25 Unweathered, 28 Unweathered, 29 Unweathered, 

42 Unweathered Point 1, 42 Unweathered Point 2, 44 Unweathered, 49 Unweathered, 50 Unweathered, 

53 Unweathered, 20, 31, 32, 33, 35, 37, 45, 46, 47, 55, 20 samples in total. 

Category III: Severe weathering: 08 Severe weathering, 08, 26, 26 Severe weathering. 

 
Figure 9. Lead and barium glass spectrum after deletion of 48 samples 
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3.5. Solving for Bayesian discriminant functions 

Based on the above classification results, the specific Bayesian discriminant function for each 

subclass was derived using SPSS software and the results were as follows. 

For the high potash glass divided into three subclasses, the discriminant equations are as follows. 

Subclass I (partially unweathered and weathered samples). 

 

     (7) 

 

Subclass II (moderately unweathered samples) 

 

       (8) 

 

Subclass III (samples without high levels of weathering) 

 

  (9) 

4. Conclusion 

The aim of this study is to investigate the open problem of classification laws and results. First, a 

comprehensive research method of quantitative analysis-Bayesian discrimination is used to reasonably 

and accurately investigate the classification laws of high potassium glass and lead-barium glass, 

obtaining the Bayesian discriminant for high potassium glass 𝐹1 = 2.909𝑥1 - 0.117𝑥2 + 4.487 𝑥3 + 

2.432𝑥4 + 1.097𝑥5 + 3.352𝑥6 + 3.403𝑥7 + 6.303𝑥8 + 2.669𝑥9 + 0.897𝑥10 + 1.882𝑥11 - 4.543𝑥12 + 

5.002𝑥14 - 150.381 with the lead-barium glass Bayesian discriminant 𝐹2 = 2.447𝑥1 - 1.195𝑥2 + 

42.807𝑥3 + 2.117𝑥4 + 1.0971.534𝑥5 + 3.221𝑥6 + 3.299𝑥7 + 4.830𝑥8 + 2.513𝑥9 + 1.226𝑥10 + 

1.590𝑥11 - 5.628𝑥12 + 3.087𝑥13-111.481. Then, using the clustering process-Bayesian discrimination 

method, the number of sample clusters was roughly determined using systematic clustering, and the 

data were categorized in detail using K-Means clustering, resulting in the possibility of classifying 

each of the high-potassium and lead-barium glasses into Three subclasses were identified, and 

Bayesian discriminant functions were derived for each subclass, and the data were tested to justify the 

subclasses. 
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