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Proving combinatorial identities using complex numbers
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Abstract. The creation of complex numbers addresses a variety of mathematical problems. Complex
numbers are the building blocks of more complicated and advanced math, such as algebra. Complex
numbers also are important in many other research fields, especially in electronics and
electromagnetism. Complex numbers have various applications in both the scientific and
engineering world, such as signal processing, electromagnetism, control theory, vibration analysis.
Complex numbers are always used as mathematical tools to describe signals that vary periodically.
Despite being an extension of the real number system, complex numbers are largely self-contained.
The geometric meaning and algebraic structure of complex numbers can help us solve a variety of
geometric problems. This paper summarizes the basic knowledge of complex numbers and gives
several fascinating results proved by the geometric and algebraic properties of complex numbers.
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1. Introduction

Complex numbers have various applications in both the scientific and engineering world, such as
signal processing, electromagnetism, control theory, vibration analysis[1-10]. Complex numbers are
always used as mathematical tools to describe signals that vary periodically. To analyze voltages and
currents, complex numbers are also inevitable tools. In fluid dynamics, functions involving complex
variables are utilized to analyze potential flow. Complex numbers are the building blocks of more
complicated and advanced math, such as algebra and geometry. A complex number is an ordered pair
of real numbers in (a,b), where a and b are all real numbers. In this paper, we inherit the standard
notation R to denote the set of all real numbers. The symbol C is used to represent the set of all
complex numbers. That is,

C=(ab):a€R,bER.

We start our investigation of complex numbers with the language of the coordinate pair. We
discuss in detail both the algebraic and geometric structures of complex numbers. We use these basic
properties to prove several meaningful qualities and identities only involved with real numbers.

2. Main Works

2.1. Arithmetic properties of Complex numbers

Two binary operations can be introduced on such set C.
Definition 2.1.1 Assume (a, b), (c,d) are two arbitrary complex numbers. The addition of these
two complex numbers is defined as follows

(a,b) + (c,d) =(a+c,b+d).

Definition 2.1. 2 Assume (a, b), (c,d) are two arbitrary complex numbers. The multiplication of
these two complexes is defined as follows
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(a,b) - (c,d) = (ac — bd,ad + bc).

Remark 2.1. 3 Both addition and multiplication are defined as Definition 2.1.1.and Definition 2.1.
2.1.2 satisfy the law of commutativity and associativity.

Remark 2.1. 4 The complex number (0O, 0) is the zero elements in the sense that for any complex
number (a, b),

(a,b) + (c,d) =(a+c,b+d).

Theorem 2.1. 5 The set C is an additional group.

Proof. It suffices to show that any element of set C has an inverse. It is easy to see that the inverse
element of (a,b) under the operation of addition is (-a,-b).

Theorem 1.6 The set C is a multiplication group.

Proof. The element (1, 0) is the identity element in the sense that for any element (a, b),

(a,b) - (1,0) = (a, b).

. . . a b
It: ieasy to check that for every nonzero element (a,b), there is a unique element (m, — m)
such that

b
(az-la-bz a a2+b2)(a' b) = (1'0)'

This means every nonzero element has a unique inverse.
Remark 2.1.6 Addition and multiplication of C also satisfy the law of distribution:

[(a,b) + (c,d)] - (e,f) = (a,b) - (e, f) + (c,d) - (e, f).
Remark 2.1.7 Considering the set {(a,0):a € R}, it is easy to check that {(a,0):a € R} is a
subfield of C because the projection mapping ¢: {(a,0):a € R} = R
(a,0) > a

is an algebraic isomorphism between {(a, 0): a € R} and R. Therefore, the real number field R is
a subfield of C algebraically. What makes field C distinct from field R is the special element (0,1).
This element satisfies

(0,1)? = (0,1) - (0,1) = (—=1,0).
We use i to denote the element (0,1) specifically. A complex number (a,b) can be rewritten as
(a,b) =(a,0)+ (0,b) =a+b-i.

From now on, instead of using real pair (a, b) to represent a complex number, we use z = a +
b - i, where a is called the real part of z, b is called the imaginary part of z, denoted as a = Rez
and b = Imz respectively. Using the present notation, addition and multiplication are defined as:

(a+ b))+ (c+di)=(a+c)+ (b+d)i,
(a + bi)(c + di) = (ac — bd) + (ad + bc)i.

Subtraction and division are defined as the inverse operation of addition and multiplication,
respectively:
(a+b-i)—(c+d-i))=(a—-c)+(b—-4a)-i,
a+bi b_)(c—di)
c+di_(a+ Y\cz +az
_ac+bd | bc-ad.
Tc24d2 ' c24q2

Let z = a + bi be a complex number. Define:
|z| = VaZ ¥ b2,

2
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z=a-hi,

Where |z| is called the modulus or absolute value of z, Z is called the complex conjugate of z.
Remark 2.1.10 Let z and w be two complex numbers, then

(i) Rez= %(z+z‘), Imz:%(z—z‘) ;

(ii) zz=|z|* ;

(i) z+w=z+w, zZw=z w ;

zl = 2

w

(w|

(V)lzw| = zllw], |=| =

V) IzI=lz] .
2.2. Geometric interpretation

After establishing a cartesian coordinate system on the complex plane, any complex numbers can
be viewed as a point on the plane. Given a complex number z = a + bi, it can be viewed as a point
with x-coordinate a and y-coordinate b. The polar coordinate of this complex number can be
represented as (r, 6), which means

a =rcosf, b =rcosb.
So that complex number z = a + bi can also be represented as
z = r(cosB + isin0),

where r = |z| = Va? + b? is the module of z, and 6 is called the argument of z. Notice that if
6 isthe argument of z, angle 6 + 2km (k could be any integer) can also be an argument of z. It leads
to the conclusion that a complex number can have an infinite number of arguments. We use Argz
to denote all arguments of the complex number z. The argument in the interval [—m, ] is denoted
as arg(z).

We can also see the complex number z = a + bi as a projection on x and y-axis of vectors a
and b. That’s why we can use Complex numbers and Euclidean vectors to illustrate the same thing.
We know that all the vectors received through the parallel movement of a certain vector represent the
same complex number, and if the start and end of a vector is Z;and Z,, the complex number of this
vector is Z; — Z, so that |Z; — Z, |represent the distance between Z;and Z,. Especially when the
start of a vector is the origin, the complex number its terminal point indicates is the same complex
number the vector does.

Now we can know that what we defined previously, the addition of complex number is the same
as the addition of vectors: set the start of two not repeated non-zero vector Z;and Z, to be the origin,
use the side of Z; and Z,to set a parallelogram, then the vector drawn along the diagonal with the
origin as the starting point is expressed as z142z2; the vector starts at Z, and end at Z,can be
represented as Z; — Z,. And now we can go back to see the inequation in 1.1: |z; + z,| < |z,| +
|z, |It is just a simple geometric proposition talking about how the sum of two sides is bigger than the
third line in a triangle.

In order to demonstrate the geometrical meaning of complex number multiplication, we implement
the triangular expression of complex numbers. Let,

7z, = 11(cos0, + isinb,),
Z, = 15(cos8, + isinb,),
then
Z1Z, = 1q1y(cos(64 + 0,) + isin(64 + 65)).
thus, it can be valid that

|21 + 23| = |z4]]2,],
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Arg(z,z,) = Argz, + Argz,.
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Figure 1. Plot Number (3+4i) on the complex plane

The first equation has already been proved in section 1.1, and the second equation can be
interpreted as an equivalence of two sets. This means the multiplication of two complex numbers
results in a complex number that contains a module that is the multiplication of the modules of the
two complex numbers and contains an argument that is the sum of the argument of the two complex
numbers. From a geometrical perspective, multiplying complex number w by complex number z
can be compared to rotating z counterclockwise by argw degrees, and extend its longevity by |w|
times. Especially, if w is a unit vector, then the product of w multiplying z would be rotating z

counterclockwise by argw degrees. For example, if i isa unit vector and its argument is % iz is

therefore equivalent to the vector received from rotating z counterclockwise by g This type of

geometric intuitiveness is helpful when approaching problems.
Now take a look at the division of complex numbers. Considering the equation,

Z3 1

-t =2cos(6; — 6,) + isin(6; — 6)].

Zy T2
that can mean

_ |z1]

|Zz|'

Z1
Z2

Arg (z—:) = Argz, — Argz,.

Here, the second equation can also be interpreted as the equivalence of two sets. This indicates
that the included angle between vectors z1 and z2 can be represented with Arg (z—l), this simple fact
2

can be very useful when discussing various geometrical problems. For example, with this, it is easier
to prove that Re(z,Z23) = 0 isanecessary and sufficient condition to the vectors z1 and z2 being
proved to be perpendicular. This is due to the fact that if z1 is perpendicular to z2, their included

angle is equal to ig, that arg (z—l) = i% , which demonstrates the fact that 2—1 is a pure imaginary
2 2
number. Thus z,7;, = z—l |z,|%is also a pure imaginary number, and thatRe(z,Z;) = 0 In the same
2
way, it can be proven that the necessary and sufficient conditions to z; and z, being parallel is
Im(z,7;) = 0.
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Theorem 2.2.1 (Rules for division)
Assume z;= 1; (cos6;+isin6,), z,=r, (cos@,+isinb,), z,7#0.

Then 2 =2 (cos(6; -0,)+isin(6; — 6,)).
Zy Ty

Proof.

zqy _11(cosB,+isinfq)

z5 15 (cosB,+isin6;)
_11 (cosB,+isinB)(cos O,—isinb;)

15 (cos B,+isin 8;)(cos 6,—isin ;)
_ 11 cosB;cosB,—icosBsinB,+isinO4 cosB,+sin B, sin O,

T2 c0s20,+sin?%0,
r - . - . .
:r—1 {cos 0, cos 0, + sin 0, sin 0,)+i(cos 0, sin 6, + sin B, cos B,)
2

= (cos(6; -8,)+isin(6; — 6,)).
2

Theorem 2.2.2 [10] De Moivre* theorem

We prove De Moivre’s Theorem by invoking mathematical induction forn & N*

Proof.

Forn=1,itiseasytofindthat (cosx + isinx)!=cos(1x) + isin(1x) = cos(x) + i sin(x)
Assume that formula is true for n = k.

(cosx + isinx)*=cos(kx) + i sin(kx). . . .(ii)

It suffices to prove that result is true for n = k + 1.
(cosx + isinx)**1= (cosx + isinx)*(cosx + isinx)

= (cos(kx) + i sin(kx))(cos x + i sin x)

= cos(kx) cos x x sin(kx) sin x + i(sin(kx) cos x + cos(kx) sin x)
= cos{(k + 1)x} + i sin{(k + 1)x}
Hence the result is proved.

2.3. Several inequalities and identities

Theorem 2.3.1: ¥n & N*,sinl+sin2+sin3+ ---+sinn< ﬁ
2
Proof.
For simplicity, we assume z=cosl1+isinl,
then according to |Imz|< |z|,
[sinl + sin2 + sin3+...+sin n|
< |(cos1 + isinl) + (cos2 + isin2) + (cos3 + isin3)+...+(cos n + isin n)|
According to the De Moivre® theorem that cos nf+isinnf=(cos 6 + isin6)",
the above formula
= |(cos1 + isinl) + (cos1 + isin1)? + (cos1 + isin1)3+...+(cos 1 + isin 1)"|
=|z+ 2%+ z3+...+2z"
Using the formula of geometric series z + z% + z3+... +z”=2(%zn)

z(1z)

we get |z +z2 + z3+...+z"|= |

n
Then according to [zw| = |z||w]|, | 2(1 z )

we use the De Moivre‘ theorem again, z"=cos n + isinn
Thus, |Z| z(1 z™) :|1—cosn—1:5%nn|
-z 1—-cosl—isinl
According to trlgonometrlc formula that cos 2a=I1-2sin’a and sin2a=2sinacosa,
|1—cosn—isinn|_ |1—cosn—isinn|

.1
2 =
SlTL2

1—-cosl—isinl

|1—cosn—isinn| 1+|cosn+isinn|

Using |z + w|<|z|+|w], we get <

1 1
2sin- 2sin=
2 2
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-2 - 1
Zsin% - sin%

Theorem 2.3.2 cos™6 = zinz’,gzo Ckcos(n—2k)0,n € N.
Proof:
By the equation:

e® = cos0 +isind

elf — g—if
0 =
cos >

we can get that:

el — o=i6 n
ng —
cos (—2 )

n
(x+y)" = Z Cpamkyk
k=0

And also, because of:

We can get that:

elf _ o\ 1 — k. ok
cos™0 = <—2 > = Z—nz cr(e®) " (e7?)
k=0
And then it is easy to see that:

el — o—if n
ng —
cos ( > )

n n n
1 oNT— . 1 . 1
= 2_712 C,?(e“g)n k(e_le)k = Z—nz Ckel(n—2K)6 — z—nz Ck cos(n —2k)6 .
k=0 k=0 k=0

Theorem 2.3.3 Let neN,0<reR . Then, then the equation X" +rx"—r" =0 has no
complex root whose modulo is r.
Proof: Suppose t isthe solution of the equation X" +rx" —r

t"(t+7r) =rntt (1)

Computing modulus on both sides of equation (1), it follows that
t*]t + 7| = |r|**,
Notice that |t| = r. It follows that [t +r| = 7.
Thus, the modulus of z simultaneously satisfies two conditions that |t| =7 and |t +7r| =171
Geometrically, the root z can be viewed as the intersection of the circle |z| = r and the circle
| z+r|=r. Asaresult, we can obtain two roots that both satisfying |z| = r and |z+r|=r

n+1

=0 ,anditsmodulusis r. Then,

2r .. 2« Ar . . 4r¢
Zl=r COS—+1SIn— ,ZZZI' COS—+I1SIn— |.
3 3 3 3

substituting z, into (1) and after simi
After subsitituting z; and simplification, the following result can be obtained

cos—(2n D7 +1i sin—(2n D7 =1.
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By comparing the real part and the imaginary part of the same complex number, the following

results can be obtained

3.

cos 2N +hz @n+D7z _

=1 and sin 0.

(@n+D)z =2kz(keZ),thatis 2n+1=6k(k,ne Z), which isa contradiction.

Similarly, it is easy to check z, is also not the root.
To conclude, the equation yn+1 | w0 _ 41 _ g does not have a complex root whose module is r.

Theorem 2.3.4([10])

()4 @)+ () =5z 2w ()

where 4m—3 is the largest integer no bigger than n and where (’,’(‘) =

n!

Proof By binomial theorem, we have the following equities: Ko
A+ =)+ () 4+ () ®
(+0m = () + (it ot (in ®
A+ =)+ (Diz+-+ ()i, @
@+ = () + () + ()i o

(2)+&l-(3)+&”-(4)+&.-(5), itis easy to obtain that
the right-hand side is equal to 4 ((’;) +(0)+-+ (4,:_3)),
the left-hand side isequal to 2™ + (1 + )" - i3+ (1 +iH)™- 2+ (A +i3)" -

. . . 4 . nrx
=2" 1-i)"—=(@+i)")=2"+22 —.
+|(( )" —(1+1) ) + sin 1
Thus, () + (2) + = () = 3 (21 + 25 - sin (1))

Conclusion

Despite being an extension of the real number system, complex numbers are mainly self-contained.

The geometric meaning and algebraic structure of complex numbers can help us solve a variety of
geometric problems. This paper summarizes the basic knowledge of complex numbers and gives
several fascinating results proved by the geometric and algebraic properties of complex numbers. In
the future, we will report more on holomorphic functions. We will show how to use knowledge of
the theory of holomorphic functions to prove more complicated identities.
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