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Abstract. The Sylow’s theorems are significant principles for analysis of special subgroups of a finite group, 

and they are significant theories in finite group research area. It is firmly established that every group 𝐺 owns 

more than one Sylow group pertaining to every prime factor of |𝐺|. The purpose of this article is to summarize 

and generalize the existing research progress of Sylow’s theorems. A summary of them will help more people 

comprehend and apply group theory to analyze problems. In this paper, the basic information of three distinct 

Sylow’s theorems are introduced, including their definitions and detailed proof procedures. After that, some 

examples and application that are related to the Sylow’s theorems are shown one by one. After that, the 

relationship between the Sylow’s theorems to that of the orbit-stabilizer theorem is discussed. This work will 

potentially stimulate more research efforts on the basis theorems in group theory. 
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1. Introduction 

Group theory is a significant branch of higher mathematics, first proposed by E. Galois in the 

1830s. At first, the theory was only of modest value in the analysis of complex equations. However, 

with the advancement of time, more and more scientific fields need to use group theory to solve 

practical problems [1]. For example, group theory is widely used in quantum physics and computing. 

The Sylow’s theorems introduced in this paper are exactly important principles in group theory. 

Norwegian mathematician Peter Ludwig Sylow shares the name Sylow's theorems because the 

academic community commemorates his contribution to formulating these theorems [2]. Their 

appearances provide very important theoretical basses for people to study finite groups. Notably, 

there is a very strong connection between Sylow's theorems and Lagrange's theorem. Therefore, 

Learning Sylow's theorems can help people better understand Lagrange's theorem. 

The Sylow's theorems assume a partial converse of Lagrange's theorem. Given a finite group 𝐺 

and its subgroup 𝐻 , the Lagrange's theorem claims that |𝐻|  divides |𝐺| . Sylow's theorems 

guarantee that, for some factors of the purpose of 𝐺, there are subgroups corresponding to these 

factors, and it will give relevant information about the number of such subgroups [3]. Sylow's 

theorems tell people that finite groups can be understood by examining the properties of subgroups 

of groups, thus leading to the study of finite groups which is also a very rich direction. Because the 

existing Sylow’s theorems system is relatively complete, this article mainly focuses on the summary 

of the existing content. This article will briefly introduce some basic conclusions and applications of 

Sylow's theorems, and it can be considered an introductory article for scholars who are just learning 

Sylow's theorems or who wish to understand Sylow's theorems deeply. 

2. Sylow’s Theorems 

2.1. Sylow’s First Theorem 

Theorem 1. If group 𝐺 is finite, and |𝐺| can be divided by a prime power 𝑝𝑘 , then there must 

be a group 𝐻 whose order is  𝑝𝑘, and 𝐻 is a subgroup of 𝐺 [4].  

Proof. Suppose that |𝐺| =  𝑝𝑘𝑚 =  𝑝𝑘+𝑟𝑢, and 𝑢 is not divisible by 𝑝. Then, assume the subsets 

of 𝐺 of size 𝑝𝑘 form a set named 𝛺. By left multiplication, 𝐺 acts on 𝛺. Thus, with the action of 

𝐺 in mind, its equivalence classes can be written as the orbits 𝐺𝜔  =  {𝑔𝜔 | 𝑔 ∈  𝐺} of the 𝜔 ∈  𝛺. 
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It is true that 𝐺𝜔  =  {𝑔 ∈  𝐺 | 𝑔𝜔 =  𝜔} is the stabilizer subgroup for any 𝜔 ∈  𝛺. As long as 

the element 𝛼 ∈  𝜔, 𝐺𝜔 can be mapped to 𝜔 injectively by the function [𝑔 ↦  𝑔𝛼]. Therefore, if 

𝑔𝛼 =  ℎ𝛼 is true for any 𝑔, ℎ ∈  𝐺𝜔 , it’s certain that 𝑔 =  ℎ since cancellation on the right is 

possible as long as 𝛼 ∈  𝜔 ⊆  𝐺. Thus, 𝑝𝑘  =  |𝜔|  ≥  |𝐺𝜔|. 
Additionally, 

|Ω| = (
𝑝𝑘𝑚

𝑝𝑘
) = 𝑚 ∏

𝑝𝑘𝑚 − 𝑗

𝑝𝑘 − 𝑗

𝑝𝑘−1

𝑗=1

= 𝑚 ∏

𝑝𝑘−𝑣𝑝(𝑗)𝑚 −
𝑗

𝑝𝑣𝑝(𝑗)

𝑝𝑘−𝑣𝑝(𝑗) −
𝑗

𝑝𝑣𝑝(𝑗)

𝑝𝑘−1

𝑗=1

. (1) 

Here, the power of 𝑝 is not preserved by any factors. Thus,  𝑣𝑝(|𝛺|)  =  𝑣𝑝 (𝑚)  =  𝑟. Assume 

that a complete representation of all the equivalence classes within the action of 𝐺 is 𝑅 ⊆  𝛺, then, 
|Ω| = ∑ |𝐺𝜔|𝜔∈𝑅 . 

Hence, 𝑠: = 𝑣𝑝 (|𝐺𝜔|)  ≤  𝑉𝑝 (|𝛺|)  =  𝑟 is true for some element 𝜔 ∈  𝑅. Therefore,  |𝐺𝜔|  =

 𝑝𝑠𝑣 if 𝑣 cannot be divided by 𝑝. Thus, |𝐺𝜔|  =  |𝐺| / |𝐺𝜔|  =  𝑝𝑘+𝑟−𝑠𝑢/𝑣 can be inferred by the 

orbit-stabilizer theorem. Therefore, in light of 𝑝𝑘 | |𝐺𝜔| , it is found that 𝑝𝑘  ≤  |𝐺𝜔| and 𝐺𝜔 is the 

subgroup as expected [5]. 

2.2. Sylow’s Second Theorem 

Lemma. Let 𝐺 be a finite 𝑝-group and it acts on a finite set 𝛺. The set of points of 𝛺 under the 

fixed action of 𝐺 is written as 𝛺0. Thus,  |𝛺|  ≡  |𝛺0| mod 𝑝.  

Proof. Assume a disjoint sum of orbits within 𝐺 as 𝛺. Therefore, according to assumption the 

arbitrary element 𝑥 belongs to  𝛺 that is not restricted by 𝐺 is a multiple of 𝑝. Consequently, it 

lies in an orbit of order |𝐺|/|𝐺𝑥| (here, 𝐺𝑥 represents stabilizer) and the result is obvious. 

Theorem 2. Let 𝐻 be a 𝑝-subgroup and 𝑃 be a Sylow 𝑝-subgroup of 𝐺, then 𝑔−1𝐻𝑔 ≤  𝑃 is 

true for an element 𝑔 in 𝐺. Besides, all Sylow 𝑝-subgroups of 𝐺 are mutually conjugate, so they 

are isomorphic. For instance, if 𝐺 owns two Sylow 𝑝-subgroup 𝐻 and 𝐾, then 𝑔−1𝐻𝑔 =  𝐾 for 

an element 𝑔 in 𝐺 [6]. 

Proof. Two assumptions are useful. One is that the left cosets of 𝑃 in 𝐺 is 𝛺, while the other is 

that 𝐻  works on 𝛺  by left multiplication. Applying the Lemma, the condition |𝛺0|  ≡  |𝛺|  =
 [𝐺: 𝑃] (mod 𝑝) holds. Noticing that |𝛺0| is nonzero, there should be 𝑔𝑃 ∈  𝛺0. With this 𝑔𝑃, 

one finds that ℎ𝑔𝑃 =  𝑔𝑃 for any ℎ ∈  𝐻. Meanwhile, with  𝑔−1𝐻𝑔𝑃 =  𝑃 in mind, 𝑔−1𝐻𝑔 ≤
 𝑃. Moreover, let 𝐻 be a Sylow 𝑝-subgroup, hence |𝑔−1𝐻𝑔|  =  |𝐻|  =  |𝑃|, 𝑔−1𝐻𝑔 =  𝑃. 

2.3. Sylow’s Third Theorem 

Theorem 3. Assume 𝐺 is a finite group and 𝑞 is the order of a Sylow 𝑝-subgroup of 𝐺. Then 

𝑛𝑝 | |𝐺|/𝑞 and 𝑛𝑝  ≡  1 mod 𝑝. 

Proof. As what is proved in Theorem 2, 𝑛𝑝  =  [𝐺 ∶  𝑁𝐺(𝑃)], where such subgroup is 𝑃 as well 

as the normalizer of 𝑃 in group 𝐺 is 𝑁𝐺(𝑃), thus, |𝐺|/𝑞 can divide this number. Let 𝛺 be the set 

of Sylow 𝑝-subgroups in 𝐺 and suppose that  𝑃 act on 𝛺 through conjugation. Assume 𝑄 ∈ 𝑄0, 

since for any 𝑥 ∈  𝑃  there is 𝑄 =  𝑥𝑄𝑥−1 , thus, 𝑃 ≤  𝑁𝐺(𝑄). By Theorem 2, 𝑃  and 𝑄  are 

conjugate in 𝑁𝐺(𝑄) especially, also, 𝑄 is normal in 𝑁𝐺(𝑄), therefore, 𝑃 =  𝑄. Then, 𝛺0  =  {𝑃}, 

since the proved Lemma, |𝛺|  ≡  |𝛺0|  =  1 mod 𝑝 [7].  

3. Applications and Orbit-Stabilizer Theorem 

3.1. Applications 

To corroborate the Sylow’s theorems, three examples are shown in this subsection [8]. For the first 

example, assume 𝐺 is a group whose order is 𝑝𝑞, both 𝑝 and 𝑞 are prime, additionally, 𝑝 <  𝑞. 
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Then it only has a normal subgroup of order 𝑞. To explain it, let’s work out 𝑛𝑞 by Sylow’s theorem. 

Firstly,  𝑝𝑞/𝑞 =  𝑝  is true. Therefore, the only possible numbers of it are 1 or 𝑝 . Secondly, 

1 mod 𝑞 must be congruent to it. It is clear from the above that 1 is less than 𝑝 and 𝑞 is greater 

than 𝑝, Thus, 𝑞 +  1 is greater than it, therefore, the exactly one choice of 𝑛𝑞 is 1. Thus, a Sylow 

𝑞-subgroup of order 𝑞 is unique and normal. 

Regarding the second example, by using the Sylow’s theorems, it can be determined that 2, 3, 4, 

and 5 are the orders of  𝐴5’s subgroup. For the Sylow 𝑝-subgroups of 𝐴5, the Sylow’s third theorem 

tells exactly the amount of Sylow 𝑝-subgroups 𝐴5 has. Because the Sylow 5-subgroups’ number 

must satisfy two conditions: first, it must divide 60; second, it must be congruent to 1 (mod 5), either 

one or six must be the number of conjugate Sylow 5-subgroups in 𝐴5. If the number of Sylow 5-

subgroup is one, self-conjugate is the only explanation. In other words, it would be considered as 

normal. However, this situation is not possible, and the reason is that there is no normal subgroups of 

𝐴5. Therefore, it is certain that the number of 𝐴5’s Sylow 5- subgroup is six. Meanwhile, the Sylow 

2-subgroups of 𝑆3 is also considered, which are {(1), (12)}, {(1), (13)} , and {(1), (23)}. Based on 

Sylow’s third theorem, it is possible for one to using the conjugation to gain the latter two from the 

initial one. In fact, {(1), (13)} = {(1), (23)}, (23) {(1), (12)}(23)-1 = (13){(1), (12)}(13)-1. The amount 

of Sylow 3-sub-groups of 𝐺 is equivalent to 1 (mod 3) which divides 8. Therefore, the amount is 

either 4 or 1. If it is 1, then it must be normal according to the corollary of Sylow’s third theorem. Or 

assume 𝐻 and 𝐻’ be two different Sylow 3-subgroups. Since |𝐺|  =  72 and |𝐻 ∩ 𝐻’| is 𝐻’s 

and 𝐻′’s subgroup, then |𝐻 ∩ 𝐻’|  =  3. Therefore, |𝑁 (𝐻 ∩  𝐻’) | can divide 72, which is divisible 

by 9, and the elements number of it must no less than |𝐻 𝐻’|’ =  27. In this case, 36 or 72 are the 

only two choices for |𝑁 (𝐻 ∩  𝐻’)|. In the first and second situations, respectively, it is found that 

either 𝑁 (𝐻 ∩ 𝐻’) or 𝐻 and  𝐻’ is normal in 𝐺 [9]. 

3.2. Orbit-Stabilizer Theorem 

Orbit-Stabilizer Theorem is a key result for group theory and is the crucial step in the proof of 

many important theorems, e.g., the Sylow’s theorems for groups with finite orders. For orbit-stabilizer 

theorem, some preliminaries should be available before stating the theorem. Suppose that 𝐺 acts on 

a set 𝑋, then the orbit of an element 𝑥 that is in the set 𝑋, is the set of all elements with the behavior 

𝑔(𝑥). Notice that an orbit has the natural structure of an equivalence class, with the equivalence 

relation 𝑥 equivalent to 𝑦 defined as 𝑦 = 𝑔(𝑥) if 𝑔 belongs to 𝐺. It is simple to prove that this 

is indeed an equality class. The orbits are disjoint, in the scene if two orbits share an element, then 

they are the same orbit. The proof is as follows. If it belongs to both 𝑂𝑟𝑏(𝑥) and 𝑂𝑟𝑏(𝑦), then it 

has the behavior of 𝑔(𝑥) for several 𝑔 in 𝐺, and ℎ(𝑦) for some ℎ in 𝐺. Therefore, any element 

𝑠(𝑥) in 𝑂𝑟𝑏(𝑥) is equal to 𝑠(𝑔−1 ℎ(𝑦)). Note that any element in 𝑂𝑟𝑏(𝑥) is also in 𝑂𝑟𝑏(𝑦), thus 

𝑂𝑟𝑏(𝑥) is in 𝑂𝑟𝑏(𝑦). This proof is symmetric, so 𝑂𝑟𝑏(𝑦) is also in 𝑂𝑟𝑏(𝑥). 

Next, the stabilizer of 𝑥 is known as a set in 𝐺. It is consisted of all elements in 𝐺 that sends 𝑥 

back to itself. For example, when the group action is conjugation, and the set 𝑋 is chosen to be 𝐺, 

the orbit of 𝑥 is its conjugations in 𝐺, and the stabilizer is consisted by certain elements in 𝐺. In 

this situation, the stabilizer can be named the centralizer of 𝑥 too. 

Another significant notion is the normalizer of 𝐻. This is the subgroup of 𝐺 consisting of all 𝑔 

in 𝐺 that 𝐻 is unchanged under conjugation by 𝑔 [10]. Notice that 𝐻 is normal in its normalizer. 

In particular, if the normalizer is the whole group 𝐺, then 𝐻 can be called normal in 𝐺. 

This is an interesting result, indicating that the stabilizer of 𝑥 under conjugation of an element 𝑔, 

is the stabilizer of 𝑔(𝑥). This result could be proved in the sense that the left-hand and right-hand 

sides are within each other, but here a different way of proof is provided from their definitions. First, 

notice that the stabilizer of 𝑔(𝑥) is all elements ℎ in 𝐺 that ℎ𝑔(𝑥) equal 𝑔(𝑥). Then substitute 

ℎ by 𝑔𝑘𝑔−1, where 𝑘 is equal to 𝑔−1ℎ𝑔. This gives the set 𝑔𝑘𝑔−1 in 𝐺, with 𝑔𝑘𝑔−1𝑔(x) equals 

to 𝑔(𝑥). The 𝑔−1, 𝑔 cancels out, and left multiplicate 𝑔−1 on both sides gives 𝑔𝑘𝑔−1 in 𝐺, with 

𝑘 acting trivially on 𝑥. This is precisely stabilizer of 𝑥 under conjugation by 𝑔. 
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Here comes the statement of orbit-stabilizer theorem. For a group 𝐺 acting on a set 𝑋, and for 

any 𝑥 in capital 𝑋, the orbit of 𝑥 is bijective with the left-cosets of stabilizer of 𝑥. In particular, 

the size of 𝑂𝑟𝑏(𝑥) is the same as the number of stabilizers of 𝑥 in 𝐺.  

To prove the equation, it is necessary to define a bijective function 𝑓 from the set of cosets of 

stabilizer of 𝑥, by sending 𝑔𝑆𝑡𝑎𝑏(𝑥) to 𝑔(𝑥). This is straightforward by a isomorphism theorem 

because the kernel of 𝑓 is just stabilizer of 𝑥. Unfortunately, a stabilizer need not be a subgroup, 

and 𝑋 need not be a group. To demonstrate it, one needs to show 𝑓 is indeed a function. Suppose 

𝑔𝑆𝑡𝑎𝑏(𝑥) = ℎ𝑆𝑡𝑎𝑏(𝑥), then ℎ−1𝑔 is in 𝑆𝑡𝑎𝑏(𝑥), thus 𝑔−1𝑒 ℎ(𝑥) is equal to 𝑥, showing 𝑔(𝑥) is 

equal to ℎ(𝑥). It is obvious since any element in 𝑂𝑟𝑏(𝑥) is of the form 𝑔(𝑥) for some 𝑔 in group 

𝐺 . For injection, assume 𝑔(𝑥) = ℎ(𝑥) , then ℎ−1 𝑔  is equal to 𝑥 , showing ℎ−1𝑔  belongs to 

stabilizer of 𝑥. Therefore, 𝑔 is in the left coset of 𝑆𝑡𝑎𝑏(𝑥) by ℎ, but also ℎ is in 𝑔𝑆𝑡𝑎𝑏(𝑥) by 

symmetry. This gives 𝑔𝑆𝑡𝑎𝑏(𝑥) is within ℎ𝑆𝑡𝑎𝑏(𝑥) times 𝑆𝑡𝑎𝑏(𝑥), which is just ℎ𝑆𝑡𝑎𝑏(𝑥). 

Again, by symmetry, the other inclusion follows. Taken together, 𝑓 is a well-defined bijection, 

which gives the result desired. 

4. Conclusion 

To sum up, the Sylow’s theorems are not incomprehensible, and their proof processes are not very 

sophisticated to understand. The most natural proofs of Sylow’s theorem are to use double cosets. 

The Sylow’s theorems are typical settings that use the order of a group to determine their internal 

structure, and their proofs mainly use the effect of the group on itself. It can be said that the whole 

proof is the basic properties of double cosets plus the numerical analysis of 𝑝𝑟, such as some counts 

of groups. Sylow’s theorems mainly include three distinct statements. If combining the orbit-

stabilizer theorem and the group action theorem together, the Sylow’s theorem looks much simpler. 

It is necessary to mention that it has been more than a hundred years since Sylow put forward these 

three theories, albeit the Sylow’s theory has not made much progress recently. However, in terms of 

applications, Sylow’s theorems are very helpful for people’s understanding of subsets of group theory, 

and these theorems have massive applications in the field of quantum physics. In a word, it is urgent 

to extend the scope of Sylow’s theory to more branches of group theory, and discovery more 

applications of these theorems in natural science. 
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