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Abstract. Group theory is the subject that aims to study the symmetries and structures of groups in 
mathematics. This work provides an introduction to group theory and explores some potential 
applications of group theory on complex geometric objects like the Rubik's cube. To this end, the 
concepts of symmetric group, permutation group, and cyclic group are introduced, and the famous 
Lagrange’s theorem and Cayley’s theorem are mentioned briefly. The former theorem establishes 
that a subgroup’s order must be a divisor of the parent group’s order. Concerning the permutation 
group, it is a set of permutations that form a group under composition. Hence, the various groups 
that can be formed by the Rubik's cube are discussed, including the group of all possible 
permutations of the cube's stickers, and the subgroups that are generated through permutations of 
the six basic movements embedded in Rubik’s cube. Overall, this essay provides an accessible 
introduction to group theory and its applications to the popular Rubik's cube. 
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1. Introduction 

Hitherto, group theory is a fundamental and important area of mathematics that has a wide range 

of applications in many different research fields, including physics, chemistry, computer science, and 

cryptography. It is a versatile and powerful tool for understanding symmetry and algebra [1]. There 

are many useful groups and theorems in group theory, and the present work serves as an introduction 

to several basic topics in group theory. It commences by defining the symmetric group, which is a 

group over all the sets with elements that are consisting of every bijection operation. It then defines 

the permutation group, which is the set of all bijections and satisfies the law of composition. 

Additionally, the essay also introduces the cyclic group, which is a subgroup that belongs to a parent 

group formed with one generator. In addition, the essay provides an explanation and a brief proof of 

Lagrange theorem and Cayley's theorem, which are both fundamental theorems about algebraic 

structures and have far-reaching impacts on many research areas.  

Apart from these basic topics, this work also explores the potential applications of group theory 

on Rubik's cube [2]. A permutation group is a subset of bijection operations from group 𝐺. Here, all 

the elements in that group are permutations of group 𝐺, and the composition of permutations in group 

𝐺 is group operation. Permutation groups are often used to study the permutations of different status 

of objects. In this paper, in order to study the of Rubik’s cubes from the perspective of group theory, 

variations of Rubik’s cubes are transformed into the form of permutation groups. In doing so, one can 

simulate them by some permutation groups. Interestingly, the results indicate that the variations of 

Rubik's cubes can be simulated by some permutation groups, and these variations can be considered 

as subgroups of the permutation group 𝑆54 as there are 54 blocks in total. This finding highlights the 

versatility of group theory and its power in exploring and understanding complex systems in various 

research fields. 

2. Special Groups and Relevant Theorems 

2.1. Symmetric Group 

The symmetric group is the group over all the sets with elements that are consisting of all bijection 

operations. Its group operation is the combination of its functions [3]. For a symmetric group of order 
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𝑛, it acts on a set 𝑋 = {1, 2, 3, … , 𝑛}. As a typical example, the symmetric three-order group 𝑆3 =
{(1), (12), (13), (23), (123), (132)} is such a group that acts on the set 𝑋 = {1, 2, 3}. 

2.2. Permutation Group 

A permutation is a way to arrange objects in a specific order or sequence. A permutation group is 

a mathematical group consisting of bijective mappings (permutations) from a set to itself. In other 

words, it is a collection of permutations of a given set that satisfy certain algebraic properties [4]. 

Specifically, a permutation group must be closed under composition, and should contain the identity 

and the inverse. It is a bijective function that maps a set to itself so as to each element appears only 

one time in the resulting arrangement. 

Let 𝑋  be a set. The set of all bijections of 𝑋  satisfies the condition that 𝑃(𝑥) =
{𝑓: 𝑋 → 𝑋|𝑓 is bijective} and they form a group. The targeted group is named as the permutation 

group on 𝑋. When 𝑋 is a set of 𝑛 elements, it is useful to rename the elements by the numbers 

1, 2, ⋯ , 𝑛, and call it as permutation group of 𝑛 (denoted by 𝑆𝑛). For example, 𝜎 = (1
2

2
3

3
1

4
4
) is a 

permutation group for the set 𝐺 = {1, 2, 3, 4} with permutation 𝜎(1) = 2, 𝜎(2) = 3, 𝜎(3) = 1 

and 𝜎(4) = 4. Suppose that 𝑋 is a permutation group, then it satisfies the following conditions 

which contain that the associativity property holds for the composition of functions, the identity 

element is represented by the identity function on 𝑋 : ∀𝑓 ∈ 𝑃(𝑋), 𝑓°𝑖𝑑𝑋 = 𝑖𝑑𝑋°𝑓 = 𝑓 , and the 

inversion of 𝑓 ∈ 𝑃(𝑥) is its inverse function 𝑓−1: 𝑓°𝑓−1 = 𝑓−1°𝑓 = 𝑖𝑑𝑋. 

2.3. Cyclic Group 

Suppose that 𝐺 is a group while 𝑥 belongs to 𝐺. The cyclic subgroup of 𝐺 is created by 𝑥 and 

it is a special set that owns all powers of 𝑥: 〈𝑥〉 = {𝑥𝑘 ∈ 𝐺|𝑘 ∈ 𝑍}. If |〈𝑥〉| is infinite, then it is said 

that 𝑥 has infinite order. If |〈𝑥〉| is finite, one can define the order element 𝑥 as |𝑥| = |〈𝑥〉|, i.e., 

the order of cyclic subgroup is generated by element 𝑥 [5]. Further, if 𝑥 ∈ 𝐺 and 𝐺 = |〈𝑥〉|, then 

group 𝐺 is a cyclic group and 𝑥 is regarded as the generator of that group. 

Let 𝜎 = (1
2

2
3

3
1

4
4
) be a cyclic group for the set 𝐺 = {1, 2, 3, 4}. Since 1 → 2, 2 → 3, 3 → 1, then 

(1 2 3) is a cycle of the cyclic group. Similarly, (4) is another cycle of the cyclic group. Hence, 

𝜎 = (1
2

2
3

3
1

4
4
) can also be written in cycle notation (1 2 3)(4). 

2.4. Lagrange’s Theorem and Cayley’s Theorem 

Within the context of group theory, Lagrange’s theorem establishes that the degree of a subgroup 

𝐻 should be the factor of the corresponding finite group 𝐺. In other words, if 𝐻 is the subgroup of 

a finite group 𝐺, it is satisfied that |𝐺| = [𝐺: 𝐻] ∗ |𝐻| [6]. To be clear, |𝐺| denotes the degree of 

the group 𝐺, which is exactly the number of elements in 𝐺. Similarly, |𝐻| stands for the degree of 

the subgroup 𝐻, and [𝐺: 𝐻] denotes the index of 𝐻 in 𝐺. Lagrange's theorem is a fundamental 

result in group theory that relates a subgroup’s order to the order of the large group. 

Cayley’s theorem establishes that each group 𝐺 is isomorphic to a subgroup of symmetric group 

𝑆𝑛. It is considered as group 𝐺 acts on its elements. In other words, a group 𝐺 could always be 

represented by a group of permutations on its own elements [7]. Specifically, for any group 𝐺, there 

exists a subgroup of a given symmetric group 𝐺. It is denoted as 𝑆𝑦𝑚(𝐺) and is isomorphic to G. 

In other words, 𝐺 and 𝐵(𝐺) are homomorphisms. The injective group between them maps each 

element 𝑔 of 𝐺 to the bijection on 𝐺 by sending 𝑥 to 𝑔𝑥 for all 𝑥 in 𝐺. This homomorphism 

holds the property of injectivity because distinct elements of 𝐺 are sent to distinct bijections of 𝐺, 

and it is a group homomorphism because it preserves the group operations formed by group 𝐺. 

Remark. Consider the function 𝜏𝑎: 𝐺 → 𝐺  for 𝑎 ∈ 𝐺 , 𝜏𝑎(𝑥) = 𝑎𝑥  for 𝑥 ∈ 𝐺 . For 𝑎, 𝑏 ∈ 𝐺 , 

(𝜏𝑎 ∗ 𝜏𝑏)(𝑥) = 𝜏𝑎(𝜏𝑏(𝑥)) = 𝜏𝑎(𝑏𝑥) = 𝑎(𝑏𝑥) = (𝑎𝑏)𝑥 = 𝜏𝑎𝑏(𝑥) . Therefore, 𝜏𝑎 ∗ 𝜏𝑏 = 𝜏𝑎𝑏 , and 

𝜏𝑎  is bijective. It is noted that 𝜏𝑎  is injective because symmetric groups satisfy the identity. It 

implies that 𝑔 = 𝑔 ∗ 𝑒 = 𝑒 and 𝑔 = 𝑔′. Thus, 𝐺 is isomorphism with the subgroup 𝑆𝑛. 
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3. Application of Permutation Group on Rubik’s cube 

Rubik's cube is a longstanding untoward toy that has become an influential symbol ever since its 

invention in 1974. From a mathematical perspective, Rubik's cube is a fascinating object to study 

because it exhibits many interesting properties related to group theory [8]. 

Group theory studies the symmetry and structure in mathematical objects, and Rubik's cube is 

exactly such an example of group theory in action. The group of all possible cube configurations and 

the operations that can be used to manipulate it is known as the finite Rubik's cube group. It owns 

several interesting properties, including being non-commutative and having subgroups of various 

sizes. These properties make Rubik's cube an excellent object to study from a group theory 

perspective, as it can help researchers to better understand the fundamental properties of groups. 

Suppose that the Rubik's cube is placed in a spatial rectangular coordinate system with the center 

at the origin and all edges are parallel to the axis. The faces of a Rubik's cube are named after 

directions of the normal vectors on the outside. The front (back) face is on the positive (negative) 

direction of the X-axis. Similarly, the left (right) face is on the positive (negative) direction of the Y-

axis, while the up (down) face is on the positive (negative) direction of the Z-axis. For simplicity, the 

initial letters can be written as FBLRUD respectively (as illustrated in Fig. 1) [9]. 

 

Figure 1. Coordinate system, title of surface and standard state 

The state of a block is the sequence of faces at which its face is located. For example, a white, blue 

and red (WBR) corner block has the white side in front, the blue side in left, and the red side in the 

top, and the later is said to be in a state of "front upper left (FLU)" (see Fig 2, left panel). It is saying 

that "block a in state b" is referred as "a@b". The face sequence of the state name should correspond 

to the face sequence of the block name. Therefore, if the block is called "blue red white (BRW)", then 

the state should be called "left upper front (LUF)". That is, "WBR@FLU" has the same meaning as 

"BRW@LUF" but is different from "WBR@LUF" (see Fig 2, right panel). The location of a block is 

the set of faces at which its face is located. That is, the order (direction) is insignificant. The 

expression "block a in position b" is equivalent to "a ~ b". The same location can also have multiple 

names. For example, WBR@FLU has the same meaning as WBR@LUF. 

 

Figure 2. Left panel: WBR@FLU. Right panel: WBR@LUF 

If one processes FFRR on a Rubik’s cube, then a set of permutations should be achieved: (DF UF) 

(DR UR) (BR FR FL) (RB RF LF) (DBR UFR DFL) (BRD FRU FLD) (RDB RUF LDF) (ULF URB 

DRF) (LFU RBU RFD) (FUL BUR FDR). If people don't look at what the permutations exactly are 
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but just care how many permutations may occur, then one need to write this as: 2 (2) 8 (3), which 

means that second-order permutations occur twice, and third-order permutations occur eight times. 

A Rubik’s cube has 8 corner blocks, so the possibilities of variations of corner block positioning 

are 8!. Each corner block has three orientations, so the total possibilities of variations of corner blocks 

are 8! × 38. Similarly, there are 12 edges and each edge has 2 directions, so the possibilities of 

variations of edges are 12! × 212. Therefore, if one arbitrarily assembles the Rubik's cube, the total 

possibilities of variation are 8! × 38 × 12! × 212 [10]. Since there is a half chance that the block is 

positioned correctly, a half chance that the edge is oriented correctly, and a third chance that the 

corner block is oriented correctly. Taken together, the total number of states to form a recoverable 

Rubik's cube is 
8!×38×12!×212

2×2×3
. Noticing that a Rubik cube has 54 blocks, the set of total permutations 

to recover a Rubik’s cube could be represented by the subgroup of permutation group 𝑆54. 

4. Conclusion 

To conclude, this paper begins with an introduction to group theory, explaining what groups are, 

the properties that define them, and the various types of groups that exist. After that, the paper delves 

into the specific concepts of permutation groups by defining them, discussing their properties and 

operations, and exploring their applications to solve Rubik's cube. This work highlights some of the 

key theorems in group theory, including the famous Lagrange's theorem and Cayley's theorem, and 

explains how they can be applied to permutation groups. It also discusses different types of 

permutation groups, such as cyclic and symmetric groups, and provides examples of their applications 

in solving Rubik's cube. Overall, the article aims to provide readers with a foundational understanding 

of group theory and permutation groups. Meanwhile, it also highlights their practical applications to 

conquer some complicated objects such as the Rubik's cube. 
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