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Abstract. The Split-complex number R"' is a generalization of real number R, which is a
commutative ring with two zero divisors generated by two real numbers. In this paper, we first study
the Abel theorem of power series and obtain root and ratio convergent criterion in split-complex
analysis. Then this paper shows these regions of convergence by figures in split-complex space.
Finally, from our perspective, the results presented in this work represent the extensions of the
related ideas or findings in real analysis, which makes it possible to study them in a larger domain.
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1. Introduction

The split complex number is a generalization of the real numbers that is closely related to
Minkowski space, quantum physics, M&bius geometry , gravitational theory, and relativity. In 2007,
Libine [1] explored analogous simulations of the Cauchy integral formulation on the split complex
numbers and extended the Cauchy-Fueter and Poisson formulas to Minkowski spaces. In 2014,
Deckelman and Robson [2] discussed the application of the split complex numbers in quantum
physics, where they provide a mathematical definition of Hyperbolic Dirac Networks (HDN) using

the split complex numbers. In 2015, Emanuello and Nolder [3] studied M&bius geometry on R*-!

and also considered conformal maps on compactifications and their fundamental properties. For more
details, please see earlier studies research [4-8] and so on.

In recent years, more and more people have extended some conclusions from real analysis to split-
complex analysis. In 2007, Girlebeck et al. [9] extended the theory of harmonic functions in real
analysis and the minimal property of harmonic functions to split-complex analysis. In 2012, Colombo
et al. [10] studied the Dirac operator for split complex variables and drew some new conclusions,
such as generalizing the Fourier transform from real analysis to the case of split complex variables
by introducing appropriate generalized functions. Motivated by these developments, we study the
Abel theorem of power series and obtain root and ratio convergent criterion in split-complex analysis.
The first step is to show the convergence regions in the split-complex space using figures. From our
perspective, the results presented in this work represent the extensions of the related ideas or findings
in real analysis, which makes it possible to study them in a larger domain.

This paper is organized as follows. In Section 2, we briefly introduce the basic concepts of split

complex numbers and the partial order of split complex numbers on R"' .In Section 3, we discuss
the properties of power series on R'' including studying Abel theorem, root and ratio convergent
criterion in split-complex analysis. Finally, we shall give the convergence of R"" is more complex
than that of real number R and complicated number C.
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2. Preliminaries
2.1. Split Complex Number R"'

The set which has the properties is called Split Complex Numbers R"' (as in [3]),

R" ={{=z+yjlz.yeR,j*=1} D)
R""' has a different algebraic structure. For instance, R"-' has zero divisors:
(1+)(1—j)=1-35"=0 (2)
Two special zero factors are defined in [3].
. 1+ . 1—3
J+ = Tj, J-= Tj 3

which can be used as a basis for R"".
For any element ¢ in R'', it can be represented as
¢ =uj, +vj- @)
where u=z+y,v=x—y [3].
We can find that j.,j has the following arithmetic properties:

et =g == (®)
o144 145 1452425 2425 1445
Jr I+ T T 9 4 T T4 T 9 U
o 1—g 1—g  1442-27 2-2 1—j5 .
T ©)
145 1—j5  1—4%
-7 5~ a1 0

In [13], there are some important arithmetic properties, let v =, j, + usj ,v =v1j, + 125, We
have
w’=uij, +uij (7)
and
uv = uy vy Jy + ugUaj (8)
since the orthogonal property of 7,7 . The strength properties can be concluded naturally.
Vu=vVuwj +Vuj )
and
P At (10)
if vi,v,>0
After we have these based knowledge, we can define the power series in R'*'.

2.2. Partial Order on R%!

In real number field, we have the size order relationship. The concept of partial order is introduced
in [15]. A partial order relationship <, < [15] is defined. In some special case, we can compare
some numbers in split-complex number R"*

Let a,b € R"*,

10
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a,=u1j++vlj,
b= 'U,Qj+ + 'Ugjf (ll)
ul)”Zavla/UQER

We denote a <b if vy <wu, and v; <v,. And denote a <b if vy <wu, andv; <wv,. We can

see the partial order relationship on Figure 1.
In the split-complex number case, we consider the generalized metric h-Module [14][15] (a map

from R*' toR"') as follows:
let { =wuj: +vj_,
|ln = lulgs + [vli- (12)

We denote thismap |- |,

After the definition of h -Module, we can define the split-complex circumference. The
circumference with (, as the center and R as the radius on the split complex plane has a different
geometric figure with case R. It represents a set S(¢o,R) ={¢||¢ —¢(o|n <R,RcR""R>0}.
This is shown in Figure 2.

Y
J+
Yy
jt
¢=x¢ & Iy
. j Cl)
I+ | G =C
Go A
iR
1 1 T
-1 0 1 X
J— “1j
—J
~j i

I = Colp < R, R=Rij.+ Ryj

Figure 1. Partial Order on R* Figure 2. Split-complex circumference with <o

as center and R as radius
After the definition of partial order and generalized metric, the split complex sequence limit on
R"' can be defined Definition 5.1.1 from [15].

Definition(Sequence Limit onR""): A sequence of split complex numbers {(,}.n is called
convergent if there exists ¢, € R""' such that for any e € R"", where € >0, there exists N €N,
such that for any n > N, there holds

1€ —Coln<e (13)
In this case, we say (, is the limit of the sequence that we write as
ILm ¢ = (14)

When we have these preliminaries, we can develop our theme as follows.

11
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3. The Properties of Power Serieson R'!

Here we consider the serieson R"' of form (15)

F(O) =2 a.(¢—G)" (15)

where a,,(o€R"“' , then we have a,=a,,j +as,j and (—Co=({—Ci0)ds
+(¢2—C2.0) 7. The power series can be written as (16) shown:

o0

FIO =D aa(Ci—Cuo)in+ 02,(C = G0)' 5 (16)

n=0
Approximate to case on R, we have Abel split complex number theorem as follows:

oo

Theorem 1 (Split-Complex Abel theorem). Consider a Split Complex Zan(g—go)n and let

n=0

S(Co,p) ={CER|C—Coln=p,p RV p=0} . If there exists a point ¢ e S(Co,p) such

that the series Zan(g — (o)™ converges at ¢, then it is absolutely converges in the open split
n=0

complex ball B({o,p) ={CeR""||C—C(o|ln<p} of the same radius and it converges on any

compact subsets of this ball.
Proof: In the case of ¢ = (,, the series is converge obviously.

Let¢ € B(Co,p) \{Co}. This series converges on¢ . Here, we have a,=a, .5 +as,j ,(=
Cijr +C2j,Co=Cr0ds +Ca.0d and¢ = ¢, + o, we have

|an(C—Co)" [n=1(a1ngs + 02,05 )((C1Js +C25) —(Cr0d+ +C207-))|n
=1(a1,n71 T 02,3 )((¢1—C1,0) 7 +(C2—C20)7 )|
= |a1,n(<1 _Cl,o)j+ +(12,n(<2 _Cz,o)j—|h
=la1n(¢1—C1,0) 5 +laz.n(Ca—C2.0)[5-

For the reason that the R'' series

D au(C=G0) = Y mn(G = Cuo) et Y aeu(Co— Ga)' (18)

is converge. i.e. the R series

(17)

o0

Zal,n(cl—cl,())" (19)
and
Zaz,n@ —Ca0)" (20)

is both converge, thus {a; .(C1—Cio)" o0, {@2.(Ca— Ca0)" Y320 is boundary |, i.e. there

exists My, M,€ R suchthat |a;,.(Ci—Cio)"| <My and|ay ,(Ca— Ca.0)"| < My, SO

12
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lan(C—Co)"[n=la1.a(C1— C1.0) |5+ +[a2,.(C2a—Ca.0) |-

Cio " 2,0 '
al,n(ﬁ ) (Cl CLO) a2,n(c2 ) <C2 C270>

= J+ T+ J-
— K —Giol ; n —Gool (21)
=la1,,(¢1—Cio J+ T lasa(Ca—C20 J-
|1 (¢ — 1)|41 C10+|2(z )IC2 >
_ > n |C1 G, 0| > n Kz Co, 0|
7|a' ,n(C 7C, ) | ( .7 +|a ,n(C 74-, ) | ]
' ' o |C1 Cl,Ol ' ’ ’ e |<2 <2,0|
<M, P Jy + M, s J-
. . . . r .
where  |¢—Coln=1[C1—Cr0lds T|(2—Ca0li-=mj +m2j=r , |=| <1 since
h
(e B({o,p),wehave r=r,j5, +125 and p=p;j. + p27-, S0 we have
rlo_ I+5 1—=7 _
’ h— p1 ] <15, +15.= 5 + 2 =1 (22)
le.
S anc—c)lr < S e an S| (23)
n—0 ol P1 =41 P2
let
Anle”—ll j+—|—M2T—Z i (24)

We have|a, (¢ —Co)|» < A, from Weierstrass converge criterion(in ref [15]), the power series is
absolutely converging in B((o,p) .

Approximate to case on R, we have Root Criterion on split-complex numbers as follows:

Theorem 2 (Converge Radius Theorem for Split-Complex Power Serles) For a given split complex

oo

powier series £ (¢) = 3 a,(C— )" = Zal W(Co— Cuo)ds + Zaa W(G2—Ca00)" 5, We can

n=0 n=

define the converging radius of the two series as R; and R,. From the Root Criterion, we can

oo

identify the converge radius R of the power series f(() = Z a,(¢—¢o)" isas (25):

n=0

SN SR W I
lim v/|a,|  limv/|a; | " lim v/]as..|

If each a, isinvertible.i.e. |a,|, > Ofor eachn, we can also use the Ratio Criterion as (26)

- R1 j+ + R2 jf (25)

R= lim —‘ Guln _ lm—l @1.nln ji + E—la%"h j- (26)

n—oo |an+1|h n—>00 |a1 n+1|h n—r00 |a'2,n+1|h

The power  series Zan(C_CO)n:Zal,n(C1_C1,0)nj++ Zaz,n(Cz—Cz,o)"J!
n=0 n=0 n=0

converges absolutely in split complex ball B({o,R) .

13
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Proof: Stepl, from the analysis knowledge, we know that the number series Zam on R
n=0

converges if A, = H{L/ lay..| <1.

1
Step2, we prove that the power series Zaln(g1 C1.0)" convergesif |(i— (ol <Ri= 1
1
Let Lim+v/|ai.(G—Co)l"<1 ,  ie lmv]ai.] |G—Clol<1l , e
1 1 L .
|¢1 — (10| < ==——=—= = —— = R, . Atthis time, the power series converge.

limv]a, | 4
Step3, we prove that the power series on split number R*:' converges in B({o,R).
We can writt R as R=R,j.+Ryj , write a, a a,=a,j ta,j- and

B(¢o,R) ={¢I¢—Coln <R}, |[(—Co|n<R ie. |(1—Col<Riand [Co—(s0/<R, here
al,n’a’2,n)<1><2)€1,07<2,0E]R1 an’C,COERLl,We have

oo oo

Zan(f_ Go)" = Z a1, (G —Ci,0)" Jv + Z as,,(C2—C2,0)" J- (27)

n=0 n=0

. . . 1
For the reason that the converge radius of power series E a.,(C1—C10)" ISR, = 1_"—|| ,
n=0 1m ay .,

i.e. this power series converge when(; € { {|¢ — {1 .o| < R:}. And the converge radius of power series

= : 1 : : :

a2n(C2—C2,0)" IS Ry=———— , e this power series converge when
; lim V |a27n|
(2 €{{|¢— (a0l < Ry} . The power series (27) converges if and only if both two series converges,
i.e. [¢1—Co|<Riand|(s— (20| < Ry, from the definition of R, the power series converges in
Ce{¢l¢—Coln <R},

Remark: The convergence of split-complex power series has nine situations, and it is shown as
follows.

We can divide it into 9 situations as follows:
1. 0< R, R, <00, this situation is shown in Figure 3.

2. Ryor R, isequal to infinity and the other value is finite, which includes
1). R, = 00, R, =0, this situation is shown in Figure 4.

2).R; = 00,0 < R, <00, this situation is shown in Figure 5.

3).R, =0, R, = 00, this situation is shown in Figure 6.

4).0 < R, <00, R, = 00, this situation is shown in Figure 7.

3.R; or R, isequal to 0 and the other value is nonzero finite.
1).R;=0,0 < R, <00, this situation is shown in Figure 8.

2).0 <R, <o0,R, =0, this situation is shown in Figure 9.

4.R,, R, = 00, this situation is shown in Figure 10.

5.k, = R, =0, this situation is shown in Figure 11.

14
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[¢ = Glp < R,R=Rij;+ Roj—

(R € (0,0), Rs € (0,0))

Figure 3. 0<R;,R,<o0

Y

&

[€ =Gl = R.R=Rijy + Roj—
(Ry1=00,Ry=0)

Figure 4. R, =00, R, =0

)

It

[¢—Colp <= R, R = Riji + Roj—
(Ry = 00, Ry € (0,0))

Figure 5. Ri=o00, 0 <R;<o0

Y

‘C‘(ﬂ‘h < R,R=Rij,
(R1 =0, Ry = 0)

J-

+ Ryj

Figure 6. ’1=0, Ry =00

Y

B

€ =Gl < R, R=Ryji + Roj-

(Ry € (0,00), Ry =

J-

0)

Figure 9. 0 <R, <oo0, R, =0

4. Conclusions

J-

[¢=Goly = B, R = Ryjs + Raj-
(Ry € (0,00), Ry = 0)

Figure 7. 0<R;<oo, Ry =00

[¢ =Gl < R R = Riji + Raj-
(Ry = o0, Ry = 20)

Figure 10. Ri, Ry =00

J-
[¢ = Colp < R, R = Rijy + Roj-
(R1=0,R; € (0,00))

Figure 8. ”1=0, 0 <R, <oo

Y

—J
J

[¢ =Gl < R, R = Rujs + Roj-
(Ri=0,Ry=0)

Figure 11. R, =0, R,=0

In this paper, we have studied the Abel theory of split-complex power series and attained root and
ratio convergent criterion in split-complex analysis. The first step is to show the convergence regions
in the split-complex space using figures. Finally, from our perspective, the results presented in this
work represent the extensions of the related ideas or findings in real analysis, which makes it possible

to study them in a larger domain.

15



Highlights in Science, Engineering and Technology MAME 2023
Volume 62 (2023)

References

[1] Libine, Matvei. "Hyperbolic Cauchy integral formula for the split complex numbers." arXiv preprint
arXiv:0712.0375 (2007).

[2] Deckelman, Steven, and Barry Robson. "Split-complex numbers and Dirac bra-kets." Communications in
Information and Systems 14.3 (2014): 135-159.

[3] Emanuello, John A., and Craig A. Nolder. "Projective Compactification of R"' and Its Mébius

Geometry." Complex Analysis and Operator Theory 9 (2015): 329-354.

[4] Alexander B. Physics in space-time with scale-dependent metrics. Phys Lett A. 2013;377(25):1606-1610.

[5] Goswami MP, Jha N. Triple Laplace transform in bicomplex space with application. Math Stat.
2020;8(4):443-450.

[6] Banerjee A. On the quantum mechanics of bicomplex Hamiltonian system. Ann Physics. 2017;377:493-
505.

[7] Banerjee A, Deb R. Bicomplex modules with indefinite inner product. Adv Appl Clifford Algebras.
2019;29(3):55.

[8] Goswami MP. and Kumar R. (2022), Riemann-Liouville fractional operators of bicomplex order and its
properties, Math. Meth. Appl. Sci.,45(10), 5699-5720.

[9] Girlebeck, Klaus, Klaus Habetha, and Wolfgang Sprdd3g. Holomorphic functions in the plane and n-
dimensional space. Springer Science & Business Media, 2007.

[10] Colombo, Fabrizio, et al. Analysis of Dirac systems and computational algebra. Vol. 39. Springer Science
& Business Media, 2012.

[11] Cakar H, Ozdemir M. Explicit formulas for exponential of 2> split-complex matrices. Commun. Fac.
Sci. Univ. Ank. Ser. Al. Math. Stat. 71 (2022), no. 2, 518-532.

[12] Johnston, William, and Chloe M. Makdad. "A comparison of norms: bicomplex root and ratio tests and
an extension theorem." The American Mathematical Monthly 128.6 (2021): 525-533.

[13] Emanuello, John Anthony. Analysis of functions of split-complex, multicomplex, and split-quaternionic
variables and their associated conformal geometries. Diss. The Florida State University, 2015.

[14] Sobczyk, Garret. "The hyperbolic number plane.” The College Mathematics Journal 26.4 (1995): 268-
280.

[15] Luna-Elizarrar&, M. Elena, et al. Bicomplex holomorphic functions: the algebra, geometry and analysis
of bicomplex numbers. Birkh&user, 2015.

16



