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Abstract. Ordinary Differential Equations (ODES) serve as a foundational mathematical framework
with immense versatility and applicability across various domains. This essay delves into the
multifaceted applications of ODEs in two distinct but interrelated fields: the domain of deep neural
networks and the analysis of economic models. By establishing a bridge between theoretical
foundations and real-world implementations, this study underscores the pivotal role of ODEs in
shaping contemporary advancements. In the realm of deep neural networks, ODEs have
revolutionized training methodologies. They enable dynamic architectures, where the network's
behavior evolves continuously over time, improving its ability to capture complex patterns and adapt
to changing data. This innovation has found use in computer vision, natural language processing,
and reinforcement learning, leading to more robust and efficient Al systems. Simultaneously, ODEs
play a crucial role in economic modeling. They facilitate the formulation of dynamic systems that
depict the evolution of economic variables over time. These models help economists analyze
complex economic phenomena, make predictions, and formulate informed policy decisions,
ultimately contributing to the stability and growth of economies. This essay explores the mathematics
underpinning these applications, emphasizing ODEs’ pivotal role in advancing both the realms of
artificial intelligence and economic analysis, highlighting their significance in shaping modern
technological and economic landscape.
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1. Introduction

In the vast realm of mathematics, the study of ordinary differential equations (ODESs) stands as a
pivotal cornerstone that transcends disciplines and finds applications in various scientific and
engineering domains [1]. ODEs, a specialized class of differential equations is very important for
comprehending dynamic behaviors of countless natural and artificial systems, making them a
fundamental tool for modeling and understanding complex phenomena [2]. As this paper delves into
the depths of ODEs and their applications, and uncover a world of interconnectedness, where abstract
mathematical concepts intertwine with real-world implications.

The fascination with ordinary differential equations traces back to the 17th century when
prominent mathematicians like Newton and Leibniz, spurred by the advent of calculus, began
exploring their potential to describe motion and change [3]. The elegance and versatility of ODEs lie
in their ability to depict the rate of change of a system's state variables with respect to an independent
variable, usually time [4]. Consequently, they empower us to predict and comprehend how systems
evolve over time, making them a powerful predictive tool in an array of scientific disciplines.

One of the primary challenges addressed by ODEs is the quest to understand natural phenomena
and formulate predictive models. From celestial mechanics to fluid dynamics, the application of
ODEs in the natural sciences is vast and profound [5]. For instance, planetary orbits, the motion of
pendulums, and the spread of epidemics can all be effectively described through ODEs, enabling
astronomers, physicists, and epidemiologists to make accurate predictions and unravel the intricate
workings of the universe.

Moreover, the vast expanse of engineering owes much to the principles of ODEs, as they are
extensively employed to design and optimize various technological innovations. Electrical circuits,
mechanical systems, and control theory all heavily rely on ODEs to ensure the safety, efficiency, and
functionality of complex systems [6]. The application of ODEs in engineering helps engineers design
bridges that can withstand dynamic loads, model the behavior of electric circuits in household
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appliances, and enhance the stability of flight control systems in aircraft, among numerous other
applications. In the realm of economics and finance, ordinary differential equations find their place
as valuable tools for analyzing economic trends and designing financial models. From the dynamics
of stock market prices to the evaluation of economic growth, ODEs have established themselves as
an essential mathematical framework that underpins crucial decisions in the financial world [7].

However, the utility of ODEs is not restricted to traditional scientific domains alone. Their
influence permeates across diverse fields like ecology, population dynamics, neuroscience, and even
in the study of social interactions and human behavior. By encapsulating the rate of change and the
interactions between variables, ODEs provide us with a systematic means of understanding complex
systems that exhibit dynamical behavior [8]. Beyond their diverse applications, the study of ODEs is
intrinsically linked to the broader discipline of mathematical analysis. Analytical solutions of ODEs
serve as exemplars of mathematical elegance, revealing deep insights into the intricate connections
between mathematical structures and physical reality [9]. Moreover, when analytical solutions prove
elusive, numerical techniques and computational methods come to the fore, enabling us to explore
the behavior of ODEs in scenarios where exact solutions are not attainable [10].

This paper embarks on a captivating journey to explore the world of ordinary differential equations
and their far-reaching applications. Through this exploration, this paper aims to appreciate the
elegance and significance of ODEs in deciphering dynamic phenomena, whether they occur at a
microscopic scale or govern the grandest scales of the cosmos. By unraveling the interplay of
mathematical theory and practical applications, this paper can embrace the inherent beauty of ODESs
and their enduring impact on the realms of science, engineering, and beyond.

2. Overviews of ODEs

Order of an ODE: it refers to the highest derivative present in a certain equation. In other words,
it indicates how many times the function's dependent variable is differentiated. For instance, a first-
order ODE involves only the first derivative, a second-order involves the second derivative, and so
on. [11].

Linearity of an ODE: the linearity of an ODE depends on whether it can be transferred into linear
combination of the dependent variable and its derivatives, with coefficients that may depend on the
independent variable. Mathematically, a linear ODE can be represented as:

dn dn—l d
() T2+ 1 () g+ + 4 (0 22+ ag()y = g(x) (1)

dxn—1 dx

Here, y is the unknown function, X is the independent variable, ai (x) are coefficient functions, and
g(x) is the forcing function. Linearity simplifies the analysis of ODEs and allows for the superposition
of solutions [12].

Initial and Boundary Conditions: The solution to an ODE is not unique without sufficient initial
conditions or boundary conditions. These conditions provide the necessary information to pin down
a single solution that satisfies the equation.

Initial Conditions: These are specified values of the dependent variable and its derivatives at a
particular starting point, usually denoted as x=x0. For a first-order ODE, an initial condition might
be y(x0) =y0, where y0 is the initial value of the function at x0. Higher-order ODESs require additional
initial conditions involving derivatives up to the order of the ODE [13].

Boundary Conditions: These are constraints imposed at the boundaries of the domain in which the
ODE is being solved. For example, in a second-order ODE representing a vibrating string, boundary
conditions could be y(0)=0 and y(L)=0, and L represents the length of the string. Boundary conditions
are essential for problems defined over a certain interval or region [14].

In summary, ordinary differential equations are mathematical tools worked on modeling different
kinds of dynamic processes. The order of an ODE indicates its complexity, linearity affects its
solution approach, and initial/boundary conditions are crucial for determining a unique solution.
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These concepts form the foundation for understanding and solving ODEs across various scientific
and engineering disciplines.

3. Related Works

3.1. Deep Neural Networks

Deep Neural Networks (DNN) methods have played a vital role in the area of artificial intelligence
such as computer vision, image processing, and pattern recognition [15]. The DNN system still have
some challenges such as stability, robustness, provability and so on [16].

3.2. System of ODEs
The normal form of n ODEs is like this:

da
% =f1 =YL Y2 - Yn) (2)
day,
d_);=f2 = (t'ylryZ""yn) (3)
dyn
2= fo= (6,Y1, V2 ) @)
Where t is defined by a<t<b. The initial solution of the equation 1 is given by:
2= F&9),y(0) = ¥, (5)
And
Y =Yz Il (6)

It is the unknown has the dimension of n*1 matrix, then,
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A vector valued function has a dimension of o1 is offered. Its initial value issue includes solutions
that have been proven to be simultaneously unique and exist [17].

3.3. Works Associate with Differential Equation Solving

Recently, more and more researchers apply artificial neural network (ANN) on differential
equation solving. Among the benefits of applying ANN is that its obtained solutions can be
differentiated. It can also enable researchers to handle complex differential equations by overcoming
the repetition of iteration [18]. To approach the linear (ODES) solution, a feedforward neural network
was used. A direct and non-iterative feedforward neural network architecture was created by utilizing
the hard limit activation function. There were three levels in the method: an input layer, a concealed
layer, and an output layer. Simple first- and second-order ODEs were used to test the methodology's
efficacy [19].

ANNs were applied to tackle both ODEs and PDEs (partial differential equations). To solve
starting value and boundary value issues, a trial way for conforming to the specified conditions was
employed. Subsequently, the networks were trained to meet the requirements of the differential
equations. The outcomes were juxtaposed against a widely recognized numerical technique,
specifically the finite element method. The authors successfully achieved precise and differentiable
solutions presented in a closed analytical expression [20]. The utilization of Artificial Neural
Networks (ANNSs) was further expanded to encompass the computation of integral equations. In a
study by Asady, Hakimzadegan, and Nazarlue, a proficient employment of ANNSs was introduced to
approximate solutions for linear two-dimensional Fredholm integral equations of the second kind.
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Their findings demonstrated a notable level of accuracy and led to the suggestion of extending this
approach to handle a broader spectrum of integral equation types [21].

3.4. Applications of ODEs in Economics

ODEs find a compelling application in the realm of economics, where they serve as indispensable
tools for modeling and analyzing dynamic economic systems. By capturing the interplay of variables
and their rates of change, ODEs provide insights into economic growth, market behavior, and policy
impact [22].

One of the primary applications of ODEs in economics lies in the growth models of economics.
The Solow-Swan model, a classic example, illustrates the growth of an economy in a long period of
time by modeling accumulation of capital and technological progress. This second-order ODE
considers the change in capital stock and output as functions of time, exploring the equilibrium state
where these factors balance to sustain growth. By introducing factors like savings, depreciation, and
technological advancement, the Solow-Swan model offers a framework to understand how economies
evolve over time and the role of various determinants in shaping their trajectories [23].

ODE:s also play a crucial role in population dynamics and demographic modeling, areas closely
tied to economic analysis. The Malthusian growth model is an illustrative example, describing the
exponential growth of a population in the absence of resource constraints. This model is governed by
a first-order ODE that captures the rate of change of the population. Extensions of this model
incorporate factors like birth rates, death rates, and carrying capacities to provide nuanced insights
into the relationship between population growth and resource availability. These models are essential
for understanding demographic shifts and their economic implications, such as labor force trends and
dependency ratios [24].

Furthermore, ODEs are instrumental in macroeconomic analysis, where they help formulate
models of economic aggregates like consumption, investment, and inflation. The Phillips curve,
which depicts the relationship between unemployment and inflation, can be modeled using ODEs to
explore the dynamic adjustments between these two variables over time. This ODE-based framework
aids policymakers in making informed decisions regarding monetary and fiscal policies to achieve
stable economic conditions [25].

Economic dynamics also extend to the study of business cycles. ODEs enable economists to
construct models that depict the oscillatory nature of economic activity between periods of growth
and recession. By accounting for factors such as investment, consumption, and government spending,
these models simulate the cyclical patterns observed in real-world economies. Analyzing these ODE-
based models enhances our understanding of the underlying causes and potential mitigation strategies
for economic fluctuations [26].

Moreover, ODEs facilitate the modeling of financial systems and market behavior. For instance,
the Black-Scholes equation, a partial differential equation derived from ODE principles, is used to
determine the value of financial derivatives. This equation has revolutionized options pricing and risk
management, enabling investors and financial institutions to make informed decisions in uncertain
markets [27].

In summary, the application of Ordinary Differential Equations in economics is multifaceted and
far-reaching. From economic growth models and demographic analysis to macroeconomic trends and
financial market dynamics, ODEs provide economists with a versatile toolkit to explore, explain, and
predict the intricate interactions within economic systems. By leveraging the power of mathematical
modeling, ODEs contribute significantly to the understanding of economic phenomena and guide
policy formulation for sustainable development

3.4.1 Harrod-Domar Growth Model

Certainly, the Harrod-Domar growth model is a classic economic model that can be represented
more mathematically using ordinary differential equations (ODEs). This model investigates the
connection between investment, economic expansion, and economic stability. Here's a more
mathematical description of the Harrod-Domar growth model:
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Consider an economy with the following variables: Y (t) refers to the GDP (Gross domestic product)
at a certain time which is t. I(t) represent the investment expenditure at period t. C(t) is the abridge of
the expenditure of customer at time t. K(t) represent the data of capital stock at time t.

Harrod-Domar growth model makes several key assumptions: (i) Investment is a result of the

change in capital stock: I(t)=u2—1§, where o is the ratio of capital output is a result of investment

required for a unit increase in output. (ii) Consumption expenditure is a fraction of GDP: C(t)=cY(t),
in this equation, c illustrates the consumption propensity on the margins. (iii) The rate of change of
capital stock is equal to the difference between investment and depreciation: Z—I}I(t)—SK(t), where &
is the depreciation rate.

With these assumptions, we can set up a differential equation that describes the flow of the
economy:

a _ — _ aK _
— =1 ) —-C@) = ” cY(t) (8)
Substituting the equation for I(t) and C(t) yields:
d d?
b 240 9)

This is a second-ODE equation that has relationship of the rate of change of GDP to the current
GDP level and the capital stock's rate of change. This equation captures the interplay between
investment and consumption in driving economic growth.

To solve this ODE, initial conditions are required. For instance, you could specify the initial GDP
Y(0) and the initial capital stock K(0). Solving the ODE provides a mathematical description of how
the economy's GDP changes over time based on the initial conditions, the capital-output ratio a, and
the marginal propensity to consume c.

This model enables you to analyze the stability and performance of the economy over time. Based
on the values of a and c, this economy may exhibit stable growth, oscillations, or instability. The
model's mathematical nature allows for quantitative methodology of the effects of several factors
affecting economic stability and dynamics.

By delving into the Harrod-Domar growth model from a more mathematical perspective, you can
demonstrate its application in using ODEs to study the connection that exists between investment,
consumption, and growth of economy in a systematic and quantitative manner [28].

3.4.2 Solow Swan Model

The Solow-Swan growth model aims to analyze the long-term economic growth of a country by
considering the accumulation of capital and technological progress. Here's how the model can be
expressed mathematically using ODEs:

Define the following variables: The capital stock at time tis K(t). GDP at time tis Y(t). L represents
those labor force, assumed to be constant. C(t) represents the consumption at time t. S(t) represents
the a reduction in savings as of time t. s is the savings rate, representing the proportion of output
saved. A(t) is the technological level at time t. a is the technological growth rate.

The Solow-Swan growth model's key assumptions include: (i) Production function: Output is
produced using capital and labor with constant returns to scale. Mathematically, Y(t)=A(t) -K(t)* -L' ¢,
where a is the capital share in production. (ii) Savings: A constant fraction s of output is saved for
investment: S(t)=s -Y(t). (iii) Technological progress: Technological level A(t) grows at a constant

dA
rate a: prl aA.
With these assumptions, we can set up a system of ODEs that describes the dynamics of the

economy: (i) The rate of change of capital stock: Z—fzS(t)—cSK(t), where 9 is the depreciation rate of

ay aK

capital. (ii) The rate of change of output: = =aA(t)K(t)* LI~ - (iii) The rate of change of
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consumption:% =(1—-s)Y(t)=(1—s)A(t)K(t)*L'~*. (iv) The rate of change of technological Ievel:% =
aA(t) [29].

This system of ODEs captures the interactions between capital accumulation, technological
progress, production, and consumption in the economy. Solving this system of equations allows you
to analyze the long-term growth trajectory, steady-state capital level, and consumption dynamics of
the economy under different parameter values.

To study the stability of the model, you can analyze the equilibrium points where the rates of
change become zero, indicating a steady state. These equilibrium points provide insights into the
long-term behavior of the economy, including whether it converges to a balanced growth path or
exhibits oscillations.

By approaching the Solow-Swan growth model through a mathematical lens using ODES, you can
illustrate how these equations help economists quantitatively analyze the complex interactions
between capital, technology, and economic growth, thereby shedding light on the factors driving a
country's development over time.

4. Conclusion

In conclusion, the realm of ODEs unfolds a captivating journey through the intricate tapestry of
dynamic systems and their applications. From the realms of deep neural networks to the depths of
economic models, ODEs have emerged as indispensable tools that bridge theory and reality.

ODEs provide a rigorous framework for understanding change over time, making predictions, and
unraveling the complex interplay of variables within various fields. In the realm of deep neural
networks, ODE-based architectures open new avenues for modeling continuous transformations,
enhancing the power of machine learning algorithms to capture real-world phenomena with greater
precision and efficiency. As witnessed in economic models like the Harrod-Domar and Solow-Swan
frameworks, ODEs serve as a mathematical compass guiding economists through the landscapes of
growth, stability, and equilibrium, offering insights into the fundamental mechanisms that shape
economies.

The beauty of ODEs lies not only in their mathematical elegance but also in their profound impact
on our understanding of the world. Through analytical solutions, numerical approximations, and
computational simulations, ODEs empower us to explore, predict, and optimize a myriad of systems,
from the microscopic dynamics of neural activations to the macroscopic forces steering economies.
Their applications transcend disciplinary boundaries, fostering a collaborative synergy that enriches
the scientific and technological progress.

As people traverse the landscapes of science, engineering, and beyond, ODEs stand as steadfast
companions, illuminating the path ahead and unraveling the mysteries of change. With each equation,
people inch closer to deciphering the patterns of existence and harnessing their potential for
innovation and advancement. Indeed, the study and application of ODEs beckon people to embrace
the elegance of mathematical insight as people navigate the ever-evolving landscape of knowledge
and discovery.
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