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Abstract. In the context of subsonic and supersonic airfoil flows in fluid mechanics, this study aims
to numerically simulate the Poisson equation. The focus is on analyzing the variation of fluid flow
under stable conditions of incompressible fluid. The research classifies the flow into four distinct
cases based on the Mach number and its constancy and employs Python for intricate numerical
computation. The culmination of the study involves generating Mach number contour plots and
streamlining diagrams for each case using Python, which visually depicts the nuanced evolution of
the flow field. Moreover, the study conducts a rigorous comparative analysis of the simulation results
for the different cases, exploring the intricate differences in flow behavior across a spectrum of Mach
numbers and flow conditions. The discussion section further broadens the scope of inquiry by
addressing potential limitations and charting out prospective research directions. By providing a
comprehensive exploration of the widespread application of the Poisson equation in fluid mechanics,
this paper stands as a beacon for further investigations in the domain and presents invaluable
insights for the progressive advancement of fluid mechanics studies in the future.
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1. Introduction

With various numerical calculation methods and industrial simulation software development, the
study of aerodynamic analysis has made corresponding progress. Aviation designers can optimize
and improve the shape design of aircraft through dynamic analysis to improve the aircraft's flight
speed and save more costs for airlines. It can also reduce time connections and improve business and
international relations [1]. The commonly used aerodynamic analysis methods include wind tunnel
experiments and numerical simulation research (CFD). As the most realistic physical flow simulation
method before the flight test, the wind tunnel experiment can verify the aerodynamic design and be
the main way to obtain an aircraft aerodynamic database. However, there are some problems in wind
tunnel experiments, such as high costs and increasing demand for special test technology [2]. In
contrast, computational fluid dynamics has the characteristics of low cost, relatively high accuracy,
and can reduce the number of tasks in wind tunnel experiments. Scientists and engineers work by
writing code that solves a common equation for studying the flow around an aircraft. These
differential equations took time and effort before computers [3-5].

The current development of aerodynamic analysis methods mainly includes three requirements:
accuracy, complexity processing, and visibility. Accuracy is crucial in the aerodynamic analysis of
aircraft, as even small errors can significantly impact the vehicle's performance. For example,
Radulescu considered the effects of Angle of attack, wind speed, air viscosity and shape curvature
when studying the solution of optimizing the shape of airfoil into supersonic viscous fluid so that the
obtained results could be better applied to supersonic flow [6]. Complexity is also necessary. The
wing usually has a complex three-dimensional shape and a variety of airfoils, which will have a
complex impact on the aerodynamic performance of the wing surface, so it is sometimes necessary
to sSimplify the problem according to the situation [7]. When the airfoil is very thin, some researchers
will use the computational fluid dynamics method to deal with the aerodynamic analysis of the wing
as a two-dimensional problem [8, 9]. Compared to three-dimensional problems, it can improve
efficiency and speed. The requirements for aerodynamic analysis methods also include the ability to
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provide visualizations so that scientists and engineers can intuitively understand the results for
analysis and decision making. For example, Liu et al. listed the wavelet coefficient cloud image
corresponding to the leading edge shear layer in various working conditions when studying the bionic
feathering control speed flow of fixed-wing UAV to better analyze the conclusion that the flexible
feathering installed at the trailing edge has excellent stalling flow control effect compared with the
leading edge [10].

In this paper, the numerical solution of the velocity potential function corresponding to the two-
dimensional Poisson equation at subsonic and supersonic speeds is studied, simplifying the problem
on the premise that the conditions are as close as possible to the real situation.

2. Derivation of Discretized Poisson Equation

2.1. Derivation of Poisson Equation

Assuming that vorticity is 0. The 3D flow of steady fluid is described by a simplified continuity
equation (2). Under the condition of constant entropy, it is possible to derive the equation (3)

v=Vo (1)
div(pV¢) = 0 (2)

_ ||7¢|2 ) 1/(y-1)
2= (1-50--%2) 3)

In the above equations, p, is the stagnation density. H, is the stagnation enthalpy. By
simplifying, a single scalar equation that describes the fluid flow can be led to:

(1= M2)ry + (1= M)y + (1 = ME)by, — 2MuMypry — 2Me My, — 2MyMyby, = [ + 0.1V (4)

M is the Mach number, and c is the speed of sound. The relationship of the variables in the above
equation is as follows:

x ¢ ¢z
My==2M,==2M,="= )

c
2= (=1 |Ho—3IVeI* - 6] (6)
The primary focus of this article is on steady flow, and therefore all-time derivatives are omitted:
(1 - M)%)(;bxx + (1 - M32/)¢yy + (1 - MZZ)¢ZZ - ZMxMy¢xy - ZMXMZd)XZ - ZMyMzd)yz =0 (7)

In the case of thin obstacles, such as thin airfoils, the discussion will be confined to a 2D plane.
Therefore the simplification of the full potential equation is done.

Considering the airfoil has a small effect on the flow, the perturbation to flow with the velocity of
magnitude U, in the x-direction is considered. The potential has a representation:

¢ = Us(x + P) (8)
Velocities are recovered from the potential:
u=U,(1+,) 9)
v="U,d, (10)
The equation becomes:
(1-M3d,, + ®,, =0 (11)

Which can be further simplified into the following:
1-M2)od,, + ®,, =0 (12)
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2.2. When the Mach Number Is Constant

The equation that we need to solve is (1 — MZ) @y, + ¢, = 0. First, it is necessary to discretize

the given differential equation. The discretization method is different when Ma,, is less than 1, and
when Ma,, is greater than 1. So both cases will be discussed. It is assumed that A x =A y.
When Ma,, is less than 1, the following holds:

1- Mgo)((pi+1,j —2¢;; + (pi—l,j) + (fpi,j+1 —2¢;; + fpi,j—1):0 (13)

Through integration, the equation above becomes:
—(4=-2M3)@;; + (1 =ML @iy ;+ (A —=ME)P;i_1j+ @i j1 +@ijs1 =0  (14)

When Ma,, is larger than 1, the following holds:
(1 =ME)(@i; = 20i-1,; + Pizj) + (01j41 — 204 + @1j-1)=0 (15)

Through integration, the equation above becomes:
—(1+M3);; —2(1—=ME)@i_1;+ (A =ME)Q;_5;+ @ij—1+ @ijs1 =0 (16)

2.3. When the Mach Number Is a Variable
Under the condition that the Mach number is variable, equation 12 can be written as:

[1—MZ — (¥ + DMEO,)Pux + @y =0 (17)
In this equation, K;; =1+ M2 — (y + DMZ, ((p”#_f"‘”)
For Ma, <1,
Kij(@iv1j—20ij + @i1;) + (@111 — 295 + @i j-1) =0 (18)
Through integration:
—(2K;; 4+ 2)pij + K j@ivr; + Kij@ioaj + @ij1+ @ijsr =0 (19)
For Ma,, > 1,
Kij(@ij—2¢0i1j+ @i2;) + (@0ij41 —2¢ij + ¢ j-1) =0 (20)
Through integration:
—(2—Ki—1;)pij — 2Ki—1jPi-1j + Ki1j@i—2j + Pijo1+ Pijs1 =0 (21)

3. The Boundary Conditions

The equation that needs to be solved is defined in the domain [0,3] x [0,1]. The code is written
to apply the small disturbance BC at the bottom boundary (Fig. 1):

0o _ '
— 2 = Upf' (%) (22)
Where f(x) is the shape of the airfoil defined on x € [1,2]. Use for
f(x) = Bsin(n(x — 1)) (23)

BC_F(x):
pi = np.pi
beta=

X <

U_infxbeta * pi*np.cos(pi * (x - 1))

Figure 1. Functions that define boundary conditions (Photo/Picture credit: Original)
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Equation (22) can be discretized to:
1 .
o (91741 — @ij-1] = BC_F(ih) (24)

From which the most value ¢; ;_; can be represented by ¢; ;,; and boundary conditions at j=0.

4. Solving the Poisson Equation in Subsonic Flow

In Python code, four functions are set. The BC-F function defines the Neumann boundary
condition. The velocity-vector function defines the velocity in both the x and y directions. The error
function is defined to calculate the error, which evaluates the accuracy of our computational results.
The SOR function is defined for iterative computation, mainly used in the successive over-relaxation
method. It aids in performing iterative computations effectively to achieve the ultimate numerical
solution. After defining the function, the sizes of some constant variables are determined (Fig. 2):

N =
M_inf =

ho=
r=

U_inf = np.sqrt((np.square(M_inf)*hox(r-1))/(1+0.5%np.square(M_inf)*(r-1)))
h = / N

Figure 2. The value of constant variables (Photo/Picture credit: Original)

In the case of an airplane traveling at subsonic speeds, the coefficients of the operator can be
described by a 5-point stencil, as shown in Fig. 3:

yp

Pij+1

Pi-1y Py Pis1)

Pij-1

(1_M2)'(Pxx+(pyy =0

= —Co  @ij+ Axm * Pi-1j + Axp
*Pisj + Bym *Pij-1 =g Byp
*Pij+1

Figure 3. 5-point stencil, Ma,, < 1 (Photo/Picture credit: Original)

4.1. When the Mach Number Is Constant

When the Mach number is less than 1, equation (14) is used. The error function and the SOR
function are defined in Figs. 4 and 5:

erro

Figure 4. Error function, Ma,, = 0.3 (Photo/Picture credit: Original)
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SOR(phi) :
h = / phi.shape[0]
= phi.copy()

(1, newphi.shape[0] - 1):

hi.shape[1] - 1):

-1
i1 / ce

newphi[i, j] += sor % dp

newphi.shape[8] -

B_YP
B.ym
co =
ewphil[i, j + 1] +
jl + A_xm * newphi[i -
BC_F(i * h)) / co
newphi[i, j] += sor * dp
newphi

Figure 5. SOR function, Ma,, = 0.3 (Photo/Picture credit: Original)

4.2. \When the Mach Number Is a VVariable

When the Mach number is less than 1, and the Mach number is not fixed, the only difference from
the previous case is that instead of being 1 — M2, A_xp and A_xm are K{i, j]. The definition of K{[i,
j] is shown in Fig. 6:

(1, newphi.shape[0]-1):
i ( phi.shape[1]):

k[i,j1=1-M_in _inf - (r+1)*M_inf % M_inf*(newphi[i+1, 7]
-newphili-1,31)/(2*h)

Figure 6. The definition of K[i, j] (Photo/Picture credit: Original)

5. Solving the Poisson Equation in Supersonic Flow

In the case of an airplane traveling at supersonic speeds, the coefficients of the operator can be
described by a 5-point stencil (Fig. 7):

By,
Pij+1

A.rm A.\‘U _Cu
Pi-2, Pi-1j Pij
B_vm

Pij-1

(I—MZ)'§0xx+(pyy =0

= —Co @ij+ Axm Pizj—2

: Axp *Pi-1j + Bym *Pij-1 + Byp
*Pij+1

Figure 7. 5-point stencil, Ma,, > 1 (Photo/Picture credit: Original)

5.1. When the Mach Number Is Constant

Instead of a subsonic with a fixed Mach number, supersonic Mach becomes 1.3. The equation (16)
is used, and the range of i changes accordingly.
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5.2. When the Mach Number Is a VVariable

In this case, all that must be done is to replace A_xp and A_xm in the previous example with Ki,
j]- The SOR function is defined in Fig. 8:

Figure 8. SOR function, Ma,, = 1.3 (Photo/Picture credit: Original)

6. Results

The operation results at subsonic speeds are shown in Figs. 9-14. The results of the operation at
supersonic speed are shown in Figs. 11-16.
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Figure 9. Contour plot of Mach number, Ma,,=0.3 and is fixed (Photo/Picture credit: Original)
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Figure 10. Streamline plot, Ma,=0.3 and is fixed (Photo/Picture credit: Original)
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o Contour plot of Mach number
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Figure 11. Contour plot of Mach number, Ma,,=1.3 and is fixed (Photo/Picture credit: Original)
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Figure 12. Streamline plot, Ma,=1.3 and is fixed (Photo/Picture credit: Original)
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Figure 13. Contour plot of Mach number, Ma,,=0.3, and K is not fixed (Photo/Picture credit:
Original)

streamline plot

1.0 ——

0.8

0.6 1

0.4 4

—_— .
o ————

0.0 q —_—

T T T T T
0.0 0.5 10 15 2.0 2.5 3.0

Figure 14. Streamline plot, Ma,,=0.3, and K is not fixed (Photo/Picture credit: Original)
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Contour plot of Mach number
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Figure 15. Contour plot of Mach number, Ma.,=1.3 and K is not fixed (Photo/Picture credit:
Original)
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Figure 16. Streamline plot, Ma,=1.3 and K is not fixed (Photo/Picture credit: Original)

7. Conclusion

For a fluid with a constant Mach number, it can be seen from the comparison of Fig. 9 and Fig. 11
that there is almost a horizontal line in the contour diagram of Mach number, which means that the
velocity distribution of the fluid in the vertical direction is uniform and there is no vertical velocity
gradient change, which also implies the laminar flow characteristics and stable flow conditions of the
fluid. The convection chart analysis can be found in Fig. 10 and Fig. 12. When the flow line in Fig.
10 becomes stable, and the horizontal region with the Mach number contour can deform in Fig. 12,
this may be due to the change in fluid properties caused by shock waves, which implies the existence
of shock waves. At this time, the conclusions about supersonic flow may need further analysis and
verification.

For fluid with an unstable Mach number, it can be seen that the flow diagram is relatively stable
during subsonic flow, and there is no shock wave reflection or deformation in the flow diagram.
However, the supersonic flow analysis shows that the Mach number's contour diagram is curved and
deformed, and the flow diagram is also curved, which indicates the presence of shock waves, and the
two are in good agreement. Transonic flows can be extended based on existing supersonic and
subsonic codes or optimized by adding the influence of turbulence factors. In the future, we will
optimize the existing codes and determine the critical Mach number of turbulence based on flow
velocity, geometry, flow stability, etc., to conduct more detailed studies.
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