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Abstract. In this research, a Python-centric approach is proposed for simulating fluid dynamics over 
transonic airfoils. The study employs the finite difference method to solve the small disturbance 
equation (SDE), incorporating Newman boundary conditions. Iterative computations are adeptly 
managed using the successive over-relaxation (SOR) method. These methodologies, as validated 
through rigorous code testing, enable precise calculations of velocity distributions and vivid 
visualizations of fluid velocity streamlines. For this investigation, the airfoil is conceptualized as a 
minor obstruction and is abstracted into a trigonometric function. A pivotal aspect of this study is the 
exploration of the interplay between the Mach number and the 'shark angle'—a critical determinant 
in aerodynamic performance. Simulation outcomes reveal an inverse relationship between the Mach 
number and the airfoil's shark angle; a surge in the Mach number corresponds to a reduction in the 
shark angle. These findings, encapsulated in flow field diagrams, offer invaluable insights for the 
strategic design and optimization of airfoils, aiming to maximize lift while concurrently curtailing drag, 
thereby enhancing overall aerodynamic efficiency. 
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1. Introduction 

Fluid dynamics is the discipline that studies fluid motion, including the interaction between two 

fluids when they come into contact [1]. Weather forecasting, calculating the forces and moments 

acting on airplanes, and determining the oil flow rate in oil pipelines are excellent fluid dynamics 

applications. Even transportation engineering uses some of these concepts. Transportation is seen as 

a continuous fluid, and determining some of the fluid's properties, such as velocity, pressure, density, 

and temperature, is necessary to solve a standard fluid dynamics problem. Computational fluid 

dynamics (CFD), which emerged as an interdisciplinary discipline of mathematics, fluid mechanics, 

and computer science in the 1950s due to the advent of computers, is currently recognized as the third 

way to learn fluid dynamics in addition to theory and experiment [2]. Its primary research focuses on 

simulating and analyzing fluid mechanics issues and using computers and numerical approaches to 

solve fluid mechanics control equations. Based on CFD, this article uses the finite difference method 

to investigate fluid flow above an airfoil under transonic conditions and solves the small disturbance 

equation (SDE) [3].  

Studying fluid flow above airfoils under transonic conditions has important application value in 

upgrading and upgrading aircraft. Airfoils bearing heavier aerodynamic loads have been designed 

due to modern practice. However, this is restricted and subject to effective viscous effect regulation. 

Therefore, fundamental fluid dynamics problems immediately include concerns of substantial 

practical value and the limitations of the efficacy of the methods addressed. The article has tried to 

concentrate on this inquiry between fundamental fluid mechanics and real aerodynamics since this is 

the transonic airfoil theory's intermediate location [4]. Firstly, the article will discuss the application 

of the SDE method in fluid dynamics and the derivation of the SDE method. Then, a 2D SDE model 

was designed as the basis, and the transonic flow fields around the disturbance were simulated using 

Python programming. Finally, it will compare the effects of fluid flow on an airfoil by changing the 

flow velocity. 
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2. Method 

2.1. Theoretical Derivation 

The FPE is a nonlinear partial differential equation (a simplified form of the Navier-Stokes 

equations) that describes inviscid, incompressible fluid flow [5]. It assumes that the fluid is 

irrotational, implying that the flow has no vorticity. 

For steady flow, the continuity equation 
𝜕𝜌

𝜕𝑡
+ 𝑑𝑖𝑣(𝜌∇𝛷) = 0 with wall BC. 𝑣𝑛 =

𝜕𝛷

𝜕𝑛
= 0, it can 

be converted to 
𝜌

𝜌0
= (1 −

|∇𝛷|2

2𝐻0
)

1

(𝛾−1). After that, the FPE could be derived. 

(1 − 𝑀𝑥
2)𝛷𝑥𝑥 + (1 − 𝑀𝑦

2)𝛷𝑦𝑦 + (1 − 𝑀𝑧
2)𝛷𝑧𝑧 − 2𝑀𝑥𝑀𝑦𝛷𝑥𝑦 − 2𝑀𝑥𝑀𝑧𝛷𝑥𝑧 − 2𝑀𝑦𝑀𝑧𝛷𝑦𝑧 = 0     (1) 

The full potential equations can be simplified for thin obstacles like thin airfoils. And this article 

restricts the discussion to 2D. The article considers disruption to uniform flow at a velocity of 

magnitude 𝑈∞  in the x-direction since the obstruction is "small" and its impact on the flow is 

minimal. There is a representation of the possibilities. 

𝛷 = 𝑈∞(𝑥 + 𝜑)                                        (2) 

From the potential, the article uses the formulas to represent the velocity: 

𝑢 = 𝑈∞(1 + 𝜑𝑥)                                        (3) 

𝑣 = 𝑈∞𝜑𝑦                                          (4) 

The FPE simplified form can be (1 − 𝑀∞
2)𝜑𝑥𝑥 + 𝜑𝑦𝑦 = 0. Call it SDE. To be more accurate, 

the following equation can be used: 

(1 − 𝑀𝑥
2)𝜑𝑥𝑥 + 𝜑𝑦𝑦 = 0                                 (5) 

The SDE method has been proven useful in understanding fluid flow characteristics. Compared to 

another commonly used full potential equation (FPE) method, SDE is a relatively simplified model. 

It is mainly used for passing through thin obstacles. 

The boundary condition becomes 

𝑣 = (𝑈∞ + 𝑢)𝑓′(𝑥) ≈ 𝑈∞𝑓′(𝑥)                              (6) 

Where f(x) is the shape of the airfoil. 

2.2. Numerical Approximation 

The article discretizes the SDE using finite differences and derives the following results: 

For M, x<1 (subsonic condition): 

(1 − 𝑀2)(𝜑𝑖+1,𝑗 − 2𝜑𝑖,𝑗 + 𝜑𝑖−1,𝑗) + (𝜑𝑖,𝑗+1 − 2𝜑𝑖,𝑗 + 𝜑𝑖,𝑗−1) = 0              (7) 

For M, x>1 (supersonic condition): 

(1 − 𝑀2)(𝜑𝑖𝑗 − 2𝜑𝑖−1,𝑗 + 𝜑𝑖−2,𝑗) + (𝜑𝑖,𝑗+1 − 2𝜑𝑖,𝑗 + 𝜑𝑖,𝑗−1) = 0             (8) 

The small disturbance equation for the transonic case combines the two situations above [6, 7]. 

𝜇𝑖,𝑗𝑘𝑖−1,𝑗(𝜑𝑖𝑗 − 2𝜑𝑖−1,𝑗 + 𝜑𝑖−2,𝑗) + (𝜑𝑖,𝑗+1 − 2𝜑𝑖,𝑗 + 𝜑𝑖,𝑗−1) + (1 − 𝜇𝑖,𝑗)𝑘𝑖,𝑗(𝜑𝑖+1,𝑗 − 2𝜑𝑖,𝑗 + 𝜑𝑖−1,𝑗) = 0     (9) 

Among the equation 𝑘𝑖,𝑗 = 1 − 𝑀∞
2 − (1 + 𝛾)𝑀∞

𝜑𝑖+1,𝑗−𝜑𝑖−1,𝑗

2∆𝑥
, and μ equals 0 for M<1 and 1 for 

M>1. 

For the boundary condition, U_∞ is the flow velocity magnitude, and f(x) is the shape of the 

boundary. The value of U_∞ can be calculated, and it is √
(𝛾−1)∗ℎ0∗𝑀∞

2

1+0.5∗𝑀∞
2∗(𝛾−1)

. In this article, the author 
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chooses the airfoil and simplifies the 2D shape of the airfoil to a trigonometric function. The shape is 

modeled as a sinusoidal wall in the (1, 2) domain, while there are no obstacles in the (0, 1) and (2, 3) 

domains, as shown in Fig. 1. 

 

Figure 1. The 2D shape of the airfoil (Photo/Picture credit: Original) 

2.3. Code Analysis 

2.3.1 The BC functions 

The article chooses the Newman boundary condition −
𝜕𝜑

𝜕𝑦
= 𝑀𝑥𝑓′(𝑥) and define function BC_F 

to present the boundary condition in which the 𝑓′(𝑥) is 𝑐𝑜𝑠(𝑝𝑖 ∗ (𝑥 − 1)), as shown in Fig. 2. 

 

Figure 2. The BC function (Photo/Picture credit: Original) 

2.3.2 The error function 

 

Figure 3. The error function (Photo/Picture credit: Original) 

Errors always exist in CFD. The author passes each point, computes the equation residuals there, 

and adds all equation residuals into the error function to obtain precise velocity potential errors. To 

determine the average error, divide the total by the number of grid points. By computing the difference 

between the left and right sides of the equation, this function may calculate the inaccuracy of the 

equation solution and estimate its size, as depicted in Fig. 3. 
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2.3.3 The velocity vector function 

In this function, the author uses the central difference method to calculate the velocities of x and 

y directions at every point, respectively (computing the gradient of the velocity potential), as shown 

in Fig. 4. 

 

Figure 4. The velocity vector function (Photo/Picture credit: Original) 

2.3.4 The SOR function 

Use the SOR technique to solve the Euler equation [8]. This program aims to solve the Euler 

equation for 2D inviscid flow and provide the accompanying flow field diagram. Solve the flux 

equation to determine the velocity field, and then solve the Euler equation again to determine the 

pressure field. Additionally, this code has undergone unique processing for bounds. 

The velocity potential value in the transonic discretization equation is then updated by running the 

SOR iterative technique over each grid point. Mach number is represented by the corresponding 

coefficient temp, where k=1-temp. The introduction of u (miu) in the computation process regulates 

the choice of tiny perturbation equations. Set u = 1 if the local Mach number at this location exceeds 

1. If not, set u=0. Calculate and update the potential function phi in the flow field, excluding the 

boundary through coefficients and weights. The author chose the left (inflow boundary) and bottom 

borders as the boundaries, and the iterative format at the boundaries was particularly treated, as shown 

in Fig. 5. 

 

Figure 5. The SOR function (Photo/Picture credit: Original) 
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2.3.5 Main function 

In this proportion, define some constant parameters first, setting M_inf as the figure ranging from 

0.8 to 1.2 (transonic case) and fluid adiabatic coefficient gamma as 1.4 (the fluid is air) [9, 10]. Then, 

traversing each grid point, the code initializes the phi and plots the flow field diagrams (Fig. 6). 

 

Figure 6. Main function (Photo/Picture credit: Original) 

3. Result and Discussion 

When the inflow velocity is transonic, the author selected four representative initial values of the 

inflow velocity. The errors and fluid velocity streamline results are shown in Figs. 7-10: 

 

Figure 7. a) Errors when inflow Mach numbers = 0.8, b) Fluid velocity streamlines when inflow 

Mach numbers = 0.8 (Photo/Picture credit: Original) 

 

Figure 8. a) Errors when inflow Mach numbers = 0.9, b) Fluid velocity streamlines when inflow 

Mach numbers = 0.9 (Photo/Picture credit: Original) 
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Figure 9. a) Errors when inflow Mach numbers = 1.1, b) Fluid velocity streamlines when inflow 

Mach numbers = 1.1 (Photo/Picture credit: Original) 

 

Figure 10. a) Errors when inflow Mach numbers = 1.2, b) Fluid velocity streamlines when inflow 

Mach numbers = 1.2 (Photo/Picture credit: Original) 

As seen in these figures, the velocity streamline begins by moving horizontally to the right, but 

after passing through the middle, a collection of little disturbances in the range of 1-2 causes it to start 

changing its original movement mode. The size of the 𝛽 will impact the magnitude of streamline 

fluctuations and is the sine function's amplitude. After ensuring that = 0.05, as shown in Figs. 7-10, 

alter the M value from 0.8 to 1.2. The airflow effect above the wings is stimulated when the airplane 

accelerates. The horns of the shark steadily decrease as M rises. 

4. Conclusion 

The article studies fluid flow above an airfoil under transonic conditions based on CFD and uses 

the finite difference method to solve the SDE. In this simulation, the streamlines visually represent 

the flow pattern. It is absolutely a great method to analyze the flow behavior. 

Generally, in the supercritical state of the airfoil, the supersonic flow on the surface of the wing 

will form a shock wave, and as M increases, the size and intensity of the shock wave increase sharply, 

and the loss increases. The separation of the surface layer caused by the shock wave's abrupt rise in 

pressure increases airflow turbulence, drastically increases resistance, dramatically decreases lift 

force, rapidly varies torque, and generates jitter. Failure to act will result in a flight crisis. The study 

of fluid flow above an airfoil under transonic conditions can be helpful to the development of 

transonic airfoils. 

According to the findings, when the Mach number rises, the airfoil's shark angle decreases. In 

other words, the Mach number and shark angle are inversely related. This implies that greater Mach 

numbers can result in smoother flow patterns and better aerodynamic performance. The author of this 

study also uses the oversimplified premise that the fluid is an incompressible, inviscid fluid. Fluid 

viscosity and compressibility must be changed for actual applications because they are frequently 

unique. Therefore, more research is needed to fully understand the complex interactions during fluid 

flow across the airfoil. 
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