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Abstract. This article begins by exploring split-complex numbers, also known as dual or double
numbers, a mathematical concept that extends the real number system by creating a commutative
ring with a zero divisor. Furthermore, the paper extends the Taylor series theory from the real
analysis domain to the domain of split-complex numbers, thereby establishing the corresponding
Taylor formula on the split-complex plane. The introduction of split-complex numbers opens up new
perspectives and provides new tools for the modeling and analysis of quantum systems. In the field
of electromagnetism, the application of split-complex numbers also demonstrates its potential,
contributing to a more precise description of the behavior of electromagnetic fields under specific
conditions. These theoretical advancements are expected to further promote research in the field of
split-complex analysis, playing a more critical role in important branches of physics such as quantum
mechanics and electromagnetism, thereby facilitating the development of related theories and the
emergence of innovative practical applications.
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1. Introduction

The research by Deckelman and Robson [1] delved deeply into the split-complex number system,
exploring its intrinsic connections with complex algebra. They employed linear operators to reveal
how analytic functions map onto a set of smooth functions that satisfy hyperbolic Cauchy-Riemann
equations, and further discussed the hyperbolic characteristics of split-complex numbers and their
unique position in the definition of analytic functions. They pointed out that split-complex numbers
do not form a division ring, thereby enriching the understanding of the applications and properties of
this mathematical structure. Nadweh [2] introduced split-complex symbolic 2-plithogenic numbers
into the study, combining them with split-complex numbers to explore their fundamental properties,
operational rules, reversibility, and power equality. Through numerical settings and computational
results, they showcased the features of this new generalized system, opening up new research
directions in the field of algebraic structures. Shtawzen [3] particularly highlighted the potential
applications of split-complex numbers in the field of algebra. Botos [4] studied the geometric
structures induced by Hermitian forms in real algebraic linear spaces, elucidated the role of split-
complex numbers in geometric descriptions, and conducted an in-depth analysis of the geodesic
spaces in hyperbolic planes and the round 2-sphere. Abobala [5] researched linear Diophantine
equations within the domain of split-complex numbers, derived the solvability conditions for these
equations, and developed corresponding algorithms, providing new perspectives for solving such
equations.

This study focuses on the application of Taylor series in the study of split-complex functions. As
a powerful mathematical tool, Taylor series have found broad applications across various fields.
Blaszczyk [6] utilized Taylor series in conjunction with weighted least squares to address
computational issues in thermodynamic topological optimization, demonstrating the efficiency of this
method. Choicely [7] proposed a numerical method based on Taylor series for solving initial
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boundary value problems of linear partial differential equations with constant coefficients and
analytic initial conditions. In the research on numerical solutions for ordinary differential equations,
Alessandro [8] adopted Taylor series methods and Automatic Differentiation technology, focusing
on solving vector field characteristics defined by finite combinations of basic and standard functions.
They significantly improved computational efficiency through an exact quadratization preprocessing
step, effectively reducing computational complexity, and providing an efficient approach for solving
numerical solutions to ordinary differential equations.

These studies not only demonstrate the in-depth exploration of Taylor series and split-complex
numbers in the fields of mathematics and computation but also pave new paths for the development
of mathematical theory and practical applications, offering valuable references and insights for future
research and practical applications.

2. Preliminaries

2.1. Split Complex NumbersR!!
The separating complex numbers is a promotion of real numbers
M = {0 =x+yjlx,y €Rj? =1}, (1)

is an exchangeable ring consisting of x and y and also the Clifford algebraC¢; , ,we define
theRe({) = xas the real part of{and theIm({) = yas the imaginary part of{and find that the
unitjsatisfies1 — j2 = Oandj # +1.
Simlarly,we can combine the principles of addition and multiplication in the domain ofR,while
(1 = X1 + yljandcz =Xy + yzj € Rlll,it haS
4,1"'4/2 :(X1+y1j)+(xz +y2j)
:(X1+X2)+(y1+y2)j )

and

4,14/2 = (X1 + ylj)(xz +Y, )]

= (XX + Y1Y,) + J (XY, +X,Y1) 3)
Inspiration from theRe z = %Z_andlmz = Z%Z_,z € C,we can define
jr = FPandj = 8 ©
as another basis ofR**.Additonally,thej, j_ = 0Ois proven and idempotent elemants also exist in it,
Jj§ =jsandjZ = j_ (5)
and
Jrti-=Lji—j-=] (6)

They form a whole ring.Because{ = x + yj € R** the idempotent representation can be also
defined as:

¢ =uj, +vj- (7

whereu = x + yandv = x — y.In relation to the previous article on the laws of addition and
multiplication,it has another form of expression:

41 + 4/2 = (u1j+ +V1j_) + (uz j+ +V2j_)
:(U1+U2)j++(V1+V2)j_ (8)
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and
§16, = (U], +Vvij (U, J, +V,])
= U, (J,)° + UV, J+ ViU, ), +vv,(J0)° )
=UU, j, +VV, |
which meansR**is isomorphous ask @ R.

2.2. Segmentation of the Region
Now, Let's turn our attention to the image,the different elements inR*-*can be written as two parts:
(=aj,or{=aj_ (10)

fora € R,is a special partition of a ring.Besides,these elements make up two areas and are
demergered byL.Obviously,Lconsists of the union of two subspaces includingv¢ € R**:

Ly ={aj,;a€R}and L_ ={aj_:a € R} (11)
When it defined,the inversion is given by
(Tr=uTty v (12)
It also makes sense to take the reverse order for only one of the components
GFt=ul+uji (13)
and
(Ct=wj, +v 7 (14)
Besides,inspiration byz = a — bi,z = a + bi € C,we say that
CQ)=¢=x—jy=vj, +uj_,{ er™ (15)
And the following equation holds,
N()=¢¢
=X —y? (16)
=uv
The set
Ry ={C=uj, +vj_:u=>0,v=0} (17)
divided byLis called the set of non-negative separating complex numbers,see Figure 1.Similarly,
RM:={¢(=uj, +vj:u<0,v <0} (18)

is called the set of non-positive separating complex numbers.
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Figure 1. The positive and negative separate complex numbers.
2.3. Division of Intervals
1f¢, ¢, € R we have
{<weowo-{ery (19)
and it’s defiened thatwisR3*less than¢,or
w<{ow-{eRM! (20)

and it’s defined thatwisR: less than¢,see Figure 2.The binary relationship between them shows
that¢ € R3is equivalent to¢ > 0and specially, € R — {0}is equivalent to > 0;In another set,it
valid that ¢ € R:'is equivalent to ¢ < 0 and ¢ € R:' — {0} is equivalent to { < 0 .When we
express¢by its definition,for(; = u,j, + v4j_ and {, = u,j, + vyj_,wecanseethatl; < {, © u; <
u, and v; <v,. Besidesthe relation < has the properties of reflexive, transitive and
antisymmetric,thus,< represents a partial order inR**.

J \ y |
3 - -
2 - -
1 -

0 - -
B B 1

21

2 b

4 3 2 1 0 1 2 3 4 5

Figure 2. A partial order on R:?

For{ = uyj, + vyj_andw = uyj, + voj_inRV fulfills¢ < w,the[{, w]z11can be defined by(see
Figure 3)
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[{, w]p1a = {0 € RM:{ < 0 < w}. (21)
Equivalently,6 = 64j, + 0,j_ € [{, w] 11iff
uq < 91 < UZandvl < 02 < Vo (22)
\ 7
3 Y /"
2 ’/"
uj* 7=
1 A N — uj+ + vjy 4

3

Figure 3. The hyperbolic interval [j, 2];11.

2.4. Modulus of R

Now,we consider modulus of split complex numbers.For{ = uj, + vj_,the positive split complex
number

€2 = lwjy + vj_laas = uljy + [v]j (23)

Is called the modulus of¢.
And,for any{, w € R** It has

1.|¢|lg11 =0 ¢=0
2.[¢wla1s = ¢]aalwlra
3.0 + @lga < [l + @l (24)
2.5. Analysis of Functions of a Split-Complex Variable
Finally,we could consider a split complex variable’s function:
f:U € RY - RM (25)

Here,the setUcould be regarded as an open upset ofR**.As with the definition of theR,it could be
expressed asf (¢) = f;(w, v) + jf,(u, v).Combined with the basis ofR**,

f=Wjs + ()j-andf = f1 ()]s + (W)~ (26)

takes more intuitive representation of f.
Link the complex analysis,we could write the limit of the difference quotient

. [ (Zo+h)—f(Zo)
i e
h&L

in this way to find its means.
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Theorem 2.5.1[9, Theorem 2.7]The split complex valued functionfisC¢; ,-differentiable if and
only if

f= Wi+ LW))- (28)

wheref; and f,are differentiable on theR.

3. Results

3.1. Taylor's formula in the separating complex plane

Theorem 3.1(Taylor’s theorem inR>") £ ({) = f,(w)j, + f,(v)j_is a separating complex function
and when¢ = {,,{, € R*%itisn -timesCl, ,-differnetiable at the point{.
When{ = uj, + vj_ = {, = uyj; + voj_, the functionfhas

F@) = FG) + FG)E =) + -+ L8 (¢ gyt o((C =)™, (29)

Here,f™(3) = £ (uo)js + £ (o))
0((§ = 6" = (g Ilim 227 = lim LRI~} (30)

=4o) n-owo (U—ue)"j1+(W—vo)"j-

Proof
For this polynomial f, we have

(k)
F@O-Troo 52540y

(lir?(, &L
- i (uo)(u u)k} . oy -z L (vo)(v vo)kj
Uy (u U™ v, (v — vo)" -
=~ [F D s + FP )]
=~ ™), (31)
(Zo)

which shows that the coefficients before each term of the polynomial f are

N / N
Y vl Vg
N Y i | N Y
N s N\
% - f(9) € (¥(d) — € f(9
N\ # N
N // N
N P g
N % N
N, ; i
S
/// - X ///
7 B oy
N
7 N s
7 - e
s < s
/s X v
s “ s

Figure 4. Geometric Interpretation of Taylor Series.
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For the residualo(¢ — {,)™and Figure 4, if we define

Tu(@) = FGo) + F Go)(§ = Go) + -+ L8 (¢ — gpym,

R,({) = f({) — T(HandQ,({) = ({ — (o)”lthas
f ((o)

QO - Ziz0 (EXOL
m — £ ; QTR ]
f =117 o + £z (wo)j- # Olim AT
B @ RO REVQ)
00, oL@ =40 Q1)
R, . R, . R, Ja(v) _
- thgyt') Qn(u)]+ * ’ggg) Qn(v)]_ B 155’""%) Q;l.(u)] " ’Egzz Qn( )
= lim —R(n_l)( ) ; + lim —R;n_l)(v)'
u-uy Q(n 1)( )]+ V-1 Q("—l)(v)]_
_ pim 000 — FOTD () — O o) (e~ o)
T uoug n(n—1)-2(u—u) T
P Ll Ok el OO g ARICHICRLN I
V-7 n(n 1) 2(17 170)
fO D@ - f D) ;
nlwo[ e )(uo)lh
1 [f" D) - " D) . ,
T (v — o) -f )("")l’ i
=0+4+0
= 0.

4. Conclusions

This paper has conducted an in-depth study of the differential theory on the separated complex
plane, successfully deriving the Taylor's theorem on the set of R™. This theorem is an extension of
the Taylor's theorem on the real plane and provides a solid theoretical foundation for the field of
separated complex analysis. In the field of electromagnetism, particularly when analyzing the
propagation of electromagnetic waves through inhomogeneous media and addressing complex
electromagnetic field problems, the application of double numbers has provided us with a fresh
perspective and a set of tools that significantly simplify and enhance the efficiency of the mathematical
analysis of electromagnetic wave propagation. The introduction of these theories is expected to infuse
new impetus into the applied research within the realm of physics.
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