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Abstract. Based on the 3-D joint multipath shape factors theory, this paper studies the spatial 
selectivity of Rice channels of wireless communications. A 3-D joint multipath angular power spectral 
density (APD) model is proposed, and then the closed expressions of the 3-D double spherical 
harmonic coefficients and 3-D joint multipath shape factors are derived. The errors in the existing 
formulas of 3-D joint multipath shape factors theory are further pointed out and corrected. The results 
can provide theoretical support for quantifying and simplifying the analysis and design of 3-D multiple 
input multiple output (MIMO) beamforming technology and smart antenna arrays for the 5G 
communication. 
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1. Introduction 
Electromagnetic waves in different paths have dissimilar propagation delays [1], and the fading 

rates to the receiving ends are different. The spatial selectivity of multipath fading impacts on the 
performance of the communication system [2].[1] and [3] proposed the concept of multipath fading, 
introduced channel fading in detail, introduced first-order and second-order small-scale fading 
channels. [4] put forward the 2-D theory of multipath shape factors, derived 2-D complex spherical 
harmonic function, spatial parameters. [5] compared the essential scattering models of spatial channel 
measurement, and proposed a spatial channel model based on fading statistics. In order to study the 
spatial characteristics of line-of-sight (LoS) and non-LoS (NLoS) channels, a measurement-based 24 
GHz wave propagation in city and suburban scenarios was proposed in [6].  

[7] further summarized the theory of multipath shaping factor on the basis of [4], and established 
a 3-D APD model. Based on the 3-D APD, six non-normative complex spherical harmonic functions, 
spatial parameters and fading rate variance were derived. In [8], the characteristic equations of the 
first and second moments of the directional dispersion, spatial selectivity of the wireless channel and 
the analysis results of the correlation between the two moments were presented. [9] defined and 
described the spatial covariance matrix of the second-order moments of directional energy 
distribution through analysis of the second-order moments of spatial fading. [10] derived a 3-D APD 
model in which the LoS and NLoS radio wave arrives from the transmitter to the receiver with equal 
probability. [11] established two 3-D multipath APD models for Rice channel, and analyzed the 
fading rate variance, level passing rate, average fading period and spatial correlation function. [12] 
proposed the theory of 2-D and 3-D joint shape factors. [13] proposed a geometrically generalized 
and coordinated 3-D random model, derived the analytical expression of the direction angle in the 3-
D joint channel. 
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Owing to flexibility and suitability, the Rician fading is often used to model the wireless 
propagation comprising a LoS component and a scattered NLoS component. This paper strives to 
alleviate the current lack of analytical studies, and the contributions and novelties of this paper are 
summarized as follows. 

(1) A 3-D multipath APD model is proposed for the spatial selectivity analysis of Rician channel 
considering both receiving and transmitting ends; 

(2) The double spherical harmonic coefficients and shaping factors are derived based on the 
proposed APD;  

(3) Some errors of existing joint shape factors theory formulas in [12] and [13] are pointed out and 
corrected. 

(4) The analysis results will provide help for the design of 3D joint MIMO beamforming 
technology and smart antenna array for 5G communications [14] [15]. 

2. 3-D APD Model and joint multipath shape factors 
2.1 Joint Multipath Shape Factors Theory 

For the 3-D channel, joint multipath shape factors can be derived based on the l-th order m-th order 
and k-th order p-order double spherical harmonic coefficients m,p

l,kS of the 3-D APD [12]. 
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where Tθ and Tϕ represent the azimuthal and elevational angles of the transmitting end respectively, 
and Rθ and Rϕ represent the azimuthal and elevational angles of the receiving end respectively. m,p

l,kY is 
the double spherical harmonic function.  

2.2 3-D Joint APD Model 
The 3-D joint APD model is proposed as follows: 
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where TP is the total signal power transmitted at the transmitting end, RP is the total signal power 
received at the receiving end, K is the Rician K-factor, ( ) 2

NLoS , 1 2f π= is the probability density of the 
NLoS waves of transmitting or receiving end, ( )LoS ,f is the probability density of the LoS waves of 
transmitting or receiving end, ( ),δ  is the 2-D Dirac delta function used to describe ( )LoS ,f . 

2.3 Double spherical harmonic coefficients  

According to [12], some m,p
l,kY we already know, and we can infer other m,p

l,kY as follows: 
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But, 0,0
2,0 ( , )Y θ ϕ and 1,0

2,0 ( , )Y θ ϕ in (3) proposed by [17] are not correct, and they should be corrected to  

 T0,0 2 1,0
2,0 T 2,0 T( , ) sin 1/ 3, ( , ) 1/ 2sin .jY Y e θθ ϕ ϕ θ ϕ ϕ= − =  (4) 

In addition, 0,0
0,2 ( , )Y θ ϕ and 0,1

0,2 ( , )Y θ ϕ  also should be corrected to 
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 R0,0 2 0,1
0,2 R 0,2 R( , ) sin 1/ 3, ( , ) 1/ 2sin .jY Y e θθ ϕ ϕ θ ϕ ϕ= − =  (5) 

Double spherical harmonic coefficients m,p
l,kS can be derived as follows:  
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2.4 3-D Joint Shape Factors 
The APD of the 3-D joint forming factor has been established above, and complex spherical 

harmonics have been derived. The shaping factors of the three-dimensional channel are 4.9-4.19 of 
the paper [12], but the formula 4.15 of the paper [12] is not rigorous, and it is hereby corrected.  
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3. Results and discussions  
This section uses MATLAB to simulate the 3-D joint APD and effect of LoS direction and Rician 

K-factor on joint shape factors for the general urban communication scenarios in the 2.4 GHz 
frequency band. Due to some 3-D joint shape factors are equal to zero, they are no longer analyzed 
in this section. In addition, some incorrect formulas mentioned above in [12] and [13] also are 
confirmed through simulation. For ease of analysis, the total transmitting power is normalized, i.e., 
PT=1 in simulations. 

3.1 3-D Joint APD 

 
Figure 1. The 3-D joint APD of the Rician channel. 
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Fig. 1 illustrates the 3-D joint APD of the Rician channel for different directions. The values of 
the simulation parameters used in this section are set to K=2, azimuth and elevation in LoS direction 
are pi/4, and pi/6 respectively. For ease of presentation, the 3-D joint APDs are given from the 
azimuth direction and the elevation direction respectively. As shown in Fig. 1, the 3-D joint APD 
reaches the maximum at ( )4, 6π π , which is the direction of LoS. This is because powers in angles 
of arrival and departure of NLoS waves are evenly distributed in 3-D sphere space, and the probability 
density of the LoS waves is modeled as the 2-D Dirac delta function. 

3.2 Effect of LoS Direction on Joint Shape Factors  

 
Figure 2. The joint shape factors in the LoS azimuth direction. 

 

 
Figure 3. The joint shape factors in the LoS elevation direction. 

 
Fig. 2 illustrates the joint shape factors in the LoS azimuth direction. The values of the simulation 

parameters used in Fig. 2 are set to K=2, and elevation in LoS direction is pi/18. As shown in Fig.2, 
the angular spread, elevational constriction, azimuthal constriction and 45°-inclined constriction are 
constants, indicating that they are not affected by the LoS azimuthal direction. In detail, the angular 
spread is approximately equal to 0.7, indicating that the small-scale fading is very small; 45°-inclined 
constriction is equal to -0.2, indicating that the two diameters are concentrated in the elevational angle 
direction, and the azimuthal angle has almost no effect. Azimuthal contraction is the degree of 
concentration of the two diameter directions in the azimuthal angle direction, and it is equal to 1 
means that the two diameters are concentrated in the elevational angle direction.  

Fig. 3 illustrates the joint shape factors in the LoS elevation direction. The values of the simulation 
parameters used in Fig. 2 are set to K=2, and azimuth in LoS direction is pi/4. As shown in Fig. 3, all 
the curves of the angular spread, elevational constriction, azimuthal constriction and 45°-inclined 
constriction are symmetrical at the elevation of 0°. If elevation is equal to 0, joint shape factors are 
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equal to 0.6, -0.2, 0.4 and 0 respectively. At the same time, azimuthal constriction gets the maximum 
value, and angular spread, elevational constriction and 45°-inclined constriction get the minimum 
values. It should be noted that elevational constriction and 45°-inclined constriction have multiple 
maximum or minimum values. In the direction of LoS elevation, the angular spread starts to fade 
from 1, the lowest point equals to 0.6, and then it returns to 1. If the angular spread equals to 1, it 
indicates that the channel has no multipath fading. If the angular spread is from 1 to 0.6, it indicates 
that there is no obvious small-scale fading. The elevational contraction increases from 0 to 0.3 and 
then begins to decrease to -0.2, and it gets larger values in the direction of LoS elevation [-90°, -60°] 
and [60°, 90°], indicating the channel fading is small. The azimuth contraction first increases from 0 
to 0.4 and then drops to 0, indicating that the two diameters come from the same elevational angle 
direction. The 45°-inclined angle contraction starts to rise from 0, the highest point is 0.4, and then 
the lowest point is 0. 

3.3 Effect of Rician K-factor on Joint Shape Factors 
Fig. 4 illustrates the joint shape factors with different Rician K-factors. The values of the 

simulation parameters used in this section are set to azimuth and elevation in LoS direction are pi/4, 
and pi/18 respectively. The Rician K-factor is defined as the ratio of the power of the LoS signal to 
the power of the NLoS component, and its value directly reflects the degree of channel fading. If the 
K-factor’s value is small, it means the channel fading is serious, and its value is large, the opposite is 
true. As shown in Fig.4, with the increase of K-factor, angular spread, elevational constriction, 
azimuthal constriction and 45°-inclined constriction are gradually approaching a constant. With the 
increase of K-factor, angular spread and elevational constriction gradually decrease, but the angular 
spread decays more quickly, indicating the multipath power is no longer concentrated on a certain 
direction angle, which has a greater impact on the quality of channels. The azimuthal constriction and 
45°-inclined constriction gradually increase at an approximate rate. In the end, the angular spread and 
45°-inclined constriction tend to 0.2, azimuthal constriction tends to 0.4, and elevational contraction 
tends to -0.2. When the K-factor reaches a certain value, it no longer has effect on the joint shape 
factors, implying that the channel fading is already very small.  

 
Figure 4. The joint shape factors with different Rician K-factors. 

4. Conclusion 
The performance of many 5G communication technologies including 3-D MIMO beamforming 

technology and smart antenna arrays is closely related to the 3-D spatial selectivity of multipath 
fading. This paper proposes a 3-D joint multipath APD model for the Rice channel. Based on the 
APD, the closed expressions of the 3-D double spherical harmonic coefficients and 3-D joint 
multipath shape factors are derived. The errors in the existing formulas of 3-D joint multipath shape 
factors theory are further pointed out and corrected. The simulation analysis shows that the 3-D spatial 
angular directions have significant effect on fading statistics of Rician channel.  
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