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Abstract. Probability theory is an area of mathematics that deals with the concept of likelihood.
Probability theory is the mathematical foundation of statistical reasoning, and understanding how
unpredictability impacts data is crucial for data scientists. Gaussian (normal) distribution is the most
widely used distribution. It has two parameters which are mean and variance and easy to interpret.
Also, the central limit theorem tells us that sums of independent random variables make the least
number of assumptions. In addition, Poisson, Laplace, Beta, Pareto, Dirichelt, Binomial and Gamma
Distributions are useful in different areas. The multivariate Gaussian is the most widely used joint
probability density function. Covariance and correlation are used to measure the degree between
two random variable’s X and Y. Chebyshev Inequality defines a topological space, which includes
a sequence of elements, and let the sequence be called y,. Strong Law of Large Numbers Theorem
use in large number of random variable in pairwise independent identically distributed and Renewal
Theory is and example in Strong Law of Large Numbers Theorem.
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1. Introduction

Probability Theory is a branch of mathematics that deals with the statistical rules that govern
random events. It is widely employed in different areas in our everyday lives [1-20] as an important
subject in the field of mathematics in today's world. In general, it stems from the difficulty of
gambling, and in the 17th century, mathematicians used probability to address the problem of
"assigning the wager." Since then, the Probability Theory has progressed significantly, and it is now
widely used in practical applications where random objects abound. The Probability Theory has a
significant impact on a variety of aspects of our life. It is, for example, used to forecast admission
scores in a variety of educational recruiting situations.

2. Main Works

Let A denote an event.P(A): The probability that the event A will happen, or is true in more
mathematical terms. 0 < P(A) <1 . P(A) =0 indicates that event A will never occur, and
P(A) =1 indicates that event A will definitely occur.P(A): The probability of “not event A”. 0 <
P(A) <1. P(A) = 1—P(A). ADiscrete Random Variable X: any value from a set y, which can
be a finite set or sometimes countably infinite. The probability of X = x isdenoted P(X = x) or
P(x). P(x) isnow a Probability Mass Function and its properties include:

0< P(x)<1 (1)
Yrey P)=1 (2)
x denotes a state space, and I() is a binary indicator function.
2.1. Fundamental Rules of probability

Let 4, B be two events.
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The probability of A or B (the union of both events, the probability of either one event occurring)
is defined as:

P(AVvB) =P(A) + P(B)— P(ANANB) 3)
P(AV B) = P(A) + P(B)if A and B are mutually exclusive. 4)

Joint probability:
For a joint event A, B, P(A,B) = P(AAB) = P(A|B) P(B) (5)

(A jointevent A,B istrueifboth A and B are true)
The calculation of Joint Probability is occasionally addressed as the Product Rule.
Marginal Distribution is defined with a given Joint Distribution P(4, B):

P(A) = XpP(A,B) =Xy P(A|B = b)P(B = b) (6)

The calculation of Marginal Distribution is occasionally addressed as the Sum Rule or the Rule of
Total Possibility.
Chain rule of possibility:

P(x1.p) = P(x)P(x2]|x1)P (x3|x2,%1). .. P(xp|X1:p-1) (7)
where 1:D denotes the set {1,2,...,D}.
Conditional Probability:
Given that an event B is true, for an event A, we define its conditional probability to be:
P(4,
P(B

P(A|B) = )) if P(B) > 0. (8)

2.2. Bayes Rule
Bayes Rule or Bayes Theorem is a combination of product and sum rules, and is defined as below:

€)

PX=xY=y)  PX=x)P(Y=y|X=x)
P(Y =y) Yo PX=xNP(Y=y|X=xr)

PX=x|Y=y)=

Generate Classifiers:
P(y=c|0)P(x|y=c,0)

P(y =cC |x’ 9) = Yo Py =c|O)P(x|y=c10)

(10)

This is called a generative classifier with class conditional density P(x|y = ¢) and class prior
P(y =c¢).
Two events X,Y are defined to be unconditionally independent or marginally independent
iff P(X,Y)=P(X)P(Y),denoted X LY.
In other words, P(X,Y)=PX)P(Y) & X 1Y. (11)
Unconditional independence is infrequent as most variables will affect other variables, but the
impact is through other variables. Therefore, conditional independence between two events X and
Y is true when:
PX,Y|Z)=PX|Z)P(Y|Z2) @ X LY |Z (12)

Let X be an uncertain continuous quantity. For X to be between any intervals a,b, P(a <
X < b) iscomputed by the following:
Definetheevents A = (X <a),B=X<b),W =(a<X <bh).
Thus, B = AVW.
Note that A and W are defined to be mutually exclusive, and thus the sum rule gives:
P(B) = P(A)+P(W) (13)

And hence
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P(W) = P(B) — P(4) (14)

The empirical distribution is also called the empirical measure Pemp(A) 2 % N . 8xi (A), where

oxi is Dirac measure: 6xi(A)= 0 if x € A, dxi(A)=1if x € A. Generally, we can link “weights”
with each sample:p(x) = YN, widxi (A) where O0<wi<land Y~ ,w =1.Theimage should look
in the form of a bar graph, points Xi being its peaks or spikes, the heights of which is decided by wi.
For any point not included in the data set, the image would give a probability of 0.

2.3. Gaussian (normal) distribution

This distribution has perhaps the widest appearance and usage. Its pdfis: N (x|u, 62)2 1/vV2mo?

-1

ez2d? ("‘“)2, u=E [X] is the mean, 62 = var [X] is the variance, V2ma?) is the normalization constant
and the density integrates = 1. We write X ~ N (u, 62) to denote that p(X =x) =N (x|u, 62) and X ~
N (0, 1) is a standard normal distribution. The plot of this pdf can also be addressed as the bell curve.

The precision of a Gaussian means the inverse variance: A = 1/62. The implication behind a high
precision is a relatively narrower distribution than its lower precision counterparts. This is also known
as a Low Variance, and is centered on p. Since this is a pdf, p(x) > 1 is possible. For example,
evaluating the density at its center, x = . N (x|, 62)2 1V2mo2e, so if 6 < 1/A/2m and p(x) > 1.
CDF: ®d(x; p, 62)2 f_xoo N (z|w, 02)dz. ERF(error function): ®(x; W, ©) 221 2 [1 + erf(z/\/2m)], where

z = (x — w)/o and erf(x)2 \/Z—Efoxe‘t2 dt. The most broadly applied distribution in statistics is often

considered to be the Gaussian distribution. First, the two parameters of this distribution, namely mean
and variance, would pose a relatively low difficulty in terms of interpretation. Second, independent
random variables would sum to approximately formulate a Gaussian distribution, as given in the
central limit theorem. Therefore, the Gaussian distribution is an excellent model to assist the study of
residual errors. Third, compared to other distributions, the Gaussian distribution has the most reduced
number of speculations, and with mean and variance always specified, this distribution fits many
scenarios naturally. Finally, its simple mathematical form implies methods of both simple
implementation and high efficiency. Centuring at p, the Gaussian becomes a spike with both height
and thinness reaching to infinity. (f%'LnON (X|u, 62) = 8(x — n): here, 6 represents a Dirac delta function,

defined as: 6(x) = oo if x = 0; §(x) = 0 if x # 0 such that: ffooo 8(x)dx = 1. The sifting
property is the foIIowing:f_°°oo f(x)8(x — w)dx = f(w). Gaussian distribution is sensitive to outliers,

a more stable distribution is the Student distribution, write pdf as: T (x|u,0%2,v) « 1 + 1vx —
po? — (v +12), where mean = u = mode, var = va2 /(v — 2). For the variance to be defined,
v must be greater than 2. Similarly, for the mean to be defined, v must be greater than 1.

2.4. The Laplace distribution
The characteristic of this distribution is the existence of long tails. Another common name to
address the Laplace distribution is the double sided exponential distribution, its PDF: Lap(x|u, b) £

1 |x — u . _
S5 &Xp ( > ), with mean = .

2.4.1The gamma distribution
The flexibility of Gamma distribution is retained to rv’s of real values, x > 0. Its parameters are

the shape a > 0 and the rate b > 0: Ga(T|shape = a,rate = b)é%:)Ta‘1 e TP where I'(a) 2
J,” u*~te~*du, with properties: mean = bﬁ , mode = ab;l , var :biz.
Some special cases of the Gamma:

Exponential distribution: Expon(x|A) ¢ Ga(x|1, A), where A is the rate parameter.
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Erlang distribution: Erlang(x|\) = Ga(x|2, A), where A is the rate parameter, a is an integer common
fixtoa=2.

Chi-squared distribution: y2(x|v) ¢ Ga(X|
V.1 =12Zi2,then S ~ yv2.
inverse gamma: 1G(x|shape = a,scale = b)

| =

21 ). More precisely, if Zi ~ N (0, 1), and S =

[>2

b4 . .
—(a+1) ,—b/x .
r@ X e ) with propertles.

b b b?
mean = — , mode = — ,var = > .
a—1 a+1 (a-1) © (a=2)

2.4.2 The beta distribution
The beta distribution has support over the interval [0, 1]:

Beta(xja, b) = -~ x7* (1—x) "™, B(a,b) & T@I(b)/I(a+b)

Case 1. a = b = 1.This case results in the uniform distribution.
Case 2: a < 1,b < 1. Then the distribution is bimodal, with 0 and 1 being the position of its

spikes.
Casw 3: a > 1,b > 1. Then the distribution becomes unimodal with qualities as follows: mean
b
= 2 mode = ,var = 2 .
a+b a+b-2 (a+b) © (a+b+1)

Pareto distribution
This is often applied to represent the distribution of quantities that unfold the so-called long tails
or heavy tails. Its PDF: Pareto(x|k,m) = kmkx—(k+1)II(x > m). Its plot composes a straight line, log

p(x) =alog x + ¢ for some constants a and c. For this distribution, mean = :T"i if k>1 ,mode=m,

m2k
PETRTES) (when k > 2).

var =

2.5. Joint probability distributions

This distribution appears in the form p(x1,...,xD) with respect to a set of variables, namely
x1,...,xD, where D > 1. Among the variables, it also provides assistance in finding out the
(stochastic) relationships. Using this distribution, the joint distribution of a discrete distribution can
be expressed in the form of a large array with several dimensions, each dimension including one
variable.

2.5.1 Covariance and correlation
Measures the degree between two rv’s X and Y. Defined as:
cov [X, Y]=E [(X~E[X])(Y ~E[Y )] =E [XY] - E [X] E[Y]
If x is a d-dimensional random vector: cov [x] =E [ (x — E [x])(x — E [X])"{T}]
correlation coefficient is more convenient to work with a normalized measure, with a finite upper

bound.corr [X, Y] :%, —1 <corr [X, Y ] < 1.If Xand Y are independent, cov [X, Y ]=0

= corr [X, Y] and the converse is not true.For corr [X, Y ]=1 if and only if Y = aX + b for some
parameters a and b are linear relationship

The multivariate Gaussian, designed for continuous variables, has probably the widest usage
among all functions of joint probability density. It is sometimes referred to as the multivariate normal
function, or MVN for short. The pdf of the MVN in D dimensions:

. 1 1 _ _ _

N (XLM, 2) = Wexp [—E(x — ,U)TZ 1(x — ,LL)] where },l—E [X] € RD, X2=cov [X]
is the D x D covariance matrix. Precision matrix or concentration matrix A = >—1
2.6. Linear transformations

Let the function f(x) belinear: y = f(x) =Ax+b
If we input this equation into mean and covariance context, then we can get: E[y] = E[Ax + b] =
Au+b
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where the linearity of expectation satisfies u = E[x]. Further, let the values of f(x) be scalars,
then for the covariance, we have cov[y] = cov[Ax + b] where Y =cov[x] wvar|y] =
var [aTx + b] =a"Ya

2.7. Chebyshev Inequation

Define a topological space, which included a sequence of elements, and let the sequence be called
Yn-

For y, — y, there must be a subsequence y,n,) convergingto y, which is a subsequence of
any sequence yn.n thatisasubsequence of y,. The theorem is proven by a proof by contradiction.
Suppose, for sake of contradiction, y,, - y. Then there is an open set G such that y € G, and a
subsequence y,mm) € G for all m. But obviously there will be no subsequence of y,,) will
converge to y.Let f be a continuous function and X,, —» X in probability. Then, f(X,,) = f(X)
in probability. Further, let f be bounded. Then Ef(X,) = Ef(X).

Let X1, X5, ... beiid with EX; = py and EX} < . If S, =X; + X, + ... +X,, then S,/
n — oa.s.

Set random variable X has its mathematical expectation and variance both existing, then for any

constant € > 0, thereis: P(|X —EX|=¢) < )

g2’
The Second Bordel-Cantelli Lemma:

Define A,, as some events that are independent. The expression ) P(A,) = co indicates
P(A,i.0.)=1.

A classical application of this Lemma is as follows:Let X;,X,, -+ be i.i.d, with E|X;| = oo, then
P(|X,,| = ni.o.) = 1. Therefore, S, =X, + - +X, [ P(S,/nexists € (—0,0)) = 0.

Let A;,A,, -, be pairwise independentand Y,_; P(4,) = oo.

Then Y3114,/ Xm=1P(4y) ——>1a.s. With the fact that n_11/m~log(n) and
theorem 2.3.8., we have:

Let R, = Xm=1 14, be the number of records at time n. Then as n — oo,R,, / log (n) —
1 a.s., which is independent of the distribution F. Strong Law of Large Numbers Let X;, X,,--- be
random variables. They must be pairwise independent variables with an identical distribution, and
further, E|X;| < oo. LetEX; = p and S, = X; +-+ X,,. Then S,/n = pa.s.as n - oo,

LetY, = Xplix s and T, =Y, +- +Y,. ThenT,/n — p as. X,(Y;) /k* <
4E|X;| < co.lfy = 0 then 2y Y, k™2 < 4

Let X, X5, ... be ii.d. with EX = o and EX;] < . If S, =X;+ X, + ... +X,, then
S,/ n - oa.s.

Let X;,X,,... bei.i.d.with0 < X; < . Define T, asthe total time elapsed to reach the nt"
occurrence of some event, and let 7, = X; + X, + --- + X,,, where X; represents the time between
the (i — 1) event and the i*" event. A good example will be a janitor who replaces a lightbulb
once it burns out, and X; therefore denotes the lifetime of the i® bulb. N, = sup{n: T, < t}
denotes the amount of bulbs that burned outattimet. EX; = u < oo,then N./t = 1/pa.s. when
t approaches oo. If we take X to be the successful times (Event A) of n test, then X can be taken
from 0, 1, ... to n, if we take p to be the probability of Event A to happen in every trial, then we have:

P(A) = p; P(A) = 1 — p. Since the result of this n test can be taken as:w = (w4, w,, ..., wy,).

In the set, w; can either be A or A, and there are 2"w, they form the sample space 12

Now when we want to know the probability of event {X = k}:P(w) = p*(1 — p)™* *.Meanwhile,
in event {X =k}, we have P(X = k) = (nk)p*(1 —p)* 1,k =0,1,...,n. This distribution we
call it binomial distribution, note as X~b(n,p) Suppose X to be a random variable, and k to be a
positive integer, if the following mathematical expectations exist: u;, = E(x*) .
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3. Conclusion

The probability measure is frequently assigned a value between 0 and 1, and the sample space is a
collection of likely events, and probability is described in terms of a probability space. The results of
an event are sometimes referred to as the event's outcomes. In general, probability theory tries to use
mathematical abstractions to represent uncertain, or non-deterministic, processes. The mathematical
study of uncertainty is known as probability theory. Because probabilistic data assumptions are
frequently employed in the building of learning algorithms, it's critical in machine learning. We'll
look at machine learning from a probabilistic perspective in the future.
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