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Abstract: S-Priifer domains are introduced and described in the literature by a multiplicatively closed set S. A domain R is
said to be S-Priifer if every f.g. S-ideal of R is projective, where an ideal [ of R iscalled an S-ideal if / contains an element
of §. This paper proves that if R is an S-Priifer domain, then R// is a coherent ring for any finitely generated S-ideal 7 of
R;ifevery f.g. S-ideal I of adomain R is fp.,then I' isalso f.g.. On this basis, two equivalent characterizations of S-Priifer
domains are given, i.e., R is an S-Priifer domain if and only if R/7 is an IF ring for any f.g. S-ideal 7 of R;if and only if R
is integrally closed in R, every f.g. S-ideal 7 of R is fip., and every f.g. S-ideal of R is a v-ideal. In addition, this paper

presents a equivalent characterization of i(ai ®b)=0(a,€AbeB) in A®, B , ie., for R -modules 4 and B,
=l

-,a,€A, and

n+l?

i(a‘_ ®b)=0 (a, € A4,b eB) if and only if there exist c;€B( j=1, 2,..., m), a positive integer n'>n, a
i=l

5 €R(=12--+nj=12--,m) such that b => rc and 0= rc, for any i(i=12,---,n) and any t(t=n+1,---,n"), and
= =

> ar, =0 for any .
i=1
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ideal 7 of R is said to be regular if there exists some regular

L.  Introduction element s such that s € /. Jamil et al.[11] followed the idea of

All rings mentioned in this paper are commutative rings regular ideals, and introduced S -Noetherian rings (every S
with identity. Priifer domains are classical rings in  -ideal of R is f.g.). It was also demonstrated that S -
commutative algebra. A Priifer domain refers to an domain in Noetherian rings and S-Noetherian ones are different, S -
which all finitely generated (for short, f.g.) ideals are Noetherian rings and Noetherian ones are different in 2025.
projective (equivalently invertible). The classical results on For an ideal 7 of R, if there exists some element s S such
Priifer domains are of great guiding significance for an that s €7, then [ is called an S -ideal of R. Recently, Rafique
intensive investigation of rings. For systematic and rich et a][1] defined S -Priifer domains, i.e., a domain in which

properties of Priifer domains, one may refer to the monograph
Priifer Domains [2]. In order to extend the classical theory of
Priifer domains to a wider range of applications, many
scholars have investigated generalized Priifer rings under
weaker conditions by weakening the ideal conditions or
projectivity conditions. For example, Priifer rings (rings
where all f.g. regular ideals are invertible)[3], G-Priifer

every f.g. S -ideal is invertible. They also gave some
equivalent characterizations of S -Pr i fer domains in
reference[1]. As an illustration, an domain R belongs to the
class of S -Priifer domains precisely when all f.g. S -
modules are projective, all S - modules are flat, R is
integrally closed in R, and R/aR forms an IF ring for

domains (domains where all nonzero f.g. ideal is G- each nonunit element a<€S. Recall that an R-module M is
projective)[4], and PvMD(domains in which every nonzero said to be an S -module if there exist a free module F" and an
f.g. ideal is w-invertible)[5]. element s € § such that sFcMcF [1]. A ring R is

It is a common practice to extend classical ring classes with referred to as an IF ring when all injective R-modules are
the aid of a multiplicatively closed set S. Suppose S is a flat modules[12]. As is well known, Priifer domains and IF

nonempty subset of a ring R. A subset S is called a
multiplicatively closed set of R if the below conditions hold:
(D) 1€S;(2)ifsy, 52 €S, then 515, € S. For instance, Anderson
et al.[6] introduced and investigated S -finite modules and
S -Noetherian rings in 2002; Kim et al. [7] introduced and
investigated S-SM domains in 2004; Bennis and EI Hajoui[§]

rings also have a classical result, i.e., an domain R is Priifer
precisely when the quotient ring R/ [ is an IF ring for each f.g.
ideal I of R [13, Proposition5.3]. Then there is a natural
question: does an S -Priifer domain have the similar
equivalent characterization? The answer is yes. This paper,
based on reference[l], supplements two equivalent

introduced and investigated S -finitely presented modules characterizations of S -Priifer domains, i.e., R is an S -Priifer
and S-coherent rings in 2018, etc. It is worth noting that domain if and only if R/ is an IF ring for any f.g. S -ideal /
scholars often extend classical results of domains to of R; if and only if R is integrally closed in Rs and every f.g.
commutative rings by using the multiplicatively closed set S -ideal of R is finitely presented (for short, f.p.), and every
which consisting of regular elements. For example, regular f.g. S-ideal of R is a v-ideal.

Noetherian rings (each regular ideal is f.g.[9]) and Dedekind Flat modules play an important role in the characterization
rings (rings with every regular ideal invertible[10]), etc. An of rings. The definitions of flat modules or generalized flat
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modules rely on an important functor in homological algebra:
tensor product ® . Suppose 4 and B be R-modules. In this

paper, we present equivalent characterizations of i(a, ®b)=0
i=l

in A®, B, ie., suppose 4 and B be R-modules, then

Zn:(a, ®b)=0a c4beB) if and

=l

only if there exist

¢, €B(j=12:--m), a positive integer nzn,a,, -,a, €4,

and ry€ER (i=12,---,n';j=12,---,m) such  that

b, = Zm:rycl and 0 = irt/c, for any i(i =1,2,---,n) and any ¢
= Jj=1

(t=n+1---,n"), and ) ar, =0 for any j. We give an
i=1
example to show that the above equivalent characterization

of i(ai ®b)=0 does not necessarily hold ifn"=n .

2. Characterizations of S-Priifer
Domains

Suppose S is a multiplicatively closed subset of a ring R,
and / is an ideal of R. If some element s €S is contained in /,
then 7 is defined as an S -ideal of R. An S -Priifer domain
need not be a Priifer domain[1, Example2.2]. Reference[1]
gave some equivalent characterizations of S -Priifer domains.
The purpose of this paper is to supplement two equivalent
characterizations of S -Priifer domains based on reference[1],
i.e., Theorem 2.2 and Theorem 2.4.

Proposition 2.1 Let R be an S-Priifer domain, then R/[
is a coherent ring for any f.g. S-ideal 7/ of R.

Proof Letdenote af.g. S-ideal of R. For the purpose of
proving that R/[ is a coherent ring, it suffices to show that
any f.g. ideal of R/I is f.p.. Suppose J/I be an f.g. ideal
of R/I, where J is an ideal of R that contains /. So we can
obtain the R-module exact sequence

0>1—->J—>J/1—>0.

Since [ is f.g. and J/[ is a f.g. R-module, then J is f.g..
Since R is a S-Priifer domain, then each f.g. S-ideal of R is
invertible. Since invertible ideals of a domain are projective,
then every f.g. S-ideal of R is projective. Therefore, J is f.g.
and projective. Moreover, since f.g. projective modules are
f.p., so Jis f.p.. According to the fact that / is f.g. and J is f.g.
projective, then J/I is fp. as an R-module. We now
consider a commutative diagram in which all rows and
columns are exact:

0 0
2 \
k k
0 - @le, > @l — 0
i=1 i=1
{
k @
0 - K - (JBIRei - J/I - 0
\ \ L
kR
0 - kK - _691—61 - C - 0
@ Ie; e
i=1
3 \
0 0 0.

k
+arer in @le, , where

i=1

Take any element aje;tazert:
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a €l(1<i<k). Thus

k k
plae +azey +---+age,) = z¢(aiei) :zai¢’(e;) :

i=1 i=1

Since ¢(e;)eJ/I and a; €l , then a;p(e;)=0 , so

k

@le, c K . According to the Snake Lemma, J//=C.
i=1
Consider the exact sequence

K
k

k Re; .
S®L 500
i=1 le;

00—

i=1

k Re. ko — k
Since_@?l—e’ = @1R is a f.g. free R -module and K /(@ Ie;)
= Je = i=1

is a f.g. R -module, it follows that C'is a f.p. R -module. Thus
J/lis a f.p. R -module. So R/l is a coherent ring.

Theorem 2.2 R is an S -Priifer domain if and only if R/[
is an IF ring for any f.g. S -ideal / of R.

Proof To verify the sufficient condition, we first claim

that (/') =7. Take ael andaeS, I_:%Q%.By
R

s Ta) is an IF ring, from which we obtain that

annﬁ(f):{76§|7~f=0}
={FeR|rl c(a)}
=FeR|ZIch

a

assumption

= . _
={reR\fell, i.e., rea]l},
a

ie., anng(/)= al™" . Then:

anng(annz (7)) = {F € R|7-al ™' =0},i.e,ral ' CaR,
ie., N R,ie.,re (1_1)_1.

aht 1

(a) a

Thus Z =anng(anny I)y=1I1 e, ie.,
aHt=r1.

Let Q be the quotient field of R, (I:p [)={q € QlqI SI}. We
next show that (I:p [)=R. Take any ¢= § € (I:g I), then

41 < 1. Then cIChl. Since (I:r R)=I, so (Ib:r Rb)=I. Since

bl is a f.g. S-ideal andl—lj7 is an IF ring. Using the double

annihilator condition, we obtain that
Rb=(Ib:, (Ib:, Rb))=(Ib:, I).

Since cIChl, so c € Rb. Thus (I:9 )=R.

We next show that / = (I : II™") . 1t is clear that IS(I: 1M,
so it suffices to prove that [ =(I:1/ _1) < I . Take any
ae(l:1I"") , then all'cl . Thus al' € R,
ae(™y'=1.Thus (I:1I""YcI.Then I=(I:1"),
So

SO

(I:(I:II"))=U:1)=R.
Using the double annihilator condition (7:(7:17™")=1",

we obtain that [I"'=R, then I is invertible. Then by the
definition of an S-Priifer ring, it follows that R is an S-Priifer
domain.

To prove the necessity, R/I is a coherent ring by Proposition
2.1. To prove that R/I is an IF ring, it follows from[13,
Proposition2.3] that it suffices to show that (R/I),, ,; is an IF

ring, where m is a maximal ideal of R containing /. Since /



is f.g. projective, then / is a projective module. Because

L

projective modules over a local ring are free, /, is a free ideal
of R,

exists b € [, such that /, = (b), , which implies that
By R R
I

)mgi .
T

I, ®)
R

For anyizi -module 4, if 4 is a submodule of a flat ;-

and hence /_ is a principal ideal of R, . Thus there

module, thenfi is an IF ring. Note that /4=0, so A4 is also an

R/I-module. Take a € I and a € S; then a4=0. As every module
can be expressed as the homomorphic image of a free module,
we have the exact sequence:

0 L F—Y 4 0.
where F is free, L=Kery . Since

v(aF)=awy(F)=ad=0,

so aF€L, thus L is an S -module. Moreover, R is an S -Prii
fer domain, by[1, Theorem?2.4], the S -module L is flat. Now
consider the following commutative diagram:

0 0 A
N { d
0 » L » F Y5 4 > 0
1 1t P
0 » L » F Y5 4 > 0
J { d
0—>i £ i—>O.
bL bF bA

Since b € I, I4=0, so bA=0, Then

Snake Lemma, one obtains the subsequent exact sequence:

A _ .
+5=A . Applying the

O—>A—>£—>£—>A—>0.
bL
Since
%= LORD),
and L is a flat R-module, then L/bL is a flat R/(b)-module.
Thus (), is a flat ((TR))i -module. Since localization
7 (b)

preserves exactness, we obtain that
0> 4, > (EH)n

Rm
bR,

is exact. Thus A4, is a submodule of a flat
1
We next show that 4, =A. Since 4 is an (£) , -module, so
I I
A(%)m = A . Moreover, since A(?)m = Anm , it follows that
7 1 1

Am=A. Therefore,bRT“‘ is an IF ring. Hence R/I is an IF ring.

I m

Let R be a domain and [ an ideal of R. Define I''={x€ K|
xICR} and I,=(I'')"!, where K is the quotient field of R. For a
domain R, an ideal [/ is called a v-ideal of R if /,=I. Since f.g.
projective modules are f.p. ([6, Example3.4.2]), so every f.g.
S -ideal of S -Priifer domains is f.p..

Lemma 2.3 If every finitely S-ideal / of a domain R is f.p.,
then I'' is also f.g..

Proof Let[is af.g. S-ideal of R. We may assume that
1= (al,az,- . -,a,,_l,an) , where a; € S. We proceed by

mathematical induction on n. For n=1, let I=a;R. Then I''= a%

R, so I'' generated by;—1 is a fractional ideal of R, i.e., I['is f.g..

-module (), .
1
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Now assume that (ai, az,***, a,1)" is a f.g. R-module. Note
that
I= (alaaZ"”aan—laan): (alﬂaZﬂ""an—l)+(an): ],+anR .
Then
I =(I'+a,R)" =(1')" N(a,R)™".

Since (a,R)'=-1-R, so

()" + L Rzaa, (1) +LR)=aa,()" +aR-

Since aia, (I ')'+aiR is a f.g.S-ideal, then(/ ')+ (a.R)"! is
fp.. From the exact sequence 0—(I ") () (@.R)'—( 'y
'®(a.R) ' = "Y' +(aR)'—0, and (I Y'®(a.R)" is f.g. R-
module, so ("y' (a.R)"is f.g.. Thus I'! is f.g.

Theorem 2.4 R is an S -Priifer domain if and only if R is
integrally closed in Rs, every f.g. S-ideal / of R is f.p., and
every f.g. S-ideal of R is a v-ideal.

Proof To prove necessity, we know that If R is an S -Prii
fer domain, then every f.g. S -ideal of R is projective, hence
fp..

We next show that R is integrally closed in Rs. That is, we
prove that if « € Ry is integral over R, then « € R. Assume
a = % is integral over R, where a € R, s € S. Then there exists

a positive integer #n such that
a"+ra +e+r a+r, =0,

where r,€R, i=1,2,..., n. Let

J=@" " a" 2, al)=Ra""'+Ra"*+---+Ra+R.

It is straightforward to verify thatJ =s"'J . Denote L=
s"'J , then L is a fg. ideal of R. Since 1 € J, then
s""1es""'J. Hence L is f.g.S-ideal. Since R is anS-Priifer
domain, so L is invertible, that is, LL'=R. Note that aJcJ, so
as"'Jcs"'J, ie,alc L. Then rLL'cLL', aRcR .
Thus a €R, so R is integrally closed in Rs.

We next show that any f.g.S-ideal 7 of R is a v-ideal. Since
II''cR, we have Icl,. Let x € I,, then xI''cR, which implies
xI''Ic]. Since [ is invertible, we have II''=R, so thatx€ ], i.e.,
I, C I. Therefore I=1,, and hence / is a v-ideal of R.

To prove sufficiency, let / be a f.g. S -ideal of R. Then
there exists an s € S such that s € 1. Since

I=IRc ™ cR,

So se IT!, it follows that /"' is an S -ideal of R. Since [ is
f.g., I''is also f.g. by Lemma 2.3, so [I''is f.g.. Hence II'! is a
f.g. S -ideal, and therefore a v-ideal, that is, (// _l)v =",

Let » € (II''Y'. Then #II''CR, rs € R, and r € Rs. Since
(rDI'cR, wehave rI < (I")' =1.Hence ris integral over
R. Since R is integrally closed in Ry, it follows that € R. Then
(I'"Y'cR. Clearly Rc(II'")!, so (I")"' =R . Thus II''=(IF
N,=R"'=R, hence [ is invertible, and R is an S -Priifer domain.

3. Equivalent Characterizations of

i(a,. ®b)=0
i=1

It is a classical conclusion that an domain R is Priifer
whenever each (f.g.) ideal of R is a flat module. Ris an S -
Priifer domain if and only if each (f.g.) S -ideal is flat[1,
Theorem4.1.3]. The definitions of flat modules and
generalized flat modules both rely on one important functor
in homological algebra: tensor product®. We now give an



equivalent characterization of 2(@_ ®b)=0 in an R-module
=l

A®,B.
Theorem 3.1 Let 4 and B be R-modules, then
i(a‘. ®b)=0(a, €4,b eB)if and only if there exist ¢,€B(j=1,

yeery M), itive i n'>n,a -,a,€A,and
2 and a positive integer ;

n+l?

ri€R(i=1, 2,...,n"; j=1, 2,...,m) such that
b, " LT T P
> T Iy By
. . ¢
: : : SN
b=l Tw  Tm L | (1)
0 Tasy a2 Vastm '
. . . c,
0 Top o Tao Vv
and
Ut P! N
Iy Iy 0 Ny
(@05, @, 0a,)=| Ty 1y, |=(0,0,0) . (2)
Vst Tai2 ™
oy Twa L
Proof To prove necessity, we assume that

i(ai ®b)=0(a; € Ab €B)in A®, B . For an R-module 4, there
i=l

exist a free module F = g Rx, and an epimorphism¢ : F — 4
such that ¢(x,)=a,(i =1,2,---,n) by [5, Theorem1.6.7], thus

. . A ¢
inducing an exact sequence 0—>K-—>F-—>A4-—>0 , where

K =Ker(¢) . Thus we have the exact sequence
K®B—+ 5 F®B— 5 4® B—0.
Note (981, 3(x ©8))- 3 (¢(x)08)= 30, ©5)
)

> (x,®b,)eKer(¢®1,)c K ®B.

i=1

Thus exists i(yi ®c,)e K ®B(y/. eK,c, e B), such that

A

(&1 )[z@,@c )] Y (40)®c) =3y, 8¢) =3 (x,8h)

Fromy; e K ¢ F follows that , = ”Z”,,x, ,wheren'>n . Hence
X i=1

Z(yj®c) i[i(n,m@c)j z[x,@(zr,,c,)J

Jj=1 \i=1

Since we have Z(y/.@c/.):zn:(xi@bi) in F®,B , it
A =l

that and

b = Z rC,i=12,n

n', that is, Equation(1) holds. Since

ZU + Snel)

i=n+l

follows

ngc/ =0,i=n+1n+2, -,

ef A )

i=n+l

Let =¢(x,.) , where i=n+ln+2,---.n So
#y,)=3ra, =0,
j=12,---,m, that is, Equation (2) holds.
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To prove sufficiency,

i(a,,@b,) Z(a@b Za@O z[ [ r/c,D+Z

i=1 =n+1 =1

:er‘/(zaf®cj)+irv[ (",®C,‘): r,][Za,(@cl.j
= = FEAN= =]

Hgolo)

~$0e,)=0

j=l

In fact, let 4 and B be R-modules. If fora, € 4,b, € B,i =

1,2,-+,n, there existc, e B(j =1,2,---,m)and r; € R(i=1.2,--,n;

j=12,---,m, such thatb, =Zri,c/. for any i andialry =0 for
J=1 i=l

any j. Then Z":(a,_ ®b)=0. However, the converse is not true.
i=l
We now give an example to show that the converse fails.
Example 3.2 Let R be aring Z, where Z denote the ring
of integers, so A=Z, B=7/3Z are R-modules. InZ®Z /3Z, we
z

have 3® 1 =0 . If there exist ¢, € B,r, eR(i=1,2,---,m)

such that

-r,c, and3r, =3r, =

_ owm
lzzrx'ci:rlcl"'rzcz'k mCm =3, =0.
i1

Thus 5 =r, =--=r,=0,s0 1=0,a contradiction.

Note: Example 3.2 shows that for 3 ®1=0 inZZ®Z /37,

there do not exist ¢; € B,r, eR(i=l,2,~~,m) , such that

T=i’i‘3f and 31, =3r, =---=3r, =0. By Theorem 3.1, there

exist ¢, eB(j=12,+,m) , a positive integer n'>1 ,

ay,ya, €4, andrij eR(i=12,-,n';j=12,--,m), such that
1 rll e rlm
— Cl
0] | ™ P
- c
m
0 rn',l rn m
and
ril rlm
7. 7.
21 2m
(al,az,'-',an, : . :(0,0,-- ,0)
r r,

In fact, we can taken'=2,m =1, =i,rll =-2,r,=3,a,=2,
satisfying the above conditions, that is,

and

-2
& 2)( ; j =0.
For an R-module 4, if 4 is f.g., we have the following
corollary.

Corollary 3.3 Let 4 and B be R-modules. If
A=Ra\+Ray++-*+Ra,, where a€A( i=12,---,n ). Then
> (a,®b,)=0(p, < B):

if and only if there exist ¢, eB(j=12,-,m) and



r, €R(i=12,,mj=12:--,m) such that p, :ir”c/ for any i,
j=1
and i:a,-’”,j =0 for any .
=1

Proof To prove necessity, we assume that i(“: ®b)=0,

=l

where 4=Rai+Rart...+Ra, is f.g., b, e B. For an R-module
A, there exist a free module F = ngA and an epimorphism

$:F—>4 #x,)=a,(i=12,,n) (5,
Theorem1.6.7]. Thus inducing an exact sequence

satisfying by

A ¢
0—>K—>F—>A4->0, where K =Ker(¢) -
Thus we have the exact sequence

K®B—2%s sr@p—?2s 5 4®B—0.

n n

Note (¢®IB)(§(xi ®5) =3 (#x)®5)=3(a,®5)=0, so

i=1 i=1

3 (x, ®b)eKer(p®1,)c K @ B.
i=l
Thus, there exists i(yi ®c)e K ®B(y, € K,c, € B) such

1

that:

wers[ S 20| St o)

J=1 J=1

m

(yf ®C;/):

j=1 i=1

s

(v, ®p,) .

Fromy; e K ¢ I, wehave y, = irﬁx‘. . Therefore
. ’ =l

j=1 j=1 \i=1 i=1 j=1

Since iy/ ®c, = ix[ ®b, , we obtain
j=1 : i=1

b = iri/cj,i =12,--,n and¢(y‘.)= ¢(ir[/a‘.) = Zn:ryai =0.
j=1 i=1 i=1

To prove sufficiency,

n n

> (a, ®b,.)—2(ai ®[in/c/]] = r‘.j[iai ®c,]

i=1 i=1 j=

m

[[ia,r,,]@cjj—Z(O@c/)

i=1 =

2

j=1

m
Jj=

0.
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