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Abstract: S-Prüfer domains are introduced and described in the literature by a multiplicatively closed set S. A domain R is 
said to be S-Prüfer if every f.g. S-ideal of R  is projective, where an ideal I  of R  is called an S-ideal if I  contains an element 
of S . This paper proves that if R  is an S-Prüfer domain, then /R I  is a coherent ring for any finitely generated S-ideal I  of 
R ; if every f.g. S-ideal I  of a domain R  is f.p., then 1I  is also f.g.. On this basis, two equivalent characterizations of S-Prüfer 
domains are given, i.e., R  is an S-Prüfer domain if and only if /R I  is an IF ring for any f.g. S-ideal I  of R ; if and only if R  
is integrally closed in SR , every f.g. S-ideal I  of R  is f.p., and every f.g. S-ideal of R  is a v-ideal. In addition, this paper 
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1. Introduction 
All rings mentioned in this paper are commutative rings 

with identity. Prüfer domains are classical rings in 
commutative algebra. A Prüfer domain refers to an domain in 
which all finitely generated (for short, f.g.) ideals are 
projective (equivalently invertible). The classical results on 
Prüfer domains are of great guiding significance for an 
intensive investigation of rings. For systematic and rich 
properties of Prüfer domains, one may refer to the monograph 
Prüfer Domains [2]. In order to extend the classical theory of 
Prüfer domains to a wider range of applications, many 
scholars have investigated generalized Prüfer rings under 
weaker conditions by weakening the ideal conditions or 
projectivity conditions. For example, Prüfer rings (rings 
where all f.g. regular ideals are invertible)[3], G-Prüfer 
domains (domains where all nonzero f.g. ideal is G-
projective)[4], and PvMD(domains in which every nonzero 
f.g. ideal is w-invertible)[5]. 

It is a common practice to extend classical ring classes with 
the aid of a multiplicatively closed set S. Suppose S is a 
nonempty subset of a ring R. A subset S is called a 
multiplicatively closed set of R if the below conditions hold: 
(1) 1∈S; (2) if s1, s2∈S, then s1s2∈S. For instance, Anderson 
et al.[6] introduced and investigated S  -finite modules and 
S  -Noetherian rings in 2002; Kim et al. [7] introduced and 
investigated S -SM domains in 2004; Bennis and EI Hajoui[8] 
introduced and investigated S  -finitely presented modules 
and S  -coherent rings in 2018, etc. It is worth noting that 
scholars often extend classical results of domains to 
commutative rings by using the multiplicatively closed set 
which consisting of regular elements. For example, regular 
Noetherian rings (each regular ideal is f.g.[9]) and Dedekind 
rings (rings with every regular ideal invertible[10]), etc. An 

ideal I of R is said to be regular if there exists some regular 
element s such that s∈I. Jamil et al.[11] followed the idea of 
regular ideals, and introduced S -Noetherian rings (every S
-ideal of R   is f.g.). It was also demonstrated that S  -
Noetherian rings and S  -Noetherian ones are different, S  -
Noetherian rings and Noetherian ones are different in 2025. 
For an ideal I of R , if there exists some element s S such 
that s∈I, then I is called an S -ideal of R . Recently, Rafique 
et al.[1] defined S -Prüfer domains, i.e., a domain in which 
every f.g. S  -ideal is invertible. They also gave some 
equivalent characterizations of S  -Pr ü fer domains in 
reference[1]. As an illustration, an domain R  belongs to the 
class of S  -Pr ü fer domains precisely when all f.g. S  - 
modules are projective, all S  - modules are flat, R   is 
integrally closed in SR   and /R aR   forms an IF ring for 

each nonunit element a S . Recall that an R -module M is 
said to be an S -module if there exist a free module F and an 
element s ∈ S such that sF M F   [1]. A ring R   is 
referred to as an IF ring when all injective R -modules are 
flat modules[12]. As is well known, Prüfer domains and IF 
rings also have a classical result, i.e., an domain R  is Prüfer 
precisely when the quotient ring /R I is an IF ring for each f.g. 
ideal I  of R  [13, Proposition5.3]. Then there is a natural 
question: does an S  -Pr ü fer domain have the similar 
equivalent characterization? The answer is yes. This paper, 
based on reference[1], supplements two equivalent 
characterizations of S -Prüfer domains, i.e., R is an S -Prüfer 
domain if and only if R/I is an IF ring for any f.g. S -ideal I 
of R; if and only if R is integrally closed in RS and every f.g. 
S -ideal of R is finitely presented (for short, f.p.), and every 
f.g. S -ideal of R is a v-ideal.  

Flat modules play an important role in the characterization 
of rings. The definitions of flat modules or generalized flat 
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modules rely on an important functor in homological algebra: 
tensor product   . Suppose A and B be R-modules. In this 
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2. Characterizations of S-Prüfer 
Domains  

Suppose S is a multiplicatively closed subset of a ring R, 
and I is an ideal of R. If some element s∈S is contained in I, 
then I is defined as an S  -ideal of R. An S  -Prüfer domain 
need not be a Prüfer domain[1, Example2.2]. Reference[1] 
gave some equivalent characterizations of S -Prüfer domains. 
The purpose of this paper is to supplement two equivalent 
characterizations of S -Prüfer domains based on reference[1], 
i.e., Theorem 2.2 and Theorem 2.4.  

Proposition 2.1 Let R  be an S-Prüfer domain, then /R I  
is a coherent ring for any f.g. S-ideal I of R . 

Proof  Let I denote a f.g. S-ideal of R. For the purpose of 
proving that /R I  is a coherent ring, it suffices to show that 
any f.g. ideal of /R I  is f.p.. Suppose /J I  be an f.g. ideal 
of /R I , where J is an ideal of R that contains I. So we can 
obtain the R-module exact sequence 

0/0  IJJI . 
Since I is f.g. and /J I  is a f.g. R-module, then J is f.g.. 

Since R is a S-Prüfer domain, then each f.g. S-ideal of R is 
invertible. Since invertible ideals of a domain are projective, 
then every f.g. S-ideal of R is projective. Therefore, J is f.g. 
and projective. Moreover, since f.g. projective modules are 
f.p., so J is f.p.. According to the fact that I is f.g. and J is f.g. 
projective, then /J I   is f.p. as an R-module. We now 
consider a commutative diagram in which all rows and 
columns are exact: 
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is a f.g. R -module, it follows that C is a f.p. R -module. Thus 
J/I is a f.p. R -module. So R/I is a coherent ring. 

Theorem 2.2 R is an S -Prüfer domain if and only if /R I  
is an IF ring for any f.g. S -ideal I of R. 

Proof  To verify the sufficient condition, we first claim 
that 1 1( )I I    . Take Ia   and Sa  , 
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Let Q be the quotient field of R, (I:Q I)={qQ|qI ⊆I}. We 

next show that (I:Q I)=R. Take any q= c
b
  (I:Q I), then 

c
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bI is a f.g. S -ideal and R

Ib
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annihilator condition, we obtain that 
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Since cI⊆bI, so cRb. Thus (I:Q I)=R.  

We next show that ):( 1 IIII . It is clear that I⊆(I : II-1), 
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So 
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Using the double annihilator condition 11)):(:(   IIIIII , 

we obtain that 1II R   , then I is invertible. Then by the 
definition of an S-Prüfer ring, it follows that R is an S-Prüfer 
domain. 

To prove the necessity, R/I is a coherent ring by Proposition 
2.1. To prove that R/I is an IF ring, it follows from[13, 
Proposition2.3] that it suffices to show that ( / ) IR I m / is an IF 

ring, where m is a maximal ideal of R containing I. Since I 
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is f.g. projective, then I
m

 is a projective module. Because 

projective modules over a local ring are free, I
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R/I-module. Take a I and aS; then aA=0. As every module 
can be expressed as the homomorphic image of a free module, 
we have the exact sequence:  

00  AFL  . 

where F is free, L=Ker . Since  
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so aF⊆L, thus L is an S -module. Moreover, R is an S -Prü
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Let R be a domain and I an ideal of R. Define I-1={xK| 
xI⊆R} and Iv=(I-1)-1, where K is the quotient field of R. For a 
domain R, an ideal I is called a v-ideal of R if Iv=I. Since f.g. 
projective modules are f.p. ([6, Example3.4.2]), so every f.g.
S -ideal of S -Prüfer domains is f.p.. 

Lemma 2.3 If every finitely S-ideal I of a domain R is f.p., 
then I-1 is also f.g.. 

Proof  Let I is a f.g. S-ideal of R. We may assume that
 nn aaaaI ,,,, 121   , where a1   S. We proceed by 

mathematical induction on n. For n=1, let I=a1R. Then I-1=
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1
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Since a1an (I ')-1+a1R is a f.g.S-ideal, then(I ')-1+ (anR)-1 is 
f.p.. From the exact sequence 0→(I ')-1   (anR)-1→(I ')-

1⨁(anR)-1→(I ')-1+(anR)-1→0, and (I ')-1⨁(anR)-1 is f.g. R-
module, so (I ')-1 (anR)-1 is f.g.. Thus I-1 is f.g. 

Theorem 2.4 R is an S -Prüfer domain if and only if R is 
integrally closed in RS, every f.g. S-ideal I of R is f.p., and 
every f.g. S-ideal of R is a v-ideal.  

Proof  To prove necessity, we know that If R is an S -Prü
fer domain, then every f.g. S -ideal of R is projective, hence 
f.p..  

We next show that R is integrally closed in RS. That is, we 
prove that if  RS is integral over R, then  R. Assume 


s
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It is straightforward to verify that JsJ n 1  . Denote L=

Jsn 1  , then L is a f.g. ideal of R. Since 1   J, then 

Jss nn 11 1   . Hence L is f.g.S-ideal. Since R is anS-Prüfer 
domain, so L is invertible, that is, LL-1=R. Note that aJ⊂J, so

JsJs nn 11    , i.e., LL   . Then rLL-1⊂LL-1, RR   . 
Thus  R, so R is integrally closed in RS. 

We next show that any f.g.S-ideal I of R is a v-ideal. Since 
II-1⊂R, we have I⊂Iv. Let xIv, then xI-1⊂R, which implies 
xI-1I⊂I. Since I is invertible, we have II-1=R, so that xI, i.e., 
Iv I. Therefore I=Iv, and hence I is a v-ideal of R. 

To prove sufficiency, let I be a f.g. S  -ideal of R. Then 
there exists an sS such that sI. Since  

RIIIRI  1 , 
So sII-1, it follows that II-1 is an S -ideal of R. Since I is 

f.g., I-1is also f.g. by Lemma 2.3, so II-1 is f.g.. Hence II-1 is a 

f.g. S -ideal, and therefore a v-ideal, that is, 11)(   IIII v . 

Let r  (II-1)-1. Then rII-1⊂R, rs  R, and r  RS. Since  

(rI)I-1⊂R, we have IIrI   11)( . Hence r is integral over 

R. Since R is integrally closed in RS, it follows that rR. Then 
(II-1)-1⊂R. Clearly R⊂(II-1)-1, so RII  11 )( . Thus II-1=(II-

1)v=R-1=R, hence I is invertible, and R is an S -Prüfer domain.         

3. Equivalent Characterizations of  
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It is a classical conclusion that an domain R is Prüfer 

whenever each (f.g.) ideal of R is a flat module. R is an S -
Prüfer domain if and only if each (f.g.) S  -ideal is flat[1, 
Theorem4.1.3]. The definitions of flat modules and 
generalized flat modules both rely on one important functor 
in homological algebra: tensor product . We now give an 
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For an R-module A, if A is f.g., we have the following 

corollary. 
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