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Abstract: Physics-Informed Neural Networks (PINNs) provide a neural network-based, mesh-free computational method for
solving partial differential equations (PDEs) by incorporating PDE residuals, initial conditions, and boundary conditions into the
loss function. However, standard PINNs may still suffer from issues such as conservation drift, insufficient training stability, and
difficulty in preserving physical structure when dealing with long-term predictions and complex nonlinear problems. Centered
on the core concept of “structure preservation” in scientific computing, this paper systematically compares methods for
enhancing physical conservation constraints (Conservation-PINN) in PDE solving with methods for preserving geometric
structure (symplex integrators) in the evolution of Hamiltonian systems. This paper selects the heat conduction equation, the
linear advection equation, the Burgers equation, and the double-pendulum Hamiltonian system as test cases to conduct a
comparative analysis of the basic PINN, Res-PINN, Conservation-PINN, as well as the RK4 method and various symplectic
integration methods (including Implicit Midpoint and Gauss-Legendre IRK4).The results show that introducing a conservation
loss term can reduce mass drift to some extent during the solution of partial differential equations, and residual connection can
improve the training stability of deep PINNs; in Hamiltonian systems, high-order non-symplectic methods (RK4) exhibit
excellent local accuracy, while symplectic integrators, by preserving the system’s symplectic structure, can effectively suppress
cumulative energy divergence during long-term evolution. This paper provides a reference for understanding the connections
and differences between loss function constraints in scientific machine learning and classical geometric numerical integration.

Keywords: Physical Neural Networks; Structure Preservation; Conservation Constraints; Hamiltonian Systems; Symplectic
Structure; Energy Boundedness.

nonlinear problems [4—6]. To address these issues, existing

1. Introduction research has primarily focused on two aspects: optimizing

Partial differential equations (PDEs) are fundamental network architecture and enhancipg physical COHSU?iI}tS- Qn
mathematical tools for describing physical phenomena in the one hand, researchers haYe lmproyed the optimization
fields such as fluid mechanics, heat transfer, electromagnetics, ~ topology of network training by introducing residual
and materials science. Traditional numerical methods for connections (ResNet), adaptive activation functions, and
PDEs primarily include the finite difference method (FDM), multiscale Fourier features [5]; on the other hand, they have
the finite volume method (FVM), and the finite element enhanced the physical consistency of model predictions by
method (FEM), which have formed a mature theoretical explicitly.incorporating global physical .laws—such as mass
framework in engineering computations; however, they still conservation and energy conservation—into the loss function
face certain challenges in areas such as mesh generation for [7]. . . . .
complex geometries, solving high-dimensional problems, and In addition to conservation constraints in PDEs, for
handling inverse problems. dynamlca} systems with specm! geometric structures (such as

In recent years, Physics-Informed Neural Networks Hamiltonian systems), preserving the gf.:ometrlc strupture of
(PINN), proposed by Raissi et al., have become a hot research the system’s phase space (e.g., symplectic structure) is key to
topic in the field of scientific machine learning [1]. PINN uses ensuring the reliability of long-term numerical simulations [8-
neural networks to approximate unknown solutions and 10(]))-Although  traditional non-symplectic Runge-Kutta
employs automatic differentiation techniques to compute methoc!s (such as the explicit RK4) possess high local
residuals of partial differential equations, integrating control ~ truncation accuracy, they fail to preserve the symplectic
equations, initial conditions, and boundary conditions into a structure and are thus prone to unphysical energy drift after
unified loss function for optimization. Compared to 1ong—tem cumulative integration. Symplectic integrators, by
traditional grid-based discretization methods, PINN avoids preserving th‘? conservation .Of phase-space area, ensure that
the explicit grid construction process and demonstrates the Hamlltoman.error remains bounded and oscillates over
unique advantages in scenarios such as direct problem solving, long-term evolution [8] . . .
inverse problem identification, and multi-source data fusion In current research, machine learning methods—
[2-3]. represented by PINN—primarily introduce physical rules via

However, researchers have gradually discovered in practice “soft cor}straints” gt the loss—function level, whereas classi(':al
that standard PINNs may suffer from limitations such as geometric numerical analys@ preserves system properties
gradient optimization difficulties, training instability, and ~ through “hard structure™ design at the scheme level. This
insufficient physical constraints when applied to complex paper systematically compares the mechanisms of action and
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performance characteristics of these two approaches to
structure preservation across different physical scenarios. The
main contributions of this paper are as follows:

1. We establish a unified mathematical framework for the
basic PINN, Res-PINN, and Conservation-PINN;

2. Using the linear advection equation and the Burgers
equation as examples, we conduct an in-depth analysis of the
mechanisms by which conservation loss weights influence
global mass drift and local residual optimization;

3. Quantitatively compared the long-time evolution
characteristics and step size sensitivity of non-symplectic
methods (RK4) and multi-order symplectic integrators
(Symplectic Euler, Stormer-Verlet, Implicit Midpoint, Gauss-
Legendre IRK4) in the double-pendulum Hamiltonian system;

4. We clarified the fundamental differences and
applicability boundaries between “loss-level soft constraints”
and “scheme-level geometric preservation” in terms of
convergence, local accuracy, and long-term stability.

2. Related Work

2.1. Development and Architectural Evolution
of Physics-Informed Neural Networks
(PINN)

Since Raissi et al. [1] integrated deep learning with
physical laws to propose Physics-Informed Neural Networks
(PINNs), PINNs have found widespread application in
various scientific computing fields, including fluid dynamics
[2], heat conduction [3], and quantum mechanics [6].
However, standard PINNs are highly prone to vanishing or
exploding gradients when training deep networks, which
limits their ability to approximate complex flow fields and
high-frequency oscillatory solutions [4]. To improve the
optimization topology of neural networks, Jagtap et al. [5]
proposed adaptive activation functions, enhancing
convergence speed and approximation accuracy; Wang et al.
[11] introduced Fourier feature mapping to overcome the
“spectral bias” phenomenon in neural networks when
learning high-frequency functions. Furthermore, the
application of the ResNet architecture in PINNs (Res-PINN)
has been shown to improve the smoothness of the loss
landscape [5,12], thereby supporting the stable training of
deeper networks. Although the aforementioned architectural
optimization techniques have significantly enhanced the
network’s fitting capabilities, they essentially remain data-
and residual-driven optimization mechanisms that cannot
fundamentally guarantee the strict conservation of physical
quantities [13].

2.2. Physical Conservation Constraints and
Loss Function Optimization in Scientific
Machine Learning

To address the insufficient fitting capability of standard
PINNSs under complex constraints, researchers have proposed
various improvement strategies. In terms of domain
decomposition and parallelization, Jagtap et al. [14] proposed
cPINN (conservative PINN), which achieves continuity of
cross-domain solutions and conservation of physical
quantities by applying conservation conditions at subdomain
boundaries. For systems with hard boundary or algebraic
equation constraints, Bischof and Kraus [15] proposed an
architecture that directly satisfies boundary conditions
through output layer transformations, hard-coding the
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constraints into the network structure; similarly, Jagadish et
al. [16] explored strategies for embedding algebraic manifold
constraints into the output space of neural networks. To
balance the competition between gradients of multiple loss
terms, Wang et al. [17] proposed a gradient pathology
mitigation mechanism and an adaptive weight adjustment
algorithm [18], which significantly improved training
stability under composite physical constraints. Furthermore,
in the face of data noise and uncertainty, deep learning has
demonstrated exceptional robustness in inverse problem
solving and parameter identification [19, 20].

2.3. Traditional Hamiltonian Systems and
Geometric Structure Preservation
Algorithms

For Hamiltonian systems, a well-established theory of
geometric numerical integration has been developed in the
field of traditional numerical analysis [21]. Hairer et al. [22]
and Sanz-Serna and Calvo [23] have detailed the construction
principles of symplectic integrators, proving that symplectic
schemes can accurately preserve the system’s symplectic
structure and phase space volume during long-time numerical
integration, thereby avoiding non-physical energy dissipation
or blow-up. Leimkuhler and Reich [24] further generalized
geometric integrators to constrained Hamiltonian systems and
molecular dynamics simulations. These classical geometric
numerical methods provide a solid mathematical foundation
for the design of modern structure-preserving neural networks
[25].

2.4. Cutting-Edge Breakthroughs in Structure-
Preserving Neural Networks (Structure-
Preserving NNs)

Inspired by classical chiral-preserving algorithms and
combining deep learning with geometric mechanics,
“structure-preserving neural networks” have become a hot
research topic in recent years. Chen et al. [10] proposed
Neural ODE, introducing continuous-time dynamics into
deep models. Greydanus et al. [9] proposed the Hamiltonian
Neural Network (HNN), which naturally preserves the
system’s energy conservation by learning the system’s
Hamiltonian rather than directly fitting the vector field.
Cranmer et al. [8] extended this idea to the Lagrangian form,
proposing the Lagrangian Neural Network (LNN), which
eliminates the strict dependence on regular coordinates. To
further introduce algebraic constraints, Zhong et al. [26]
proposed SymODEN, which enables the learning of
symplectic dynamics on constrained manifolds. Jin et al. [27]
and Chen et al. [28] respectively constructed symplectic
recurrent neural networks (Symplectic RNNs/Networks) to
achieve structure preservation at discrete time steps. Lutter et
al. [29] successfully applied structure-preserving networks to
robot control and the modeling of complex mechanical
systems.

3. Methodology
3.1. Basic PINN Framework

Consider a PDE of general form:
Nu](x,0)=0,(x,)€Qx[0,T] 1)
where u(x,f) is the function to be solved, and N is the
differential operator containing time and spatial derivatives.
PINN uses a neural networkuy(x,f) to approximate the true



solutionu(x,f) , where@ denotes the network parameters.
The loss function for a standard PINN typically consists of
three parts:

Lpy=LictLpctLppg 2
where the initial value loss is:
1
Lie=—— 2 lug(ac;.0) g (x) |2 3)
Nic
The boundary loss is:
1 «N
Lpc=5— 20 Tug(xti)—g(xi,t)1? “4)
BC
The PDE residual loss is:
1 <N,
Lppe=5; 2%y INg) it (5)

The derivative terms in neural networks are computed
using automatic differentiation. For example, for the heat
conduction equation:

u=0ou,,, (6)
Its PDE residual can be written as:
a &
fg(x,t):§—a 6:; (7)
The corresponding residual loss is:
1 <Ny
LPDE:A_,fZi:fl |f9(xi:ti)|2 (3

3.2. Residual Network PINN

As the number of network layers increases, conventional
fully connected PINNs may suffer from gradient propagation
difficulties and training instability [4]. Res-PINN introduces
residual connections into the network architecture, and its
basic residual block can be expressed as:

hy =h+F(h;;0,) )

whereh; represents the features of layer/ , andF is a
mapping composed of several linear layers and nonlinear
activation functions.

The primary function of residual connections is to alleviate
the optimization difficulty in deep networks, making it easier
for the network to learn identity mappings or local
perturbations. In PINN, Res-PINN typically does not alter the
form of the physical constraints; that is, the loss function
remains:

Lgespinw=LictLgctLppe (10)

Therefore, the structural preservation capability of Res-

PINN does not stem from new physical constraints, but rather

from more stable function approximation capabilities and
better training performance.

3.3. PINN with Conservation Constraints

For many PDE systems, in addition to residuals of local
differential equations, global conserved quantities also exist.
Take the one-dimensional linear advection equation as an
example:

u;+cu, =0 (11)
Under periodic boundary conditions, the total mass
M(t)y=] qu(x,1) dx (12)
should remain constant, that is:
M(1)=M(0)=M, 13)

A standard PINN constrains only the local PDE residuals
and does not guarantee strict conservation of theM(?) in the
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discrete sense. Therefore, a conservation constraint term can
be added to the loss function:

1 N,
Lcons:;tzj‘:tl |Me(fj)_M0|2 (14)
where:
Ny
My(t= 2 gl Ax (15)
The total loss function for Conservation-PINN is:
LCPINN: LIC+LBC+LPDE+/1C,onchonS (16)

where ‘4., = is the conservation loss weight, used to
balance the local PDE residuals with the global conservation
constraint.

For the Burgers equation:

utuu,=vu,, (17)
It can also be written in conservation form:
2
uH(S) =vity, (18)
2 X

Under periodic boundary conditions, if the boundary fluxes
of the diffusion term cancel each other out, the total mass still
satisfies:

£ Jqu(x.1) dx=0 (19)
Therefore, a mass conservation loss term can also be added

to the Burgers equation to reduce the drift of conserved
quantities in long-term forecasts.

3.4. Symplectic Integration

A Hamiltonian system is typically written as:
oH oH
(20)
where ¢ are the generalized coordinates, p is the
generalized momentum, andH(q,p) is the Hamiltonian. For a
system with no external forces and no dissipation, the
Hamiltonian typically represents the total energy of the
system and satisfies:
—=0 21
The core idea of a symplex integrator is to preserve the
symplectic structure in the phase space of a Hamiltonian
system. Intuitively, a symplex integrator does not necessarily
minimize the energy error at every step, but it preserves the
system’s geometric structure, causing the energy error to
exhibit bounded oscillations over a long period rather than a
continuous drift.
This paper considers four typical symplectic integrators:
Symplectic Euler method:

oH
Py P, (4,210 (22)
oH
qn-H :qn+At5 (qn’pn+l) (23)
Stormer-Verlet Method:
_, Mot
PP 35, (g,) (24)
oH
qnﬂ :qn+Atg (pn+%) (25)
AtoH
an:anr%_?a_q(qnﬂ) (26)
Implicit Midpoint Method:
2y =2t A VH(E) @7

wherez=(¢q.,p) andJ/ are standard symmetric matrices. This
method is an implicit symmetric formulation, which generally
exhibits good stability but requires solving a nonlinear
equation at each step.

In a Hamiltonian system, the system’s state is represented
by phase-space coordinatesz=(q,p)  €R*® , where q and p are
the generalized coordinates and generalized momentum,
respectively. The Hamiltonian canonical equations can be
expressed as:



7=IVH(z) (28)

where J is a 2dx2d standard antisymmetric symplectic

matrix,
)
O d

where $1d$ and $Od$ denote the $d$-dimensional identity
matrix and zero matrix, respectively. For a single-degree-of-
freedom system ($d=1$),

I=( (Od 29)

_Id

(30)

4. Experiments

4.1. Heat Conduction Equation: Basic PINN
and Res-PINN

Consider the one-dimensional heat conduction equation:

u=ou,,,x€[0,1],t€[0,T] (34)
The objective of this experiment is to compare the training
error and prediction accuracy of the baseline PINN and Res-
PINN. Evaluation metrics include relative > error and
training loss curves.
The relativeL? error is defined as:
gl
Ep= i

(335

Table 1. Comparison of Experimental Results for the Heat

Conduction Equation
Gauss-Legendre IRK4 method: & . Final Number of
1 \6 1 1 \5 (3 1) Method IS\Ietwork Relative Error2 Training Convergence
K1 = f(tn + (5 - ?)At, Yut At(z K] + (Z - ?)Kz )) tructure | Compared toL Loss Iterations
Baseline |\ py 9.5561e-05 | 1.3343¢-06 11,700
1 \/g 1 \/g 1 - PINN
K,=f1(, +(5+?)Af,yn + At((z"'?)Kl +ZK2)) (32)
| | Res-PINN| ResMLP 6.3097¢-05 7.1947¢-07 12,263
Vo, (5K 5 K) (33)
Training Loss Curve Comparison
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Figure 1. Comparison of training loss curves between the baseline PINN and Res-PINN

Exact Solution urefx, t)

Baseline PINN
Time t

ll!

0.0 02 0.4 0.6 0.8 10

1.0
.2!
0.0

0.0 02 04 06 08 10
Space x

o
o

Res-PINN
Time t
= o

0.2

00 00
0.0

0.2

04

Predicted ug(x, t)

0.6

Space x

Absolute Error |ug = Uef|

[T 0.000200
0.000175
0.000150
0.000125
0.000100
0.000075
0.000050

- 0.000025

- 0.000000

1 0.000200
0.000175
r0.000150
r0.000125
- 0.000100
0.000075
0.000050

0.000025

0.000000

06
Space x

08 1.0 02 0.4 0.8 10

Figure 2. Comparison of the reference solution to the heat conduction equation and the neural network’s predicted solution
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4.2. Linear Advection Equation: Standard
PINN vs. Conservation-PINN
Consider the linear advection equation:
u+cu,=0 (36)
with periodic boundary conditions. The theoretical mass
conservation equation for this problem is:

Mty u(x,) dx (37)

We experimentally compare the mass drift of the standard

PINN and the Conservation-PINN in long-term forecasts.
Mass drift is defined as:

Baseline PINN (Pred)

. 14
i / 1.2
. 1.0
. 0.8

Conservation-PINN (Pred)

R — Le
) 12
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" 0.8
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Table 2. Comparison of Experimental Results for the Linear
Advection Equation

Method Relative Error | Maximum Average | Long-Term
o Compared toL? | Mass Drift | Mass Drift | Stability
1.5908¢-01 £ |8.0327¢-03 + |4.1408¢-03
Standard PINN'| 7 50 0o 1.09¢-03 1.08¢-03 | Oeneral
Conservation- | 1.3060¢-02 % |2.7975¢-07 + |7.0410e-08% .
PINN 3.32¢-03 2.59¢-08 | 4.39¢-09 cetle
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Figure 3. Comparison of the evolution of predicted solutions over time using different methods
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4.3. Burgers Equation: Conservation-PINN

Consider the viscous Burgers equation:
ustuu,=vu,,

(39)

Table 3. Comparison of Results for DifferentA,,s s in the Burgers

Equation
Relativel? | Maximum Mass | PDE Residual .. i
Acons Error Drift Loss Training Stability
0 6.38e-02 2.05e-03 3.85e-04 Minor drift
0.1 7.19¢e-02 3.27¢-03 5.41e-04 Minor drift
1 4.54e-02 3.51e-04 1.45¢-04 Optimal
10 | 5.96e-02 3.74¢-04 3.16e-04 Iraining
Oscillations

T T
15 2.0 2.5 3.0

Time (t)
Figure 4. Mass drift curves for the standard PINN and Conservation-PINN
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Under periodic boundary conditions, the system satisfies
mass conservation. The experiment focuses on examining the
impact of Conservation-PINN on solution field errors and
conserved quantity drift for the Burgers equation, and
analyzes the sensitivity of thed,,,,-

4.4. Double-Pendulum Hamiltonian System:
RK4 and Symplexic Integrator

The double-pendulum system’s Hamiltonian can be
derived from the Lagrangian and expressed as the canonical

Hamilton equations:
._O0H ._ 2
»P

(40)
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Figure 5. Reference solution for the Burgers equation and Conservation-PINN predicted solution
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Figure 7. Variations in PDE residual loss and conservation loss under differenth,

In this paper, we use automatic differentiation to compute methods during long-term simulations.
the partial derivatives of the Hamiltonian with respect to thegq Hamiltonian drift is defined as:
and thep, thereby obtaining the right-hand side of the system.
We experimentally compare the Hamiltonian drift of RK4, Dy()=IH(q(t),p(£))—H(q(0),p(0))] (41)

Symplectic Euler, Stormer-Verlet, and Implicit Midpoint

Table 4. Comparison of Experimental Results for the Double-Pendulum Hamiltonian System

. . Time Step | Maximum Energy | Average Energy | Long-term .
Method Order of Integration | Structural Properties A Drift Drift stability Computational Cost (s)
Non-symplectic
RK4 4th-order (Non-Symplectic) 0.010 3.0631e-05 1.5035e-05 Stable 1.53
. lecti
Symplectic Euler It order (Sm&:ﬁgz) 0.010 5.5952¢-01 1.5156e-01 Stable 0.75
Stormer-Verlet 2nd order Symplectic 0010 |  24602¢-01 1.0064¢-01 Stable 1.26
(Symplectic)
Implicit Midpoint 2nd order (Smgizggg) 0.010 5.2944e-03 2.8041e-04 Stable 39.16
Gauss-Legendre Symplectic

IRKA 4th-order (Symplectic) 0.010 1.8460e-06 1.0354e-07 Stable 16.86
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Figure 10. Comparison of energy drift for different time steps

Analysis of Phenomena and Principles:

1. Local truncation error vs. long-term structural
preservation: First- and second-order low-order symplectic
integrators (Symplectic Euler, Verlet) exhibit greater
maximum energy drift than the fourth-order non-symplectic
RK4 integrator at a time step ofA¢ = 0.010. This is due to the

dominant role of truncation errors associated with the order
of the low-order integrators. However, during long-term
evolution, the energy error of the RK4 exhibits a
monotonically increasing trend, whereas the energy error of
the symplectic integrators exhibits bounded oscillations
without drift over long periods.
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2. The Absolute Advantage of High-Order Symplectic
Integrators: At the same 4th order, the maximum energy drift
of the symplectic Gauss-Legendre IRK4 (1.8460e-06) is
nearly one order of magnitude lower than that of the non-
symplectic RK4 (3.0631e-05), and its computational
accuracy does not degrade during long-term evolution.

5. Results and Discussion

5.1. Summary of Results
Table 5. Summary Table of Results for All Cases

Comparison Key K
Case b Evaluation | Optimal Method Yy
Methods . Conclusions
Metrics
2 -
Heal | pNN/Res- | L Error Res-PINN
Conduction Training Res-PINN training is
. PINN
Equation Loss more stable
Linear PINN / Conservation- Conservation
advection |Conservation-| Mass Drift PINN loss reduces
equation PINN mass drift
Solution Conservation
Burgers | Differences _ weights must
. error, mass Acons=1.0
Equation Aeons . be chosen
drift .
appropriately
Implicit Midpoint
/ Stérmer-Verlet
Double- RK4 / o (long-term Chin integrator|
endulum Symplex Hamiltonian structural offers better
ps stem inteorator drift stability); RK4 long-term
Y & (local accuracy stability
with small step
sizes)

5.2. Analysis of Results

First, in PDE problems, the conservation loss can reduce
conservation drift to a certain extent. Although standard
PINNs constrain the properties of local solutions via PDE
residuals, conservation quantities may still exhibit deviations
in the integral sense due to training errors, sampling errors,
and network approximation errors. After adding conservation
constraints, the model is subject to additional restrictions at
the global physical quantity level, thereby offering certain
advantages in long-term prediction tasks.

Second, Res-PINN primarily improves the network
optimization process rather than directly altering the form of
physical constraints. For relatively simple problems such as
the heat conduction equation, residual connections can
improve the network optimization process, making the
training process more stable and reducing prediction errors to
some extent. However, for problems requiring strict
conservation, simply adjusting the network architecture
cannot guarantee the long-term stability of conserved
quantities.

Third, in Hamiltonian systems, symplex integrators offer
certain advantages for long-term qualitative simulations. The
RK4 method achieves high local truncation accuracy;
however, because it does not preserve the symplectic structure,
Hamiltonian drift may occur during long-term integration. In
contrast, symplex integrators preserve the phase-space
structure, causing the energy error to typically manifest as
bounded oscillations.

Finally, PDE conservation-constrained PINNs and
Hamiltonian-based symplex integrators embody two distinct
approaches: the enhancement of physical constraints and the
preservation of  geometric  structure, respectively.
Conservation-PINN  explicitly  incorporates  physical
constraints into the model’s loss function, whereas the
symplex integrator preserves the system’s geometric structure
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at the time-discretization scheme level. The former leans
toward “training objective constraints,” while the latter leans
toward “numerical scheme design.” Both approaches
demonstrate that, in scientific computing, focusing solely on
point-state errors is insufficient; it is also necessary to
consider whether the intrinsic structure of the physical system
is preserved.

6. Conclusion

This paper presents a comparative study of physical
constraint enhancement methods in Physical Information
Neural Networks (PINNs) and geometric structure
preservation methods in Hamiltonian systems.For PDE
solving problems, this paper introduces the basic frameworks
of the basic PINN, Res-PINN, and Conservation-PINN, and
analyzes the impact of conservation constraint terms on the
physical consistency of the model through the linear
advection equation and the Burgers equation. For
Hamiltonian systems, this paper compares the performance of
RK4 with various symplex integrators in long-term numerical
simulations and discusses the role of preserving the
symplectic structure in improving long-term integration
stability.

The main conclusions of this paper are as follows:

(1) In PDE solver problems, the introduction of
conservation constraints can, to a certain extent, reduce global
physical quantity drift during the PINN prediction process
and improve the model’s physical consistency. However, the
effectiveness of conservation constraints is influenced by
factors such as loss weights, training accuracy, and sampling
strategies, and requires reasonable adjustments based on the
specific problem.

(2) Res-PINN improves the optimization process of the
neural network through residual connections, thereby
enhancing the training stability of the PINN model and
reducing prediction errors. However, network structure
optimization primarily affects the model’s approximation
capability and cannot replace constraint methods designed for
specific physical structures.

(3) For Hamiltonian systems, the symplex integrator
preserves the symplectic structure in the system’s phase space,
causing the energy error to typically exhibit bounded
oscillations during long-term integration. Compared to non-
symplectic integration methods, the symplex integrator offers
certain advantages in long-term qualitative simulations;
however, its numerical accuracy remains subject to factors
such as the order of integration and time step size.

This paper still has certain limitations. First, the validation
is primarily conducted on typical low-dimensional examples
and has not yet been extended to more complex high-
dimensional PDEs or real-world engineering problems.
Second, the selection of conservation loss weights in
Conservation-PINN still relies on experience and lacks a
more systematic adaptive adjustment strategy. Finally, this
paper primarily discusses the connection between the PINN
physical constraint method and the Hamiltonian structure-
preserving method; it has not yet further investigated methods
for their deep integration, such as structure-preserving
learning frameworks like the Hamiltonian Neural Network
and the Symplectic Neural Network.

Future work could be conducted in the following directions:
First, conducting validation on more complex fluid dynamics
problems, such as the Navier-Stokes equations and
compressible flow problems; second, investigating adaptive



loss weight adjustment methods to improve the training
efficiency of physical constraints; and third, exploring the
integration of PINN with geometric structure-preserving
methods to construct scientific machine learning models that
simultaneously satisfy physical conservation laws and
geometric constraints.
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