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Abstract: To help teaching and learning of Fourier transforms in digital image processing courses, an approach to the Fourier 
transforms from a standpoint of linear algebra is presented. After representing a periodic sequence by a circulant matrix, the 
periodic convolution can be formulated in terms of matrix multiplication, and finally, the Fourier transform is written in a form 
of matrix diagonalization. As a comparison, summation formulas are prevalent in traditional courses on signals and systems and 
matrices are scarcely found in textbooks of digital signal processing. We hope that this approach will make the Fourier transform 
easier to teach and learn in digital image processing courses. 
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1. Introduction 
The Fourier transform is usually taught in a signals and 

systems course or a digital signal processing course [1,2,3,4], 
and it is also an important topic in digital image processing 
courses [5]. But the emphasis and perspective in these courses 
are different. In a signals and systems course, four kinds of 
Fourier representations, including continuous-time Fourier 
transform, continuous-time Fourier series, discrete-time 
Fourier transform, and discrete-time Fourier series are all 
discussed and studied thoroughly, while in a digital signal 
processing course more emphasis is placed on discrete-time 
Fourier transform and series. The discrete-space Fourier 
series, or 2D DFT is the most relevant to a digital image 
processing course. In addition, a digital image processing 
course focuses on two-dimensional transforms while signals 
and systems courses and digital signal processing courses 
only consider one-dimensional transforms. Consequently, 
teaching the Fourier transform in digital image processing 
courses is different from teaching it in signals and systems 
courses and digital signal processing courses. 

In this article, an approach to the Fourier transform for 
digital image processing courses is presented. Among the 
many properties of Fourier transform, the most relevant to 
digital image processing perhaps is the Parseval’s theorem 
and the convolution theorem, so periodic convolution must be 
emphasized. In signals and systems courses and digital signal 
processing courses, matrix algebra is seldom used, but linear 
algebra must have its place in a digital image processing 
course since the natural representation of a digital image is an 
array. In light of these considerations, we borrow the 
approach used in [6], in which the Fourier transform is 
discussed from the angle of circulant matrices. 

The rest of this article is organized as follows. In Section 2 
one-dimensional periodic sequences are considered since 
they are the basis for understanding periodic convolution and 
discrete Fourier transform. The emphasis is on the circulant 
matrix representation of a periodic sequence. One-
dimensional periodic convolution is presented in Section 3, 
focusing on the fact that the convolution sum changes into 
matrix multiplication for the circulant matrix representation. 
Building upon Section 2 and Section 3, the one-dimensional 
Fourier transform is given in Section 4. Instead of the 

summation formulas in signals and systems courses and 
digital signal processing courses, the Fourier transform are 
represented from an viewpoint of matrix. Section 5 gives a 
similar matrix-based exposition of the two-dimensional 
Fourier transform through doubly block circulant matrices 
and the Kronecker product.  We draw our conclusion in 
Section 6. 

2. One-dimensional Periodic Sequences 
A periodic sequence is a sequence ሼݔ௡ሽ௡ୀିஶஶ   such that  

௡ାேݔ ൌ  .௡, where ܰ is a positive integer called the periodݔ
A periodic sequence can be represented by a column vector  

ሾݔሿ ൌ ሾݔ଴ ⋯  ேିଵሿ୘,            (1)ݔ

or a circulant matrix 

܆ ൌ ൥
଴ݔ ⋯ ଵݔ
⋮ ⋱ ⋮

ேିଵݔ ⋯ ଴ݔ
൩                 (2) 

Note that the first column of ܆ is ሾݔሿ. A circulant matrix is 
a square matrix such that the second column is the circularly 
shifted version of the first column, the third column is the 
circularly shifted version of the second column, so on and so 
forth. From either the column vector representation ሾݔሿ  or 
the circulant matrix representation ܆  we can recover the 
original periodic sequence ሼݔ௡ሽ௡ୀିஶஶ . The relation between a 
periodic sequence ሼݔ௡ሽ௡ୀିஶஶ   and its circulant matrix 
representation ܆ can be written in a formula:  

܆  ൌ ∑ ே۾௡ݔ
௡ேିଵ

௡ୀ଴ ,                 (3) 

where ۾ே ൌ ൤
0 1

۷ேିଵ 0൨, here ۷ேିଵ is the identity matrix of 

order ܰ െ 1. In a word, there is a bijection between periodic 
sequences and circulant matrices, and we can switch from one 
to the other back and forth whenever necessary. 

3. One-dimensional Periodic 
Convolution 

For the set of periodic sequences with the same period, we 
can define some operations which receive one or two periodic 
sequences as input and return another periodic sequence as 
output. Given a periodic sequence ݔ and a real number ܿ, the 
scalar multiple ܿݔ  of ݔ  by ܿ  is another periodic sequence 



 

191 

obtained by multiplying each component of ݔ  by ܿ . Given 
two periodic sequences ݔ and ݄, their sum ݔ ൅ ݄ is another 
periodic sequence obtained by adding corresponding 
components of ݔ and ݄.  

The most important operation is the periodic convolution. 
Suppose ݔ  and ℎ  are periodic sequences with the same 
period ܰ, then their periodic convolution, denoted as ݔ ⊛ ݄, 
is defined to be another periodic sequence ݕ , where ݕ௡ ൌ
∑ ௞݄௡ି௞ݔ
ேିଵ
௞ୀ଴  . The periodic convolution satisfies the 

following properties. ݔ ⊛ ݄ ൌ ℎ⊛ݔ, ሺݔ ⊛ ݄ሻ⊛ ݃ ൌ ݔ ⊛
ሺ݄ ⊛ ݃ሻ , ݔ ⊛ ሺ݄ ൅ ݃ሻ ൌ ݔ ⊛ ݄ ൅ ݔ ⊛ ݔ , ݃ ⊛ ሺ݄ܿሻ ൌ
ሺܿݔሻ ⊛ ݄ ൌ ܿሺݔ ⊛ ݄ሻ, where ܿ is a real number. 

The periodic convolution can be written in terms of matrix 
multiplication. Let the circulant matrix representation of ݔ 
be ܆, and the column vector representation of ݄ be ሾ݄ሿ, then 
the column vector representation of ݔ ⊛ ݄ is ܆ሾ݄ሿ. Let the 
circulant matrix representations of ݔ  and ݄  be ܆  and ۶ 
respectively, then the circulant matrix representation of ݔ ⊛
݄ is ۶܆. In a word, the set of periodic sequences equipped 
with periodic convolution is isomorphic to the set of circulant 
matrices equipped with matrix multiplication. As a result, the 
properties of matrix multiplication is shared with periodic 
convolution. For example, ۶܆ ്  ܆ for most matrices  ܆۶
and ۶, but if they are both circulant then ۶܆ ൌ  since the ,܆۶
periodic sequence corresponding to ܆  commute with the 
periodic sequence corresponding to ۶. 

4. One-dimensional Fourier 
Transforms 

It can be verified that ݓே
ି௞ is an eigenvalue of ۾ே, with 

the associated eigenvector being ൫ݓே
଴௞,ݓே

ଵ௞,⋯ ேݓ,
ሺேିଵሻ௞൯ , 

where ݇  is an integer, ݓே ൌ ݁௝
మഏ
ಿ  , ݆ଶ ൌ െ1 . It should be 

emphasized that there are ܰ  eigenvalues of ۾ே , since 

ேݓ
ିሺ௞ାேሻ ൌ ேݓ

ି௞  as a result of ݓே
ே ൌ 1 . From this fact and 

Equation (3) it follows that ݔො௞ is an eigenvalue of a circulant 
matrix ܆ , with the associated eigenvector being 

൫ݓே
଴௞, ேݓ

ଵ௞,⋯ ேݓ,
ሺேିଵሻ௞൯, where  
ො௞ݔ ൌ ∑ ௡ேିଵݔ

௡ୀ଴ ேݓ
ି௡௞.                 (4) 

Now we can say that the Fourier transform of a periodic 
sequence ݔ  is another periodic sequence ݔො  obtained from 
the eigenvalue of the circulant matrix representation of ݔ . 
Note that Equation  (4) gives the forward transform from ݔ 
to ݔො , where ݇  ranges over all integers. Since ݔො  is also a 
periodic sequence, it has a column vector representation ሾݔොሿ. 
Equation (4) may be rewritten in a form of matrix 
multiplication:  

ሾݔොሿ ൌ ۴ேതതതሾݔሿ,                  (5) 

where ۴ே is called the Fourier matrix, whose ሺ݊, ݇ሻ-entry 
is ݓே

௡௞ . Note that here ݊  and ݇  both start from 0. Since 
۴ே
୘ ൌ ۴ே and ۴ே۴ே

ୌ ൌ ܰ۷ே,  

ሾݔሿ ൌ
ଵ

ே
۴ேሾݔොሿ.                (6) 

Rewrite Equation (6) in terms of components, we have the 
inverse transform from ݔො  to ݔ  represented in terms of 
components: 

௡ݔ ൌ
ଵ

ே
∑ ேݓො௞ݔ

௡௞ேିଵ
௞ୀ଴ .                 (7) 

From Equations (5) the Parseval’s theorem can be proved 
directly:  
∑ ො௞|ଶݔ|
ேିଵ
௞ୀ଴ ൌ ሾݔොሿୌሾݔොሿ ൌ ሾݔሿୌ۴ே

୘۴ேതതതሾݔሿ ൌ ሾݔሿୌܰ۷ேሾݔሿ ൌ

ܰሾݔሿୌሾݔሿ ൌ ܰ∑ ௡|ଶேିଵݔ|
௡ୀ଴ . The Fourier transform can also be 

written in a form of diagonalization: 
diagሺሾݔොሿሻ ൌ ۴ே

ିଵ۴܆ே,                (8) 

܆ ൌ ۴ேdiagሺሾݔොሿሻ۴ே
ିଵ,              (9) 

where diagሺ܉ሻ  is the square diagonal matrix with the 
elements of vector ܉ on the main diagonal. Let ݔ and ݄ be 
two periodic sequences, ݕ ൌ ݔ ⊛ ݄. 

then ܇ ൌ ۶܆ ൌ ۴ேdiagሺሾݔොሿሻ۴ே
ିଵ۴ேdiag൫ൣ ෠݄൧൯۴ே

ିଵ ൌ
۴ேdiagሺሾݔොሿሻdiagሺሾ ෠݄ሿሻ۴ே

ିଵ , so diagሺሾݕොሿሻ ൌ
diagሺሾݔොሿሻdiagሺሾ ෠݄ሿሻ. This is just the convolution theorem. In 
a word, the Fourier transform is the eigenvalues of a circulant 
matrix. 

5. Two-dimensional Fourier 
Transforms 

The two-dimensional Fourier transform follows the same 
line with the one-dimensional Fourier transform. Let's repeat 
what we have done from Section 2 to Section 4, but this time 
focusing on the case of two dimensions.  

A two-dimensional periodic sequence is a sequence 
ሼݔ௡భ,௡మሽ௡భ,௡మୀିஶ

ஶ   such that ݔ௡భାேభ,௡మାேమ ൌ  ௡భ,௡మ , whereݔ

ଵܰ  and ଶܰ  are positive integers called the periods. The 
column vector form of ݔ  is vecሺሾݔሿሻ , where vecሺۯሻ  is a 
column vector obtained by vertically stacking the columns of 
the matrix ۯ and 

ሾݔሿ ൌ ൥
଴,଴ݔ ⋯ ଴,ேమିଵݔ
⋮ ⋱ ⋮

ேభିଵ,଴ݔ ⋯ ேభିଵ,ேమିଵݔ
൩              (10) 

Note that the same notation ሾݔሿ stands for the sequence ݔ 
in a whole period, so for a one-dimensional sequence it is a 
vector while for a two-dimensional sequence it is a matrix. 
The matrix representation ܆ of ݔ is a doubly block circulant 
matrix 

܆ ൌ ൥
଴܆ ⋯ ଵ܆
⋮ ⋱ ⋮

ேమିଵ܆ ⋯ ଴܆
൩                   (11) 

where ܆௡మ ൌ ൥
଴,௡మݔ ⋯ ଵ,௡మݔ
⋮ ⋱ ⋮

ேభିଵ,௡మݔ ⋯ ଴,௡మݔ
൩ . The two-

dimensional version of Equation (3) is 
܆ ൌ ∑ ∑ ேమ۾௡భ,௡మ൫ݔ

௡మ ⊗ ேభ۾
௡భ൯ேమିଵ

௡మୀ଴
ேభିଵ
௡భୀ଴

        (12) 
where ⊗ denotes the Kronecker product. 
If ݔ  and ℎ  are periodic sequences sharing the same 

periods ଵܰ and ଶܰ, then their periodic convolution, denoted 
as ݔ ⊛ ݄ , is defined to be another periodic sequence ݕ , 
where ݕ௡భ,௡మ ൌ ∑ ∑ ௞భ,௞మ݄௡భି௞భ,௡మି௞మݔ

ேమିଵ
௞మୀ଴

ேభିଵ
௞భୀ଴

 . The two-
dimensional periodic convolution can also be represented in 
terms of matrix multiplication. If ݕ ൌ ݔ ⊛ ݄ , then 
vecሺሾݕሿሻ ൌ ܇ vecሺሾ݄ሿሻ  and܆ ൌ -Analogous to the one . ۶܆
dimensional case, there is a bijection between the world of 
periodic sequences and the world of doubly block circulant 
matrices, and this bijection maps periodic convolution to 
matrix multiplication. 

Similar to the one-dimensional case, ݓேభ
ି௞భݓேమ

ି௞మ  is an 
eigenvalue of ۾ேమ⨂۾ேభ , with the associated eigenvector 

being ቀݓேమ
଴௞మ, ேమݓ

ଵ௞మ,⋯ ேమݓ,
ሺேమିଵሻ௞మቁ⨂ቀݓேభ

଴௞భ, ேభݓ
ଵ௞భ,⋯ ேభݓ,

ሺேభିଵሻ௞భቁ , 

where ݇ଵ and ݇ଶ are integers. From this fact and Equation 
(12) it follows that ݔො௞భ,௞మ  is an eigenvalue of a circulant 
matrix ܆ , with the associated eigenvector being 
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൫ݓேమ
଴௞మ, ேమݓ

ଵ௞మ,⋯ ேమݓ,
ሺேమିଵሻ௞మ൯⨂൫ݓேభ

଴௞భ, ேభݓ
ଵ௞భ,⋯ ேభݓ,

ሺேభିଵሻ௞భ൯ 
where  

ො௞భ,௞మݔ ൌ ∑ ∑ ேభݓ௡భ,௡మݔ
ି௡భ௞భݓேమ

ି௡మ௞మேమିଵ
௡మୀ଴

ேభିଵ
௡భୀ଴

      (13) 
Here the eigenvalue ݔො௞భ,௞మ  is also called the Fourier 

transform of ݔ௡భ,௡మ. Letting the ݇ଵ and ݇ଶ take values in the 
set of all integers, we can say that the Fourier transform of a 
periodic sequence is another periodic sequence with the same 
periods. 

Equation (13) may be rewritten in terms of matrix 
multiplication as  

ሾݔොሿ ൌ ۴ேభതതതതሾݔሿ۴ேమതതതത                      (14) 
It follows from Equation (14) that 

ሾݔሿ ൌ
ଵ

ேభேమ
۴ேభሾݔොሿ۴ேమ                   (15) 

Rewrite Equation (15) in terms of components, we have the 
inverse transform from ݔො  to ݔ  represented in terms of 
components: 

௡భ,௡మݔ ൌ
ଵ

ேభேమ
∑ ∑ ேభݓො௞భ,௞మݔ

௡భ௞భݓேమ
௡భ௞మேమିଵ

௞మୀ଴
ேభିଵ
௞భୀ଴

     (16) 

The two-dimensional Fourier transform can also be written 
in a form of matrix multiplied by vector: 

vecሺሾݔොሿሻ ൌ ሺ۴ேమതതതത⨂۴ேభതതതതሻvecሺሾݔሿሻ          (17) 

vecሺሾݔሿሻ ൌ
ଵ

ேభேమ
ሺ۴ேమ⨂۴ேభሻvecሺሾݔොሿሻ      (18) 

From Equations (17) the Parseval’s theorem can be proved 
directly:  

∑ ∑ หݔො௞భ,௞మห
ଶேమିଵ

௞మୀ଴
ேభିଵ
௞భୀ଴

ൌ vecሺሾݔොሿሻୌvecሺሾݔොሿሻ ൌ
vecሺሾݔሿሻୌሺ۴ேమ⨂۴ேభሻሺ۴ேమതതതത⨂۴ேభതതതതሻvecሺሾݔሿሻ ൌ

vecሺሾݔሿሻୌ ଵܰ ଶܰሺ۷ேమ⨂۷ேభሻvecሺሾݔሿሻ ൌ

ଵܰ ଶܰvecሺሾݔሿሻୌvecሺሾݔሿሻ ൌ ଵܰ ଶܰ ∑ ∑ หݔ௡భ,௡మห
ଶேమିଵ

௡మୀ଴
ேభିଵ
௡భୀ଴

. 
The two-dimensional Fourier transform can also be written 

in a form of diagonalization: 
diagሺvecሺሾݔොሿሻሻ ൌ ሺ۴ேమ⨂۴ேభሻ

ିଵ܆ሺ۴ேమ⨂۴ேభሻ    (19) 

܆ ൌ ሺ۴ேమ⨂۴ேభሻdiagሺvecሺሾݔොሿሻሻሺ۴ேమ⨂۴ேభሻ
ିଵ    (20) 

Let ݔ and ݄ be two periodic sequences, ݕ ൌ ݔ ⊛ ݄, then 

 
܇ ൌ ۶܆ ൌ ሺ۴ேమ⨂۴ேభሻdiagሺvecሺሾݔොሿሻሻሺ۴ேమ⨂۴ேభሻ

ିଵሺ۴ேమ⨂۴ேభሻdiagሺvecሺሾ ෠݄ሿሻሻሺ۴ேమ⨂۴ேభሻ
ିଵ ൌ

ሺ۴ேమ⨂۴ேభሻdiagሺvecሺሾݔොሿሻሻdiagሺvecሺሾ ෠݄ሿሻሻሺ۴ேమ⨂۴ேభሻ
ିଵ, so diagሺvecሺሾݕොሿሻሻ ൌ diagሺvecሺሾݔොሿሻሻdiagሺvecሺሾ ෠݄ሿሻሻ. 

 
This is just the convolution theorem. 

6. Conclusion 
The Fourier transform in digital image processing courses 

is presented from an angle of matrix algebra. Instead of the 
summation formulas typically used in courses on signals and 
systems and digital signal processing, matrix multiplication is 
employed to encapsulate additive and multiplicative 
operations, resulting in a concise representation. What is more, 
the Fourier transform is the eigenvalues of a circulant matrix 
and can be represented in a matrix diagonalization form. In 
this manner, students can leverage their knowledge from 
linear algebra courses, making it easier for them to grasp the 
fundamental concepts of Fourier transform in the digital 
image processing course. 
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