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Abstract: Let a,b,8cR with b<a-1, B=>1. This article uses the exponential pair principle and Vinogradov method

to first obtain some bound exponential sums of the type Z e(T? /n") where N <N <2N,and then derives the asymptotic

N<n<N

>

mn® <x’

formula of

mn <x”

Emnb. The asymptotic formula of Y. mn’ is an important tool for studying the mean estimation of the

exponential divisor functions and divisor functions. By using the asymptotic formula of > mn’, we can derive more accurate

mn® <x”

mean estimates of the divisor function and exponential divisor function. Therefore, with the help of the asymptotic formula of

)

mn <x”

solutions for more number theory problems.

]mnb , we can have a deeper understanding of the divisor function and exponential divisor function, and then provide
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1. Introduction

Let a,b,feR " with b<a-1, B>1,¢ denotes the

Riemann zeta-function. Y.-F. S. Pétermann and J. Wu [!!
derived the following asymptotic formula using the
exponential pair principle and Vinogradov method:

z mn® :%§(2a—b)x2 +A(a,b;x), (D

mn® <x

Where

2
A(a,b;x) < x(logx)s b=a-1,
x b<a-1.

2

And the asymptotic formula was applied to obtain the
asymptotic formula for the exponential divisor function.
Some number theorists [>%lused the exponential pair principle
and Vinogradov method to solve the mean problem of divisor
functions and Euler functions. This article mainly extends

z mn’ by z mn”

mn” <x mn® <x

extending mn® <x in to

mn“ < x” | obtaining a more general asymptotic formula for
> mn”. Similarly, based on Y- F. S. Pétermann and J. Wu's

mn® <x”
research, the following results are obtained.

Theorem 1 Let a,b,feR with b<a-1, g>1, ¢
denotes the Riemann zeta-function. We have

Y mn’ = %{(241 ~b)x* + A(a,b;x), 3)

mn® <x’

where

60

x” (log x)*”

b=a-1
A(a,b;x) <<{ @
xﬂ

b<a-1.

“)

2. Preliminary Lemmas

Lemma 2.1 Let a,b, R’ with b<a-1, p=>1,
¢ denotes the Riemann zeta-function, we write [¢] for the

integer part of ¢, {r} for the decimal part of 7. w(t) for

{t} —% . We have

, 1 2w 1 x’
2 mn =5§(2a—b)x D 2
n n

mn® <x”
B+pb
+0| x ¢ |

. . 1
Proof. Using the relation [t]=¢—-w(¢) 5 we have

)

Z mnb
B

= Zﬂnb > m

a <y
mn" <x m<

n<x?

1
— +1
2 2 nf n”] )

1 x’ x’ 1) x* x? 1
— E: nb A TN _ -
2 ¢ n® v n’ ) 2 N\ n® 4 n’ ) 2

n<x

B+pb

a).

1 x?
v (n_“) +0(x

= lg(2a b -x* Y
2 2pf

This completes the proof of lemma 2.1.
Lemma2.2Let feR" with f>1, 2<z <z, <x’

and F(t):=(1/t)w(x” /"), Denote by V,[z,,z,] the total



variation of F on[z,z,]. Then

¥*
Vilz,z, 1< —t—
Z |

(6)

Proof. If z =1t <t <---<t, =z, isa partition of the in

[z,,2,], then

b\t ) e (6
B n
tk tk—] tk

Since  (¢)<1forall ¢, we have

(7

)
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<X (l—ij
NG Lo
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2 ———y xa
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<
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<
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On the other hand, since  (¢) is of period 1, we have

n 13
- tk 1 k k 1
1 Vi
< — (S +1¥,[0,1] )
Z 0z
x’ 1
< 2( e +—).
1 Zl

Substituting equations (8) and (9) into equation (7). This
completes the proof of lemma 2.2.

Lemma 2.2 ! Let M and P be integers, P being positive.
f(¢) be a real function having a continuous (k+1)th
derivative, k>2, in the interval [M,M + P]. Support that
there exist positive absolute constants ¢,,c,,c,,c;, and c,
such as ¢,<1,
that ck<r<k ; and number s, > 2(j=1,
exceeding k , such as for M <¢t< M + P the following
inequalities are satisfied:

(i)|f(k+1)(t) / (k+1)|| < P_Cl(]”']);

¢,<l and c,+c, <c,. An integer r such

r) not

(i) P < ‘ 01, !‘ <P (=10,

Then for each positive integer F, not exceeding P, we

have

> e(f(my)|< AP, (10)

M<m<M+PR -1

where A>0and ¢ >0 are absolute constants.
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Lemma24Let a>0, e(7)= , feR’" with g>1,
elOO(aH)/(l—{a}) max{l,ailow(l a})} <N< N <2N

and let 77 > N'"*' Then there exists a positive constant
¢; such that
Y. eI’ /n") < Nexp{-c;log’ N /log*(T” | N)}.

N<n<N’

n
T’ .
Proof. We apply Lemma 2.3 to f(¢):=— with M =N,
t{l

P=N, B =N'-N.For this, we choose

1 49 + {a} 77 +23{a} 1
CO: s Clz ) =TT C3:—,
1000 50 100 4
. I-{ay  _|_100 log(T” / N“)
Y100 1-{a} logN |

And take the s; to be all integers s such that

2 log(Tﬂ/N“)<S< 4 log(T” /N%)
1-{a} logN ~ ~1-{a} logN

Obviously, thenumber r of s, isbetween ¢k and k.

. % . o
Next, we shall verify that f(#) = — satisfies the conditions
tll

(1) and (ii) of Lemma 2.3 with the parameters chosen above.
For condition (ii), when N <t < 2N , we have

(k+1) K+
—f (t) :H(l“l‘aéleﬂtakl
(=1

(k+1)!
< e\afl\(log(k +1)+1)TﬂN—a7k71

=N,
where
log(T” / N*) _|a—1](log(k +1)+1)
log N log N
. (99+{a} _(1og(k+1)+1)(1—{a})](k+1)
100 100(k +1)
49+{a}

nm=k+l-

T k1) =c (k+1),

Then

(k+1)
A0
(k+1)!
For condition (ii), when N <¢<2N, we first determine
(s7) ‘

s, = l/(1+an)Tﬂt “s

>min{a,1}" T/ (2N) "

—c; (k+1) — P—q (k+1)

the lower bound of

:N—'iz’
where
log(T” / N*) logmin{a,1 log 2
m=s, - g( ) logmin{ }SJ_ g (s, +a)
log N log N log N
S77+23{a}s.
100 /
=0,8;,

Then we determine the upper bound of ‘ 0/ s S !‘ ,



(S/) S _
SO e e
s].! (=1 14

< e\afl\(lugst)TﬁNfafs]
<N,
where
log(T” /N*) |a—-1|(logs,+1)
S log N - log N
>ls _|a—1|(logsj+1)
2 100(a+1)
>— ! —S5. =0, .
4 J 37
Then we have
P =N <] £ /s IS N = P

According to Lemma 2.3, there exists two positive
constants A and k& such that

> eI’ /n")| < AN"F

N<n<N'

< ANexp{—c5 log® N /log*(T” /N“)},

where ¢ =c(1— {a})* /10000 . This completes the proof
of lemma 2.4.
Lemma 2.5 Let feR" with f>1,

exp{c*(logx)”} SN/ N <N <2N,
We have

a>0,

> —!//( j<< e <o eM e’ (o0 Y / (log x)®,  (12)

N<n<N' I

-2
3
where ¢, =| f+——— p ¢, ¢ =(3¢/5) "
([a] +l)

¢s =c(1-{a})’ /10000 .

Proof. By invoking a classical result ony (t) we can write,
forany H >1,

> 1//(x/n)<<NH + X h e(hx/n)\
N<n<N' 1<h<H N<n<

< N(H_ +efcs(logN) /log? (Hx/‘/zv )logH).
An application of Lemma 2.4 with 77 = hx” yields
Y w( In)

N<n<N'

< N( o 0e N [og? | cs(log Ny log(a 7 10 log H)

— —c. 3 2 B a
. N(H 14 oesloaN) log? (s /N )logH).

Let H—exp{(logN) / (log x)° } X7 hen
X y("/n")
N<n<N'

<N (e’“"g’v P og” . gmcallog V)" (g’ (log N)* /(log x)2 ),

¢, 1s small enough to ensure that the first equation can be
absorbed by the second equation. Since
exp {c*(log x)m} <N < x|

we have
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oy In)< Ne1eeM /o) (100 A1) / (Tog x)’ .

N=zn<N

So
< @ o teN I’ (100 A1) / (log x)2.
This completes the proof of Lemma 2.5.

3. Proof of the Theorem 1

il

N<n<N' 1

ezl

N<n<N

o= 2

n<xPep

Proof. Let

a-b

xP
l/l( ] , according to the

Lemma?2.1, we have

mn <x”

Divide

B+pb
Z mn :—4'(261 b)x* —5x" +O[x @ j

b in into two cases: b<a-1 and

> mn®

mn <x”

b<a-1.
When b<a-1, dueto

n<xﬁ/ n
Therefore
Zﬁmn ——g(za b)x* +0(x"). (13)
.. 1 X7
When b=a-1, we divide 6= Z/ —y|— | into
n<xPep n

three cases:

1 x?
o= nﬁé“‘ naib l//[ n’ J

x’ 1 (xf 1 (xf
n<wy 1l W <n< ) n n<wy 1l n

=0, +52+53,

where  w, =w,(x) =exp {c*(log x)m} . The following

will prove one by one that

o=2— l//( ﬁj«(logx)z/3

n<wy, 11
1 ‘// x”
na

ﬂ
Z —y| — |<1.
n<wy, 11

2/3

5= X

Wy <n<xﬂ/

] < (logx)*?,

[a]+1)

and

Firstly, we prove that o, < (logx)”™ . According to

W, = exp {c* (log x)m} , we have

s 1
6 =2— w(x j < Y —<logw, < (logx)™” .
n<wy, n<wy, n1

2/3

Next, we prove the inequality of &, < (logx) For



1
[a]+2< j<J:=[—(logx)"], we consider the sum
c

1 x?
o= X —yl—|
X <n<xP'UN p n

Let N, ;= 20xP Lj
range of L values, L satisfies inequality N,  <x”'V™"
<N

L+1,j°

is a positive integer within the

Then we have
L, <((a+1)/alog2),;?plogx,
j'Blogx<logN, <((a+1)/a)j" flogx.
For j=[a]+2,...,J and (=0,1,...,L;, . Using the
Lemma 2.5 with

N,

(41,

1 (X'
>y
Ny j<n<Nyy ;N n

We consider the function 6(f):= £ e
d'(t)>0 holds when 0<zt<J ,
function in the interval (0,.J].Then

0=0,...,.L, -1,
(=L,

then we have

=3
0, < L, max < e P (log x)*.

0</<L;

Since

@(t) is an increasing

—ceJ " logx 75 2
o, <e T (logx)” .
In addition, we find that

1 (xf
Y~y — |
wo<n<x'’ 1 n’

<<log(xw/w0)+1/w0

x

wo<n<x' 1

1/3

< (logx)"".

5 1 (xf
_V/ _
wuénéxﬁ/([n]ﬂ)n I’la

= X 0'j+0((logx)”3)

[al+2< <]
< (logx)™”.
Finally, we prove that J, <<1.Let F(¢) be a function of

bounded variation on [n,n+1] for each integer n, then we

Thus, we obtain

0, =

write
: 1
Y Fm=I2 F(t)dt+E(F(zl) +F(2,))+ 0V [2,2,)).
Let F()=w(x"/t)/t Using Lemma 2.2 with

B

z, =[2(x)], z, =[x""] and u:j—a we obtain
1 (X’ 1 -y(u ¥ 1 oz
2 —l//[—a]==—flmdu+0( STt ).
z<n<x" 1 n a u z; z X
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B
Putting z, = x!/"", we have

1 x?
S, = > —y|—|xl.
} Xﬁ/([uw)qgwnw n’

Then

B
5= 2 ly/[x—] < (logx)™”.

n<x?"n na

When b=a-1, we obtain

, 1 v o 1 (¥ £iph
> mn =E;’(2a—b)x —x z/:} —W| —|+0|x °
n<x”"*p n

mn® <x”
-1 £(2a-b)x*’ +0((logx)™*)
> .

This completes the proof of Theorem 1.

4. Conclusion

The asymptotic formula of X ﬁmnb plays an important
mn® <x

role in studying exponential divisor functions and divisor

functions. This article mainly uses the exponential pair

principle and Vinogradov method to obtain the asymptotic

formula of Y mn”, further extending Y. mn”. On this

mn <x” mn® <x

basis, we can deeper study the mean estimation of the divisor
functions and exponential divisor functions.
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