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Abstract: Let /1‘ , ﬂz , 23 s 24 , 25 be non-zero real numbers, not all negative, and let /71 / ﬂz be irrational and algebraic. Let

V' be a well-spaced sequence and & > 0 .We prove that for any given & > 0 ,the number of v satisfying v € }/ and
3 3 3 4 4 -5 S

&pl +ﬂQp2 +ﬂgp3 +ﬂ4p4 +ﬂsp5 —V‘ <V has no solution in primes p,, p, ,p;, P, » P does not

exceed 0( X17/18+25+5)

vy < X for which

Keywords: Diophantine inequalities; Davenport-Heilbronn method; prime.

1. Introduction E(V,N,8)< Xyl (1.1)

In the field of number theory, Diophantine approximation
and prime number theory are two important research Theorem 1.2 Let ﬂl ’ /12 ’ 23 ’ 14 > 25 be non-zero real

directions, and many analytic number theorists have  numbers that are notall negative A, and 4, /A, are irrational
established in-depth research on them and achieved

. . 1 i Y 11-
corresponding results. In 1996, Briidern[! et al first studied and algebraic numbers. }” is a well-spaced sequence, & > 0

the exception set problem of prime variable bilinear type. and for any ¢ > 0 , there is a sequence NV; — 0 satisfied
Later, Cai Yingchun®?' and Wang Yuchao B! made further
improvements to this. In 2001, Cook ™ et al. studied the E(V,N,é') < X}+2571/18+8' (12)

problem of the exception set of quadratic prime variables
Diophantine inequalities. Later, Harman B! further improved
this. In recent years, Cook®l, Li Weiping and Wang Tianzel"], Further, if an irrational number A4 / A, is rationally
Li Weiping™® et al. and Mou Quanwu ' and other studies have approximated to the denominator of the fractional sequence
also proved some related problems related to the mixed o .
. . q,, itis satisfied

powers of prime variables.

For the sake of research, a definition of a good interval is

first introduced. If there are normal numbers ¢ > 0 such that 9.0 <4q,, (1.3)
V any two unequal positive real numbers inU the pair, V ,
there are|u — v| > ¢, and the increasing sequence of positive Where @ € [(),1) , then, to any N >1 ande > 0, there
real numbers )V is called a well-spaced sequence. is

Let4,,4,, 4, 4,, A5 be non-zero real numbers that are not

1+20-y+¢
all negative, 4, / A, and are irrational and algebraic numbers £ (V N, 5) <X : (1.4)
V is a well-spaced sequence that & > 0 denotes Wh
ere
E(V,N,5) the set of and so Ap; +A p;+Ap; +
4 4 -5 . . . —

/7,4p4 +/15p5 —v‘ <V = that the inequality of prime 7 =min l-o ’i ' (1.5)

. . : 3-2w 18
variables has no prime solution p,, p, , 5, P4 > Ps »
veV and v<S N . For any ¢ >0 , let E(V,N,5)= It is known from the famous Roth's theorem that when

|_/E' (V,X ,5)| In this paper, some conclusions of [S] and [10] 21/ /12 are irrational numbers and algebraic numbers, the
above @ can take any sufficiently small positive number,
then theorem 1.1 is easily obtained by theorem 1.2. Below it
is only necessary to prove theorem 1.2.

are mainly used to obtain the following theorems:

Theorem 1.1 Let 4,4, 4,4, , A be non-zero real
numbers that are not all negative, A, / A, and be irrational ) . ¢ I Meth
and algebraic numbers )’ is a sequence with good spacing, - Overview o Symbo s and Methods
0 > 0 then, fore > 0, there is In this article, letters P with subscripts and subscripts both

63



represent prime numbers, & and O represent a fixed
arbitrarily small normal number 77 is a sufficiently small
fixed integer ,0 < 7 < 1,0 ,<Kand >>the implicit constant

in the sign usually depends at most on 4, ,4,, 4, 4,, 4, € .
O .Inthetext X = qg/g andr = X 9, e(a) = i@

N is a sufficiently large let
BE(T)=B(.N.6)nJT ,E(j)=|E(j)|,where
J isa [0, N ] subset of . It is known by ) the definition

Suppose number,

of B ()/ ,N,0 ) a good interval set and sum
E(V,N,8)=E([N"",N])+E([0,N'"*])
< E(I:NW/IS’N:I)_I_NW/IS :

Therefore it is only necessary to prove E ([N s N :I)

the estimation on the basis of the dichotomy method. Set

X
N''® < x < N will be estimated £ GE,X D for those

X
vV who meet; < v < X Using the Davenport-Heilbronn

method (see Davenport and Heilbronn [11]).

Letz>0,a#0
sin(77ar) :
K,(a):[—] )
o

By text [1], there is

K, (o)< min (r

2 0£|_2),

A(y)=|"e(ay)K, (a)dy =max(0,7 -|y]).22)

2.1)

Definitionk = 3,4, there is

2 efan’),

neZ,
= (nx)" ],

For the convenience IR of the measurable subset of the
denoted X as:

I(v,X;N)= L S, (Aa)S, (A,a)S, (Aa)
S, (Aa)S,(Asa)K, (a)e(-va)da
And then fori =1,2,3, f=4,5, j=1,2,3,4,5, write
I(v, X;R)= [ S, (4a)S, (ha)S, (4La)
S, (4a)S, (Asa)K, (a)e(—va)da
=y H(logp, )| e((Ap) + Aps + Api + A

piely j=1
prely

S, (a)=(logp)e (lpk)’Uk<a):

Z, 2.3)

=~

+Aps —v)a)KT(a)da
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L+ 05 + 203

z ﬁ(logp )max

piely Jj=1
Prely

+2,p + 45 pl =)

< 70(v,X)(log X)5 . 24)

where gO(V,X ) inequality is described
3 3 3 4 4 -5
‘/?1191 + 4P, APy + 4P+ Asps - v‘ <V

the number of prime p, , p,, P5, P4, Ps solutionsV.

To estimate the integral of equation (2.4), divide the real
interval into three parts:

Mz{a:|a|£3},c:
r:{a:|a|>g},

They are called the main interval, the residual interval, and
the ordinary interval. Where 9 = X~ 7/°7%, = . G

{a:9<|a|<c},

3. Prepare the Lemma

Lemma 3.11") Let be k>1a real number, and for any
fixed real number 4 > 6, there is

)-U, (a)| da < X! (logX)

J.‘ak)( 1+(5/6k)-¢

Lemma 3.2017] If

Xl/3 > Y> Xl/3—1/36+£
‘S3 (130( )‘ > Y There are two coprime integers thatd , g
satisfy

2 2
1Sq<<( j,|q}ta—a|<<X'l(X j

Lemma 3.3[3) Let be & a real number, exist a € Z ,
g €Niatisfy

1/3+¢ 1/3+¢

(a,q)zl,|q05—0t|<q"1 3.1

For any real number & > 0 , a positive integer k > 2 , there
is

414{
5 Loet]

lo ka < N1+£
T ozp)e(p'a)ee | Low g
Corollary 3.4 Let X 7 > |a| > X1

‘53 (ia)‘ <« X 3V96+e =123,

i
Proof In equation (3.1), q=[|/1a| J Jtake a=1,

apparently  satisfies |q/1a - a| < qil At this  time
X7P > qg> X 19/24+2 it is known from the definition of

S (Aa) lemma 33
‘53 (/10{)‘ < X3 (q—1/16 + x Vs

and that the

+q""0 4 X0 ) < XV roof is complete.

Lemma 3.5!' For any positive integer M ,1<m <k,



2 < k < 4 there is
2" —n

[ \s (o) da< XT’”

J ‘S K da<<f)( 5
Lemma 3.6!'¥ For any & > 0, there is
J‘_OO ‘SS (la)‘z‘SA‘ (ﬂa)r Kz' (a)da < TX1/6+€~

4. The Main Arc

In this part, we calculate the integrals on the main interval,

and now further divide the main interval 47 into two sub-

intervals A7, and A4, define them separately
M = {a :|a < X5/24_1"g} ,
My ={a: X <Ja < X7

For k=34, setT; (@) :jﬂ e(atk)dt,there is

T (a)< X" min( ,

’1) . 4.1)
4.1. The region .17

In this subsection, we will give the .47, lower bound of the

integral on the interval
Lemma 4.1. We have

(v, X;M,)>2x ", 4.2)

Proof. It is easy to show that

I(v,X; M )
<[, T ha)Ty(4a)T, (Ae)
]"4(/150{) (—va)KT( )da

+[ (8, (ha) =T (%)) T, (2a)T, (4)

7,(2@)T, (ha)K, (a)e(-va)da
+, 5.(4@) (5. (%) T, (1a))T (4)
T, (4a)T, (4a)K. (a)e(-va)da
+],, 5:(4a) 5, (ha)(S, (4a)-T,(4a))
I,(4a)T, (Aha)K (a)e(-va)da
+], 5, (4a)S, (L) S, (2a)(S, (Aa)-
T, (Aa))T. ( ) (@)e(—va)da

+, S (20)S. (1) S, (%)S, (Act)
(8:(Aa)-T,(%a))K, (a)e(-va)da

=J,+J,+J,+ I+, + .

The following will prove one by oneJ, > X",

Jj = ( 2Xl/z),ls J<5 so that the lemma can be proven.

First, determine J| the lower definite boundary

Jo= B )T (Aa)T, (A4a)T, (Aa)
( va) ( )da
+0(I\,,‘>Xm. I wm ()T, (0T, (1)
7;(/1505) ( va |da

(4.3)

Consists of (2.1) and (4.). 1) Determine J, o the error term

<X ZI

-5
‘(x‘>X5/24_1_5 (x'| da

4.4)
< T2X—7/2+19/6+4s _ O(szl/z )

For convenience, not V) = ( VisVas V33 Var Vs )by replacing
the integral variables, order
Vi =4p,i=123, y, =4 p. k=45,

The V' =(.,Y,,05,)sYs) interval  where is
[ﬂjf]X A X ] and takes the integral satisfies

—ZS;J/,- +v—%<y5 <—Zs;yj + 7V, then

J T (AT, ()T, ()T, (A@) T, (Asa)

e(—va)K, (a)da
1

" s2(ahn) (4

{$-phies

> J.(yly2y3 )_2/3 (y4y5 )_3/4 J.]R max [0,

5
T .
<7 ,nd takes y;—v <E , there 1is
j=1

-2/3 )—3/4

)3/4 ,[(ylyzy3) (y4J’5

-3/4

i PAX JuX _
>rX 3/4.[7;11){'".[nz4x(y1y2y3) 2/3(y4y5) dy,---dy,
> 2 X2,

Thus

J.T (he) Ty () Ty (M) T, (A4e) Ty ()

e(—va)KT (a)da > 2 X2, 4.5)
Determined by the formula (4.3), (4.4) and (4.5),

J,> X" (4.6)
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The next processing J, , summed by Euler, has it

‘Uk (a)—Y}{ (a)‘ <<1+|0{|X where k=3,4. (4.7)
There is by (2.1).

J, < TZI/\A] (S3 (Aa)-T, (xlla))T3 (A,0)T, (Ayex)
T, (A,a)T, (Asa)da

<[ (8:(4a)-U;(4a))Ty(4a)T (2a)
T,(Aa)T, (Aa)da

+12J‘Ml (U, (4a)-T,(4a)) T, (La) T, (A4a)
T,(4a)T,(Aa)da

=7"(4,+B) (4.8)

By Cauchy's inequality, lemma 3.1 and (4.1),we have
1/3+1/4+1/4 2 v
+1/4+
4 <X (jM‘S3(ﬂ1a)—U3(ﬂ1a)‘ da)

1/2
(-[M ‘T3 (/1205)‘2 da)
< X7 (log XY ( [ x*da+

X192

I /x

12
X |0¢|72 daj

—4/2

< X" (logXx) ™. 4.9)

Equations (4.1) and (4.7),we have

X

B < Io ‘T3 (i2a)T3 (2,305)T4 (2“4a)T4 (/7«50!)‘0’0(
1924

X[\ [alf ()T ()T, (he) T (5a) da

~19/24-¢

X _
<<X'/6+XII/X |a|3X“7/6da < XV, (4.10)

Determined by the formula (47)- (4.9),we have

Jy=o(c?X") (4.11)

Next calculated J, , by (2.1) there is
J, < rszl Sy (ha) (S, (ha)-T,(4a))T, (Aea)
T,(Aa)T, (Asa)da
<7*[ 8,(4a)(S,(4a)-U\(4a))T (2a)
T,(La)T, (Aa)da
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+7° [ 8, (4a) (U () =T (Aa)) T (4e)
T,(4a)T,(Aa)da

=7"(4,+B,). (4.12)

According to Cauchy's inequality, Lemma 3.1 is known

to<x([ I (ef da) (], |5 (ne)-

5 12
U, (ﬂza)‘ da)
< X¥° (log X)_A/2 X Ve-ve

< X" (log x) ™. (4.13)

For 32 this, it is determined by the equations (4.1) and (4.7)
that

B, < ["|S, (ha)|T, (4a)T, (Aa) T, (4ar)|de

X—IQ

X[ alls (AT () T, (M) T, (st der

X
< X"+ X‘B/'ZJ-;XWW |0!|_2 ‘S3 (Aa)‘da
< XVe. (4.14)

Determined by the formula (4.12)- (4.14),we obtain

J,=o(r’X") (4.15)

In the J, same way, with the help of Cauchy's inequality,
lemma 3.1, there is

J ZO(TZXI/Z),S=3,4,5.

s

(4.16)

Simultaneous formula (4.6), (4.11), (4.14) and (4.16), the
lemma is prove.

4.2. The region .17,

Lemma 4.2. We have
(v, X; M) > 7 x " (4.17)

Proof. By lemma 3.4, 3.5 and 3.6 we have
1/2
I(v, X; M) < 02 X P70 (IMZ |S3 (/1205)|2 da)

(1 b ]

(L ttsata



<« T2 XY+ 316 oo 12 y/2-1/964s

:0(72)(1/2).

Then by lemma 4.1 and 4.2 the integral over the interval is
obtained M , i.e., the following lemma:
Lemma 4.3. We have

I(v, X;M)>22x "

5. The Trivial Arc

In this section, the integral estimation of 7 the trivial
interval will be done, there are
Lemma 5.1. We have

I(v,X;r)< 2D Gand
Proof. By Cauchy's inequality and S, (ﬂ,l.a) the trivial

estimation i =1,2,3,

/
1) < X0 [ |5, (20 K, (a)da)

i )

It is obtained by the periodicity of (2.1) and Lemma 3.5

2Kr(oz)a’oz

(5.1)

J ‘S4 (/14a)‘2 (a)da <<j /14a)‘2 |05|_2 da

laf>¢

< ja\% ‘g‘S ﬂa‘ |a| da

<<ZI

—D 4‘?]

m+l1
'"%;ﬂ Im
f da >

1
S
< jo‘ 4(05 L]

/10( |a| da
< S, (/140()‘2 m>da

m+l1
j m’
m

< Xest (5.2)

The same goes for

L‘Sﬁl(/ha)r Kz_ ((Z)da < Xl/4+€g_1. (5.3)

Joint formula (5.1) - (5.3) ,we have

I(v, X;r) < X4 < 2 X7 (5.4)

6. The Minor Arc

In this section, the integrals on the estimated remainder
interval C are obtained, for a fixed parameter V is a a/ q

rational approximation fraction for an A, / A, irrational

number, and
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N = U, ©.1)
Setc' = C \Cz,é =c \ ¢ ,wehave
_ {a cc)s, (/11.0()‘ < X1/3*(1/2)0'+25} ’
i=1,2.
Where
1
O =—.
18
Lemma 6.1. We have
J. ‘S (Aa)S, (La)s, (ALa)S, (La)
(6.2)

S, (/1505)‘ K, (a)da<zX*.

Proof. For ¢’ the definition, C, and C, similar to the

situation, only the integral is given C, here, as determined by

the Cauchy-Schwarz inequality, and the lemma 3.5 there
2
J. ‘S (4a)S; (A4a)S, (ALa)S, (/140()S4(/15a)‘
K, (a)da

a)‘z (ICI‘S3(ﬂza)‘4 K. (oz)a’a)l/2
x( . S3(23a)‘8 KT(Oz)a’a)l/4
x( . 4(l4a)‘]6KT(a)da)l/8

(] I5. (e K. (c)tr)

<TX,
Lemma 6.12. We have

_HS Aa)S;(A4a)S, (4La)S, (L)
S4(ﬂsa)‘ K, (a)da<zX*°7

< max

aeq

S; (4

(6.3)

Proof. Using Harman's method in [5], the intervals ¢ are
divided into disjoint sets A (Yl Y, u)
A(Y, Yy u)={aeé:Y, <|S, (La)|< 2,
< |S3 (/120{)| <2Yu < |a| < 2u}.
Here Y = Xl/3—(l/2)o-+2£ 2t1 Y. = X1/3—(]/2)o-+2g 2t2
1 b 2 5
u=¢2",1,,t,,t;are positive integers, then it is known
from lemma 3.4 that there are two pairs of integers (a1 >4, ) ,

(a2 4, ) , satisfied

(al,ql):1,(c12,c]2):1,czlcz2 #0,



Xl/3+£
1<g <
ql ( Y

i

2
j ,|qi/1ia—ai| < X‘{

i=1,2.

x3e 2
Y, J ’
(6.4)

Note that & > u = ¢2° > ¢ = X 7" hence we have

x Ve 2
o[22
Further, divide the set 4 (Yl Y, u ) into smaller sets
A(Yl,Yz,u,Pl,Pz) ,where P <gq, <2P ,

x3+e 2
Pl.<<( v j . Then there is

a<<a =2,3.

a Ao

1

(6.5)

M—a« q;>t

a2Q171_a1Q2
2
|a1 ‘]2120‘ +4a, (%ﬂqa a )|
| La
X1/3+€ X1/3+g 2 (6.6)
<PX™ +P X
Y, 7
3+e )2 13+e \?
< X—l X X < X—l+20’—s
A
< X 99 o NUTDE0)e
Where N'/'8 < X < N .For equation (6.5) and

aeA(Y,,Y,,u,B,P,),there is

EREY
|a2%| < |Q1Q2a| <uRPX".

(17/18)8/9)

For sufficiently large N' =q, a/ g converge on

4[4, , by (6.6) there is

a9, 7 44, <

A 4q
Let |a2ql| be taken with R different values, which are

known by the pigeon nest principle and the best rational
approximation principle

X°uPP,
q

From the classical upper bound estimation of the divisor

Rk

function, it is known that each one |a3q2| corresponds at

most < X¢, and A(K,Y;,M,R,Pz)the length of the set

does not exceed

13+e )2 13+e )2
< RX? min L [X , L[ X
rx\ 7y, ) ex\y,

- nguR.F)z Xl/3+é‘ X1/3+8 1
q )71 Y EI/ZP;/ZX

2
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uX1/3+56
gy,
Calculation the integral on 4 (Y1 Y,,u,B,P, ) below, we

<

have

)S, ()

Sy (A4a)S, (La)S; (A4a)sS, (La

J.A(X,Yz,",PlaPz)
K, (a)da

) 5/3

< mln( T,y )Y Y X J.A(Y,,Yz,u,PpPz)
X1/3+5£

<t 'YX TZM

an’y

2+5¢

< < TX2_160-+5£.

(6.7)
q

Next, the dichotomy is used to Y}, Y,,u, B, P, sum all

possible values

[ [8,(2a)$,(2e)s S, (4a)S, (4a)S, (7sa)

K, (a)da<zX*7"%

.(6.8)

Certification. By Lemma 6.1 and 6.2. The following lemma
is obtained.
Lemma 6.3 We have

I ‘S 2105
S, (/1505)‘

J(42)S, (La)S, (L)
K, (a)da <X

(6.9)

7. Proof of Theorem 1.2
Let 7 =X by the equations (2.4) and (2.5) have

Ve E({%,X}J , I(V, X, R) =0 and therefore have

I(vX,R)= > I(v,X, M)
veE([X/Z,X]) VEE([X/Z,X]) (71)
+I(v,X,c)+I(v,X,r) =0.

It is known from Lemma 4.3 and 5.1
) S5 (Aha)S; (La)S; (ha)S, (4a)
veB([X/2.X]) (7.2)

S, (a) K, (a)e(-va)da| > rQXVQE[[%,XD.

Derived from Cauchy's inequality and equation (2.1).



Sy (A4a)S, (L)

c

S, (A4a)S; (L)
veE([X/Z,X])

S,(ALa)K, (a)e(—va) da‘

\K
<<rl/2[E[ %XD] ([ Is, (2@)5, (22)

5,(4a)S, (4)5, (Aa)f K, (a)da)

(7.3)

Combine equations (7.2) and (7.3) to obtain:

E([%XD <X []8,(4) 5, (sa)
5, (4at)S, (A

Next, let's start the first part of proving theorem 1.2.Note

(7.4)
)8, (4a) K, (o)de.

that irrational numbers ﬂ.l / /12 have rational approximation

a/q fractions, N:q(lg/”)'(g/g) sum N < x <N,

utilizing (7.4) and lemma 6.7 have
X 33—l y-2-1/18+¢ 1425-1/18+
E ?,X <77 X X <X .(7.5)

Then, from (2.1) and (7.5), it is inferred

E(V,N,5) < E([N17/189N])+N17/18

[(1/18)log, N ]+1

> E([Z”N,ZHN])+N”“8

[(1/18)log, N']+1

<

(2171 N)1+2571/18+2£ " N17/1 8

< >
=]
< N1+2é‘—1/18+35 (7.6)
Obviously, irrational —numbers A /A, rationally

approximate the denominator of the fractional sequenceq,

and there is a sequence NV ; ™%, so that the first part of

theorem 1.2 is proved.

Let's prove the second part of theorem 1.2. Let it be any
sufficiently large positive number, repeat the proof process in
section 6, and then take it

o=x (7.7)
where is X defined by equation (1.5). At this point, the
expression for lemma 6.1 becomes

HS Aa)S, (A4a)S, (4La)S, (L)

(7.8)
S, (/1505)‘ K, (a)da<tX*7°.
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Repeating the proof process of lemma 6.2, equation (6.6)
becomes

a,q,—— < X

2

a9,

From equation (1.3), there are irrational numbers A4, / A,
that satisfy a/ ¢ the rational approximation fraction

xUol20) g X122,
Then the formula (6.7) becomes

2
|55 (A0) S, (20)S, (4@) S, (2)S, (2s2)
. (a)da
< TX2+58 < TX2+5€X—(1—M)(1—2;{)
q
< T XTAE

Equation (6.) in Lemma 6.28) becomes

J15, (he)s. (1a)s, (2a)S, (2.0)S, (2

K. (a)da « Y2 160+6z

.(1.9)

Immediately after the transformation of equation (7.6), and
the combination of equations (7.4), (7.8) and(7.9), the second
part of theorem 1.2 is proved.

8. Conclusion

In this paper, the integral interval is divided into the major
arc, the minor arc, and the trivial arc, which is proved by the

Davenport-Heilbronn method Cauchy’ S with the help of
inequalities

1/2 12
I(v,X;M)>?X . I(v,.X;m)>»1°X ",

/2
I(v,X;t)= 0(1’2)(l )

That is, the integral on the main interval is the main term,
and the integral on the coincidence interval and the trivial
interval is the remainder, so as to obtain more accurate results.
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