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Abstract: This paper mainly studies the fuzzy nonlinear fractional Volterra-Fredholm integro-differential equations based on 

fuzzy Caputo derivative under the generalized Hukuhara difference. By usingSchauder fixed point theorem, the existence of 

solutions are proved. Because of the good convergence and convenient calculation of the Adomian decomposition method 

(ADM), we expand the nonlinear part of the equation into the Adomian polynomial of infinite series, and then construct the 

iterative sequence of the numerical solution of the equation. The effectiveness and applicability of ADM are verified by numerical 

examples. 
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1. Introduction 

With the rapid development of fractional integral 

differential, many phenomena, including fluid flow, electrical 

network, fractal theory, control theory, optics, biology, 

chemistry, etc., can be transformed into fractional integral 

differential equations to be effectively solved. The application 

of fractional derivative was first proposed by Abel to solve 

the integral equation in Tautochrone problem [1]. The concept 

of Riemann-Liouville fractional differential equations was 

first introduced by Agarwal et al. [2]. Rahaman et al. used 

several different models in their research, such as the 

generalized fractional economic production quantity model 

[3]. However, in the mathematical modeling of some practical 

problems, the parameters are often uncertain. In order to 

overcome the influence of parameter uncertainty, the concept 

of fuzzy number is introduced. Zadeh introduced the 

concept of fuzzy numbers and arithmetic operations in the 

article [4,5], and then Mizumoto and Tanaka [6] further 

enriched it. Dubois and Prade [7] proposed the concept of 

fuzzy function set. The Hukuhara derivative and fuzzy initial 

value problems of fuzzy valued functions are proposed in [8] 

and studied in [9]. Stefanini and Bede [10] proposed an 

extension of the Hukuhara difference. In the past decade, 

many scholars have also explored the fuzzy fractional integral 

and differential, and introduced some new concepts about 

fuzzy fractional integral, differential and integral differential, 

which are used to solve the integral and differential problems 

in physics, medical electrochemistry, economics, 

electromagnetism, control theory and viscoelasticity [11–16]. 

In 2011, Lupulescu and Arshad [17,18] studied the 

existence and uniqueness of solutions to fuzzy initial 

fractional differential equations with the following form 
1
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where D is the α order fractional derivative defined in the 

sense of Riemann-Liouville and 0 1＜ ＜，  ( 0, , )f C a E E 

is a continuous function, 0v E   is a fuzzy number, E 

represents all fuzzy number spaces, and the meaning of E in 

the following content is the same as here. 

In 2020, Ahmad and Ullah [20] studied the existence and 

uniqueness of solutions for fuzzy fractional Volterra-
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with initial condition  (0, ) (0, ), (0, )v r v r v r=  , for 

 0,1 , cr D  is the   order Caputo fractional derivative, 

and ( , )v y r   is a fuzzy function. :g U R→   and :iM U U

( 1, 2)R i→ =  are continuous functions and  0,1 , :iU N=  

( 1,2)R R i→ = are Lipschitz continuous functions. 

Based on the above research, we will study the following 

fuzzy nonlinear frac- tional Volterra-Fredholm integro-

differential equations 
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                     (1.4) 

cD denotes the Caputo fractional generalized derivative of 

order   , 0 1   , ( , ) [ ( , ), ( , )]w x r w x r w x r=   is a fuzzy 

function. 
1 ( , ), {( , ) :k E x t   = 0 t x  1},

2 ([0,1] [0,1], ), ([0,1] , )( 1,2)ik C E F C E E i    =  and E 

denotes the fuzzy number space. 

Because the analytical solutions of some integro-

differential equations are difficult to obtain, in addition to the 

study of the existence and uniqueness of the solutions of 

integro-differential equations, scholars also use different 

numerical methods to solve integro-differential equations. 

Hamoud and Ghadle [21] studied the improved Laplace 

decomposition method for solving fractional Volterra-

Fredholm integro-differential equations. Furthermore, they 

used the modified ADM to solve the fractional Volterra-

Fredholm integro-differential equations in [22] and used the 
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Homotopy analysis method (HAM) to solve fuzzy Volterra-

Fredholm integral-differential equations in [23]. Bani Issa et 

al. [24] also studied the second kind of fuzzy integro-

differential equations by using ADM. Because of the 

convergence speed of ADM and the small amount of 

calculation, this paper applies this method to numerically 

solve Eqs.(1.3)-(1.4). 

Based on previous studies, this paper has two main 

contributions. ADM is often used to solve linear and 

nonlinear differential and integral problems, and the method 

has fast convergence speed and small calculation amount. 

Therefore, this paper applies ADM to the numerical solution 

of nonlinear fuzzy fractional Volterra-Fredholm integro-

differential equations. Another contribution is to prove the 

existence and uniqueness of the solution of the equation by 

using Banach fixed point theorem and Schauder fixed point 

theorem. 

This work is organized as follows: Section 2 It is mainly 

about the preliminary knowledge of fuzzy definition and 

theorem. Section 3 the iterative scheme of ADM and its 

solution is introduced. In Section 4, the main results of 

existence, uniqueness of solutions for nonlinear fuzzy 

fractional Voltera-Fredholm integro-differential equations are 

given. Several numerical examples are given in Section 5. 

Finally, Section 6 gives a brief conclusion. 

2. Preliminaries  

In this section, we will give the related concepts of fuzzy 

numbers, and some important theorems and symbols used in 

the article[25-35]. 

Definition2.1. [28,29] ℱ(R)  denotes the set of all fuzzy 

sets on R. Let h ∈ ℱ(R), if h satisfies 

(i) h is a normal fuzzy set, i.e., there exists s0 ∈ R such 

that h(s0) = 1, 

(ii) h  is a convex fuzzy set, i.e., h(δs1 + (1 − δ)s2) ≥
min{h(s1), h(s2)} for all s1, s2 ∈ R and δ ∈ [0,1], 

(iii) h is an upper semi-continuous function, 

(iv) The closure of the support of h is compact, i.e., [h]0 

is compact, 

then h  is called as a fuzzy number. The set of all fuzzy 

numbers is known as the fuzzy number space, denoted by E. 

Definition2.2. [34] Given 0 ≤ r ≤ 1, a fuzzy number h in 

parametric form is represented by an ordered function pairs 

(h(r), h(r)) satisfying 

(i) h(r)  is a bounded left continuous non decreasing 

function, 

(ii) h(r)  is a bounded left continuous non increasing 

function, 

(iii) h(r) ≤ h(r). 

For h = (h, h), v = (v, v) ∈ E and δ ∈ R, the sum of v +

h and the scalar multiplication δh can be defined by 

(v + h)(r) = v(r) + h(r), (v + h)(r)

= v(r) + h(r), ∀r ∈ [0,1], 

and 

δh = {
(δh, δh), δ ≥ 0,

(δh, δh), δ ≤ 0.
 

Definition2.3. [29]For any two fuzzy numbers w and h, 

defin  Dr: E × E → R+ ∪ {0} by 

Dr(v, h) = sup
r∈[0,1]

max{∣ v(r) − h(r) ∣, ∣ v(r) − h(r) ∣}. 

where v = [v(r), v(r)], h = [h(r), h(r)]. It has the following 

useful propertie. 

For ∀w, h, v, α ∈ E, there are 

(i) (E, Dr) is a complete metric space, 

(ii) Dr(w + v, h + v) = Dr(w, h), 
(iii) Dr(w, h) ≤ Dr(w, v) + D(v, h), 
(iv) Dr(αw, αh) =∥ α ∥ Dr(w, h) , (see [32,33]). 

(v) ∥ w ∥= Dr(w, 0̃), (see [30]). 

(vi) Dr (∫ w
J

(s)ds, ∫ h
J

(s)ds) ≤ ∫ DrJ
(w(s), h(s))ds, 

(vii) Dr(w ∗̃ h, 0̃) = Dr(w, 0̃)Dr(h, 0̃)  with the fuzzy 

multiplication ∗̃ is based on the extension principle that can 

be proved by α -cuts of fuzzy numbers w, h ∈ E. Here 0̃ ∈
E is defined by (see [35]) 

1, 0,
0( )

0, .
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t

elsewhere

=
= 


%

 

Lemma 2.1. [36] The initial value problem of fuzzy 

fractional integro-differential equation (1.4) is equivalent to 

one of the following integral equations 

Case I If ( )w x  be cf [(i)-gH]-differentiable, then 

1

0

1

1 1 2 2
0 0

1
( , ) (0, ) ( ) [ ( , ) ( ) ( , )

( )

            ( , ) ( ( , )) ( , ) ( ( , )) ] .

x

s

w x r w r x s g s r a s w s r

k s F w r d k s F w r d ds





     

−= + − +


+ +



   

Case II If ( )w x be cf [(ii)-gH]-differentiable, then 
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Case III If there exists a switching point t0 ∈ [0, 1]  such  

that ( )w x  is cf [(i)-gH]- differentiable on [0, t0 ] and cf [(ii)-

gH]-differentiable on (t0, 1), then 
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( 

3. Adomian decomposition method  

Considering Eq.(1.3) and initial condition (1.4), the 

operator  is applied to both sides of Eq.(1.3). It can be 

obtained from Lemma 2.1 that 

1

1 1 2 2
0 0

( , ) (0, ) [ ( , ) ( ) ( , )

( , ) ( ( , )) ( , ) ( ( , )) ].
x

w x r w r J g x r a x w x r

k x t F w t r dt k x t F w t r dt

= + +

+ + 
(3.1) 

The solution ( , )w x r  of Eq.(1.3) can be expressed by the 

infinite series 

0

( , ) ( , ).i

i

w x r w x r


=

=                 (3.2) 

The ADM identifies the nonlinear functions F1 and F2 by 

the decomposing series 
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where the Adomian polynomials An and Bn are given by 

[37–41] 
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Substituting Eq.(3.2)-(3.3)into Eq.(3.1), the iterative 

formula is 

0

1 1
0

1
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0

( , ) (0, ) [ ( , )],

( , ) [ ( ) ( , ) ( , ) ( ( , ))

                  ( , ) ( ( , )) ], 0,1,2 .

x

i i i
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w x r J a x w x r k x t A w t r dt

k x t B w t r dt i


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4. Existence and uniqueness of the 
solution  

Fixed point theorem will be used to prove the existence and 

uniqueness of the solution of Eq.(1.4). The theoretical proof 

will depend on the following hypotheses. 

1( )G ( , ), ( ) :[0,1]g x r a x E→  , assume that g(x), f(x) are 

continuous functions, and write 
[0,1]

sup ( )
x

a x


= . 

2( )G   There exist two continuous functions
1 20, 0P P 

satisfying 
1

1 1 2 1
0 0[0,1] [0,1]

sup ( , ) , sup ( , ) .
x

x x

P k x t dt P k x t dt
 

=  =    

we will use Schauder fixed point theorem to prove the 

existence of solutions of Eq.(1.4) 

Theorem 4.1. Suppose that the hypotheses 
1( )G ,

2( )G hold, 

if 

1,
( 1)






 +                 (4.1) 

then Eqs.(1.3)-(1.4) has at least one solution ( , )w x r 

[0,1]FC . 

Proof. Let the definition of operator : [0,1]FT C →

[0,1]FC , 
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(1) We first prove that T is a completely continuous 

operator.  It can be done in the following three steps. 

(i) The first step is to prove that T is a continuous operator. 

Let ( , )nw x r be a sequence satisfying ( , ) ( , )nw x r w x r→  on, 

for any ( , ), , [0,1]nw x r w E x  . 

Using the properties of the metric D, and the assumptions, 

there is  
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Because lim ( , ) ( , )n
n

w x r w x r
→

=   and F1 and F2 are 

continuous functions, we have 

( ( , ), ( , )) 0nD Tw x r Tw x r → ,              (4.4) 

It is deduced from Eq.(4.4) that T is a continuous operator. 

(ii) The second step is to prove that the operator T maps a 

bounded set into a bounded set on CF [0; 1]. 

Indeed, 0    , we need to prove that if there exists a 

constant 0  ， such that for each ( , )w x r B =

{ ( , ) : ( ( , ),0) }w x r E D w x r    ,we can find a such that

( ( , ),0)D Tw x r  . 
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sup ( ( , ),0)
s

D g s r

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( ( , ),0)
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Therefore ( , )w x r B  ,, which implies that 

TB B  . 

(iii) The third step is to prove that T maps a bounded set to 

an equicontinuous set. Let B
be defined as in the step (ii). For
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From
1 3I I− , when

1 2x x→ , it deduces 

2 1( ( , ), ( , )) 0,D Tw x r Tw x r →
          (4.8) 

thus the equicontinuous result of T is obtained. 

From the results of the previous steps (i), (ii) and (iii) and 

the Arzela-Ascoli Theorem, it can be concluded that T is a 

completely continuous operator. 

(iv) Finally, we need to prove that there exists a closed 

convex bounded subset { ( , ) : ( ( , ),0) }B w x r E D w x r


=   such 

that TB B
 
  ,For each positive integer   , w B

 
    such 

thatTw TB
 
 ,i.e ( ( , ),0)D Tw x r


 . 

According to the proof of Eq.(4.6), it can be obtained 

1 2

1
( ) ( (0, ),0),

( 1)
P P D w r     


 + + + +
 +

(4.9) 

Divide both sides of Eq.(4.9) by λ̃ to get 

1 2

1 ( (0, ),0)
1 ( ) ,

( 1)

D w r
P P    

  
 + + + +
 + (4.10) 

When  → , it deduces 

1 ,
( 1)





 +                (4.11) 

It is easy to get the contradiction. 

Through the proof of (i)-(iv), we know that T has at least 

one fixed point u(x) on CF [0, 1], such that u(x) is the solution 

of Eqs.(1.3)-(1.4). 

5. Numerical results 

In this section, we will use ADM to solve fuzzy nonlinear 

fractional Volterra-Fredholm integro-differential equations.  

The iterative sequence of the approximate solution is given in 

section 3. For the Adomian polynomial corresponding to the 

nonlinear term, see [41]. 

Example 1 Consider the following fuzzy nonlinear 

fractional Volterra-Fredholm integro-differential equations 

defined in the Caputo sense 
1/2 2 2 4
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The exact solution is  
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It can be written from the recursive 
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Select 0.4, 2r n= = . The left and right boundary errors 

between the approximate solution and the exact solution are 

obtained in Table 1 and Table 2. 

 

Table1: left bound of error 

x  exact ADM error 

0 0 0 0 

0.2 8.0000e-03 7.9999e-03 6.1249e-08 

0.4 1.6000e-02 1.6000e-02 3.4732e-07 

0.6 2.4000e-02 2.3999e-02 9.6977e-07 

0.8 3.2000e-02 3.1998e-02 2.0726e-06 

1.0 4.0000e-02 3.9996e-02 3.9602e-06 
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Table2: right left bound of error 

x  exact ADM error 

0 0 0 0 

0.2 3.2000e-02 3.1996e-02 3.8844e-06 

0.4 6.4000e-02 6.3978e-02 2.2028e-05 

0.6 9.6000e-02 9.5939e-02 6.1500e-05 

0.8 1.2800e-01 1.2787e-01 1.3137e-04 

1.0 1.6000e-01 1.5975e-01 2.5052e-04 

 

Example 2 Solve the following fuzzy Caputo fractional 

Volterra-Fredholm integro-differential equation 
1/2 3 4

1/2

1
2 3

0 0

1/2 3 4
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The exact solution is  
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Select 0.6, 2r n= = . The left and right boundary errors 

between the approximate solution and the exact solution are 

obtained in Table 31 and Table 4. 

 

Table3: left bound of error 

x  exact ADM error 

0 0 0 0 

0.2 8.0000e-03 8.0000e-03 7.7909e-09 

0.4 1.6000e-02 1.6000e-02 1.1621e-08 

0.6 2.4000e-02 2.4000e-02 1.8248e-08 

0.8 3.2000e-02 3.2000e-02 3.5719e-08 

1.0 4.0000e-02 4.0000e-02 7.8953e-08 

 

 

 

 

 

Table4: right left bound of error 

x  exact ADM error 

0 0 0 0 

0.2 1.8667e-02 1.8666e-02 5.3710e-07 

0.4 3.7333e-02 3.7333e-02 7.7739e-07 

0.6 5.6000e-02 5.5999e-02 1.0709e-06 

0.8 7.4667e-02 7.4665e-02 1.6700e-06 

1.0 9.3333e-02 9.3330e-02 3.0218e-06 

 

Through the analysis of error results in Table 1-Table 4, it 

can be found that the error results are ideal and the error is 

small, which shows the effectiveness and practicability of 

ADM. 

6. Conclusions  

In this paper, the existence of solutions for fuzzy nonlinear 

fractional Volterra-Fredholm integro-differential equations 

are proved by using Schauder fixed point theorem. The 

nonlinear part of the equation is approximated by Adomian 

polynomials, and then the iterative sequence of the numerical 

solution of the equation is constructed.  Finally, the fast 

convergence of ADM is verified by the results of numerical 

examples, which also shows the effectiveness and 

applicability of the method. 
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